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PREFACE. 



I HAVE in this treatise endeavored to arrange a course of 
trigonometrical study suflSciently extensive to enable the 
student to comprehend readily any applications of trig- 
onometry he may meet with in the works of the best modem 
mathematicians. With this object, some topics have been 
introduced which are not usually found in works devoted 
speciaUy to this subject. 

Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice, 
to values less than 180°. The advantage of introducing 
such triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the works of 
Bessel and other Grerman mathematicians ; and especially 
in the Theorm Motus Gorporwm Codestiwm of Gauss, who 
was the first to suggest their employment. 

The subject of Finite DilBferences of triangles, plane and 
spherical, occupies a large space in Cagnoli's treatise, but 
has not been admitted into more recent works. It here 
occupies only a few pages, but no important result of 
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Cajipioli*8 Table has been omitted, while a number of tJie 
formulsB are much simpler than the corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
inmrse than is contained in the text-books commonly used, 
1 have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of immediate importance may be readily 
made. The more elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a connected treatise which may be 
Btudied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re 
lated. W. C. 

U. S. Naval Aoadbmt, 

Anru^olia, Md,f May 1, 1S60 



NOTE TO THE FOURTH EDITION. 

In this edition, besides a number of minor changes, and the correction of somt 
typographical errors, a very important modification has been made in the solution of 
the equation tan x sss p tan y by series (p. 145), which was given in former editions 
in the usual form as stated by all writers on trigonometry. This form was dis- 
covered to lack generality, and consequently to fail in certain applications, in con- 
sequence of the omission of the arbitrary term nir now introduced. Several subse- 
quent investigations, depending on this, have in like manner been rectified. 

W. 0. 

TJ. S. Naval Aoadbw, April 1, 1854. 
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PLANE TRIGONOMETRY. 



CHAPTER I. 

MEASURES OF ANGLES AND ARCS. 

1. Trigonometrt is that branch of Mathematics which treats 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. Plane Trigonometry treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angular Anali/sis, 

8. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle has six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may be constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to construction 
and measurement : a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difficulty of distingufshing with the eye the smallest subdivisions of 
lines and angles. 

Cut here also the case is excluded in which the three angles are 

given without a side, because there may be an indefinite numb<"'" '^ 

plane triangles, whose angles are equal to the same three given t 
2 fi 
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10 PLANE TRIGONOMETRY. 

in Fig. 1. the triangles ABC, A'B' C\ 
&c« In this case, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio oi AB to AC 
is equal to the ratio of ^'-B' to A' C\ 
c" ic. ; so that the ratios of the sides to 
each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c. ; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains. 

6. The units by which angles are expressed are, the degree, 
minute, and second ; distinguished by the characters ° ' ". 

A degree is an angle equal to -^ of a right angle ; or a degree is 

ilji of the whole angular space about a point, or jj^j of four right 

Fig- 2. angles. Thus, Fig. 2, if the angular space about 

is divided into 360 equal parts, of which AOB 

is one, then AOB \^ one degree. The right angle 

B will be expressed by 90° ; two right angles by 

180°, and the whole angular space about a point 

by 360°. 

A minute is an angle equal to ^ of a degree. 
Therefore, 1°=:60'; and a right angle =90 X 60'= 5400'. 

A second is an angle equal to g^^ of a minute. Therefore, 1' =» 
60": 1° = 60x60" = 3600"; and a right angle = 90 X 60 x 60" 
= 824000". 

Angles less than seconds are sometimes expressed by thirds, 
fourths, fifths, &c., marked "' ^ ^, &c. ; a third being g^ of a second; 
a fourth, g'^ of a third ; &c. But the more convenient method is to 
express them as decimal parts of a second ; thus 4 of a right angle 
will be either 

12° 61' 26" 42"' 61^^, &c. 

or more conveniently 

12° 61' 25".714, &c. 

6. The above diyision of angles is called sexagesimal^ from the divisor 60 eaaployed 
m the subdiyision of the degree. The centesimal division, however, would be prefer* 
able in aU cases, but cannot now be generally introduced without, at the same time, 
changing the arrangement of all our tables, the graduation of astronomical and 



A" 



V 



MEASURES OF ARCS. H 

other instruments, charts, &c. Nevertheless, the attempt has been made in France, 
and several standard works exist in the French language, in which it is employed 
throughout. 

In the centesimal or French division, the right angle is divided into 100 degrees ; 
the degree into 100 minutes ; the minute into 100 seconds, &c. The reduction of 
these denominations from one to the other requires only a change in the position 
of the decimal point ; thus, in this system 60° 75' 84"-8 is the same as 607684" -8 
or 60° '76848 or 0« -6075848, the symb,ol g denoting a quadrant or right angle. 

To convert centesimal into sexagesimal degrees^ since 100° dec. ^ 90° sex. deduct one 
tenth from the number of centesimal degrees. 

Example. Required the number of sex. degrees in 85°^47' 43" dec. 

85°-4743 cent. 
Deduct jV = ^ -54743 

76° -92687 se^t. degrees and dec. parts. 
56'-6122 
36"-732 

or 76° 65' 36"-732 sexagesimal. 

To convert sexagesimal into centesimal degrees, since we must take ^ of the Pex., 

divide by 9 and move the decimal point one place to the right* 

Example. Required the number of centesimal degrees in 76° 65' 36"*732 sex. 

Reducing the minutes and seconds to the decimal of a degree, we have 

76°-92687 sex. 
y of which is 85°-4743 cent. 

or 85° 47' 43 " centesimal. 

^ To distinguish the degrees of the centesimal from those of the sexagesimal divi* 
sion, the former are frequently called grades, and are denoted by the character ' 
instead of ° ; thus the preceding angle would be 85« 47' 43". 

Measures of Arcs. 

7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides, these 
arcs may be taken as the measures of the angles, and we may express 
both the arc and the angle by the number of units of arc intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
3 Jo of the circumference, whatever the radius of the circle may be ; 
and we obtain the same numerical expression of 
an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle A 0A\ Fig. 3, and its measure, the 
quadrant AA\ are therefore both expressed by 
90^ ; the semicircumference by 180^, and the 
whole circumference by 360^. ^,„ 

8. The radius of the circle employed in measuring angles is then 
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arbitrary, and we may assume for it such a value as will most sim- 
plify our calculations. This value is unity ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
considered. This value will be generally used throughout this 
treatise. 

9. To find the length of an arc of a given number of degrees^ 
minutes, &c. 

The semi-circumference of a circle whose radius is unity is known 
to be 8'14159265 ; or, the radius being JS, the semi-circumference 
18 8.14159266 i?. Hence 

When i? = 1 
Arc 180° = 3.14159265 JB = 8.14159265 

" 1° = 0.017458298 i? =0.017458298 
« V =0.0002908882i? =0-0002908882 
u r = 0-000004848187 i2 =0-000004848187 

An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formulae 

Arc X = 0.017458298 a;° 
= 0-0002908882 x" 
= 0.000004848187 x'\ 

As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thus 

Arc X = [8-2418774] x"" 
= [6-4687261>' 
= [4-6855749] x'' 

m which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Example. What is the length of the arc x = 88° 17' 48", the 
radius being - 1. 

88° 17' 48" = 187868'' log. 5-1894685 

Log. factor for seconds 4-6855749- 

a; = 0.6684081 log. x 9-8250884 

10. To find the number of degrees, ^c. in an are equal to the 
radius. 

We have, from the preceding article. 



* Tbo logarithms in the examples of this work will be taken from Stanl^a Tablet, 
(published in New Haven, by Durrie and Peck,) the best tables of seven-figure 
logarithms yet published in this country. 



MEASURES OF ABCa 18 

IQAO 

^ = 344159265 =^^°-295™ 
= 3487'-74677 = 206264*.806 

11. The angle at the center measured by an arc equal to the radius, is often 
taken as the unit of angular measure, as this angle will be of an invariable magni- 
tude, whateyer is the length of the radius. If x is the number of such units in a 
giyen angle, the number of degrees, &c., in it will be found by multiplying by the 
value of the radius in degrees, &c., found in the preceding article. Thus, 

x« = a:^<> = 67®-2967795x = [1-7581226] x 
I' = a: i2' = 3437'-74677 x == [3-5362739] x 
z" = a: R" r= 206264"-806z = [5-3144251] x 

Reciprocally, the angle being given in degrees, &o., we reduce it to the unit ra« 
dius, by dividing by J2®, R\ or R", thus, 

__ z® x' ^ af' 

^"W^WrP 

which is evidently the same as multiplying by the factors of Art. 9. 

It appears, then, that an angle is expressed in the unit of this article by the 
length of the arc which measures the angle in the circle whose radius is unity 
Bence, an angle thus expressed is said to be given in arc. If we put (as is usual) 

ir r=» 3-14159265 • • • 

>/ is the circular measure of two right angles, or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ ir to denote an 

angular magnitude of ISO® ; -— a right angle ; 2 tt four right angles, &c. 

12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or arc from 90°. 

The supplement of an angle or arc is the remainder obtained by 
subtracting the angle or arc from 180°. 

Thus the complement of 30° is 60° ; the supplement of 30° is 
150°. 

Two angles or arcs are complements of each other when their 
sum is 90°. They are supplements of each other when their sum is 
180°. 

13. According to these definitions, the complement of an arc 
that exceeds 90° is negative. Thus the complement of 120° is 
90° - • 120° = — 30°. In like manner the supplement of 200° u 
180^ -200°«-20°. 



14 



PLANE TRIGONOMETRT. 



CHAPTER IL 



SINES, TANGENTS, AND SECANTS. FUNDAMENTAL FORMULAE. 

14. Having expressed the sides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two dilBferent species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 
wg. 4. that of right triangles. Let us therefore 

consider a series of right triangles, ABQ^ 
AB'0\ AR'C'\ &c.. Fig. 4, which have 
a common angle A, The angles at J?, 
B\ B'\ being also equal, the triangles are 
similar; and by geometry 

BO:AB=- B'O' : AB' = J?"(7" : AB'' 

or by the definitions of ratio and proportion, 

BO WC B"G" 




c C" 



AB AB' 

In like manner it follows that 



AB'' 



and 



BQ B'Q' B"G" 

AC'"AO''^ AQ^ 

AB __ AB' __ AB" 
AQ AO'^AC" 



Hence it appears that the ratios of the sides to each other are the 
same in all right triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows : 

15. The SINE of the angle is the quotient of the opposite side 
divided by the hypotenuse. 
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Thus, in the right triangle ABO, Fig. 5, "•••^ 

f we designate the sides by the small letters 
a, bj Cj we shall have, (whatever the ahBoluU 
length of the sides) 

sin ^ a —9 sin -S = — 
c c 

16. The tangent of the angle is the quotient of the opposite side 
divided by the adjacent side. 

Thus tan J. ■= — , tan J? = — 

6 a 

17. The secant of the angle is the qtu>tient of the hypotenuse 
divided by the adjacent side. 

Thus sec A = -Y9 sec -B = — 

6 a 

18. The cosine, cotangent, and cosecant of an angle, are re- 
spectively the sine, tangent, and secant of the complement of the 
angle. 

SincjB the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art. 12, complements of each other ; 
therefore, according to the preceding definitions, we shall have 

sin ^ a cos £ B — 

c 

tan J. = cot -B «= — cot J. «= tan 5 =» — > (1) 

b a 

sec A = cosec -B = — 

b a 

19. Since— is the reciprocal of — , it follows from the first and 

a e 

last of these equations, that the sine and cosecant of the same angle 
are reciprocals ; and from the other equations, also, that the cosine 
and secant, the tangent and cotangent are reciprocals. That is, 



. cos A 


- 


sin B 


- 


b 
c 


cot A 


= 


tan 5 


=- 


b 
a 


cosec A 


B 


sec B 


^ 


c 



sin A » 7 cosec A ■= — — j 

cosec A sm A 

A ^ A ^ 

COS A = r sec A «■ 



sec A COS A 

tan A =» r cot A 



(2) 



cot A tan A 

4t more briefly, 

sin A cosec A ^ cob A sec A » tan A cot A ^1 (8) 
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Fig. 8. 




Sines, &c. of Abgs. 



20. The aine^ tangent^ and recant of 
^' an arc are respectively the sincy tangent^ 
and secant of the angle at the center 
measured by that arc. Thus, Fig. 6, 



sin -4 -B » sin -4 0-B = 



OB 



A."* 



The sine of an arc, therefore, does not depend upon the absolute 
length of the arc, but upon the ratio of the arc to the whole circum- 
ference, (Art. 7.) It follows that the relations (2) and (3) are also 
applicable when A expresses an arc. 

21. If the radius =s 1, all the trigonometric functions above de- 
fined may be represented in or about the circle by straight lines. 
Representing the arc AB^ or angle AOBj by a?, we have, when OA 
= 0J? = 1, 

BO BO 
sin X = jjn = -J- == BO 



tana; 



AT 
OA 



^i^-Ar 



OT OT 



seca; = ^ = 



OT 



and from the arc A'B = 90° — re we find in the same way 

coax-=^BI)='00 

cot X = A'T 
coseco* ^ OT' 

Therefore, in the circle whose radlas is unity, the sine of an aro^ 
or of the angle at the center measured by that arc, is the perpen^ 
dicular let fall from one extremity of the arc upon the diameter 
passing through the other extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the arCj which is intercepted between that extremity and 
the diameter (produced) passing through the other extremity. 

The secant is that part of the produced diameter which is inter* 
cepted between the center and the tangent. 

The cosine is the distance from the center to the foot of the sine. 

In a circle of any other radius than unity, the trigonometric 
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fonctions of an arc will be equal to the lines drawn as above, divided 
by that radius. 

Tte properties here stated have heretofore been used by most^ 
writers upon trigonometry as definitions, but without limiting the ra> 
dius to unity ; and it is evidently from this mode of viewing these 
functions that they have derived their names. 

22. Besides the functions already defined, others haye been occasionally employed 
to facilitate particular calculations, as the versed sine, which in the circle is the 
portion of the diameter intercepted between the extremity of the a^'o and the foot 
of the sine ; thus. Fig. 6, the versed sine of AB laACf or the radius being ss 1, 

versin z = 1 — cos x (4) 

by means of which formula we may always substitute versed sines for cosines, and 
reciprocally. 

The coveraed stnt (covers.) is the versed sine of the complement, and ntveraed sine 
(suvers.) is the versed sine of the supplement. 

The chords of arcs have also been used, and may be substituted for sines by the 
formula 

chz=s2sin}x (5) 

which is eddent from Fig. 6, where if the arc BB'ssx, we have chord BB' s» 
2B C=s2BmABi 

23. From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comprehensive 
term trigonometric functions.''^ It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90° ; 
and with these tables all the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formulas and methods by which 
these tables are rendered available. 

Fundamental Formula, 

24. Ghiven the sine of an angle, to find the cosine. 
From the right triangle ABO, Fig. 7, we '*»-^- 

have by geometry a^ + 6* = (?* 
Dividing by c^, this equation becomes 




* Alao triffonamttrie Imei, from the propertieB explained in Art 21. 
8 b2 



\ 
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or, by the definitions of sine and cosine (1), 

sin* A + cos* A=l (6j 

in which the notation sin* A signifies " the square of the sine of A/* 
From this formula, if the sine is given, we find 

cos* J. = 1 — sin* -4 = (1 + sin A) (1 — sin A) 

cos ^ = x/ (1 - sin* A)^^/ [(1 + sin A) (1 - sin AJ] (7) 

and if the cosine is given, we find 

sin ^ = x/ (1 - cos* A)=-^/ [(1 + cos A) (1 - cos A)'] (8) 

25. GUven the sine and cosine of an angle^ to find the tangent. 
By (1) we have 



tanjl = -T 





also 



therefore 



sin^ 
cos -4 "" 

tan A = 



a h 

, ^^^ ■ 

c ' c 
sin -4 
cos -4 



a 
b 



(9) 



And since the cotangent is the reciprocal of the tangent, 

A COS A 

cot A = -r— 7 (10) 

sm -a ^ ' 

26. Given the tangent of an angle, to find the secant. 
The right triangle ABO, Fig. 7, gives 

(.2 = 62 + a* 

Dividing by 6*, this becomes 

J*""-^"'' J* 
or, by the definitions of secant and tangent (1), 

sec* ^ = 1 + tan* -4 (11; 

Thk formula applied to the complement of A gives 

cosec* -4 = 1 + cot* A (12) 

^^^'^ 27. The preceding formulae are also 

^' ^ ^^ directly obtained from Fig. 8. If the 

angle A OB,. or the arc AB, be denoted 
by Xy the right triangle OBO, gives 

J5(7* + 0(7* = 05* 

or remembering that the radius is unity, 
by Art. 21, 
sin* X + cos* a; =» 1 (18) 
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The triangle OBO gives by the definition, Art. 16, 

..... BO 

sin X ,^ .. 

or tan x = (14) 

cos a? ' 

Since the angle BOD is the complement of BOO^ tan-B02)«" 
cot a;, and the triangle 5 Oi> gives 

BD 00 
tan50i>=^ = ;g^ 

cos X .^ _. 

01 cot X = -: (16) 

Sin a; ^ ' 
In a similar manner the triangles AOT^ A' OT' give 

sec* a? = 1 + tan* x (16) 

cosec* a; = 1 + cot* x (17) 

28. The foUowing equations are easily demonstrated by oombining (18), (14), 
(16), (16), (17), and employing the property of the reciprocals (2). They are of 

frequent use. 

1 . tan X cos X ^^_ 

8mx= = tanxco8X=s a ng) 

cosec X sec x cot x ^ ^ 

1 . . cotx sinx 

co8x= = cotxsmxs ss- n9\ 

sec X cosec x tan x ^ ' 

sin X = ^ (1 — cos* x), cos X = ^ (1 — sin^z) (20) 

sec X =s ^ (1 4* tan* x), cosec x = y^ (1 -|- cot* x) (21) 

tan X =a y^ (sec* x — 1), cot x =s ^ (cosec* x — 1) (22) 

tanx 1 



sinx 



008Xs= 



^(1 + tan*x) ^'(l + cot*x) 
cotx 1 



^ (1 + cot» X) ^ (1 + tan* x) 

. sin X ^ (1 — cos* «) 

^ (1 — sin* x) cos X 

. cos X \/iX — sin* x) 

cot X =s = ^-— ^ ' — '- 

^ (1 — cos* x) sin X 



(23) 
(24) 
(26) 
(26) 



29. To find the sine, ^e. of 30° and 60°. 

In Fig. 8, let the arc AB = 30°, and BB' = 2 AB = 60°. By 
Art. 21, sin AB = BO, and by geometry the chord of 60°, or of one- 
sixth of the circumference, is equal to the radius =* 1 ; therefore 

2Bin30° = 2£C = 55' = l 

whence 

Bin 80° ^ J = cos 60° (2^ 
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and by (7) 

cos 80^ = %/[(! + i) (1- i)] = s/{i X J) 
whence cos 80° = J ^/ 3 = sin 60° 

Ihen, by (9) and (2), 

sin 80° i 1 



tan 80° == 



cot 80° 



sec 80° = 



cos 80° J x/ 8 x/ 8 
1 



cot 60' 



tan 80° 
1 



^— « ^ 8 = tan 60° 
2 



cosec 80° = - 



cos 80° 
1 



x/8 
= 2 = sec 60° 



cosec 60° 



(28) 



(29) 
(80) 
(81) 
(82) 



sin 80° 

80. To find the sinej ^c. of 45° Since 45° is the complement of 
45°, we have 

sin 45° = cos 45° 

whence by (18), putting x = 45°, 

sin« 45° + cos' 45° = 2 sin« 45° = 2 cos* 45° - 1 

sin* 45° = cos' 45° = J 

sin 45° = cos 45° = x/ J = J x/ 2 (88) 




sin 45° 

tan 45° = cot 45° = — tfo = 1 

cos 45° 

sec 45° = cosec 45° = -; — jtq = \/ 2 

sm 4o 



(34) 
(35) 



2> These values are readily verified in the circle, 
Fig. 9, where OA TA' is a square described upon 
the radius. The diagonal OT bisects the right 

A angle, whence AOT ^ 45°, and tan 45° = J.? 
= 0^ = 1 ; cot 45° = ^' r = 1 ; sin 45° = 5C 
= 0(7 = cos 45°, &c. 



81. The sines and cosines of two angles being given^ to find 
the sine and cosine of the sum, and the sine and cosine of the differ- 
ence of those angles. 

Let the two angles \)qAOB 
and BOO, Figs. 10 and 11. 
At any point B in the line 
OB draw B perp. to OB. 
Draw BA and CD perp. to 
OA, and B E perp. to 01). 




Fig.U. 



— O 




JLL^ 
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Then the triangles B E and BOA are mutnallj equiangolary 
the three sides of the one being perp. to the three sides of the other 
respectively ; therefore the angle B QE^ AOB. 

Let x^AOB^BGE 

y^BOtJ 

Then, Fig. 10, a; + y = CQD 

Fig. 11, X'-y-=-QOI) 

and in 

Fig. 10, am (a; + y) = ^ j,q- - ^+ ^^ 

™ ,, . , , (72> BA-OH BA OE 
Fig.ll, 8m(^-y)=-^ ^ -00" 00 

and in both figures 

BA BA BO . 

oo = :Bo^oo = "°*°^y 

OE OE OB 
-00^ OB ^00^"''^'' ^"^^ 
which being substituted in the above expressions of ain (a? +y) and 
sin (as — y) give 

sin {x + y)=^ sin a; cos y + cos x sin y (86) 

sin (a; — y) = sin a; cosy — cos a; sin y (87) 

Again in 

OD OA — EB OA EB 

Fig. 10, cos(a; + y) = ^ ^ WOG 

OD OA + EB OA EB 
Fig. 11, cos(as-y) = ^ ^^ OU "^ 00 

and in both figures, 

OA OA OB 
OO^m'^OG'''^'""^''^ 



EB EB BO . 
OG^W'^OO^^''^^ 



therefore 



cos (a? + y) = cos a: cos y — sin x sin y (88) 

cos (a; — y) = cos a; cos y + sin x sin y (89) 

and (36), (37), (88), and (39) are the required formulae. 

These may be considered as the fundamental formulas of the trigo- 
nometric analysis, and will form the badis of our subsequent inves- 
tigations. They are equally applicable to arcs represented by x and 
y (Art. 20). 
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CHAPTER m. 

TRIGONOMETRIC FUNCTIONS OF ANGULAR MAGNITUDE IN GENERAL. 

32. The definitions of sine, &c. given in the preceding chaptei 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 

If, Fig. 12, we suppose the line OA to revolve 
from the position OA to OA' in the direction of 
the arc AA' (or from right to left), it will describe 
\b an angular magnitude of 90° ; when it arrives at 
OA" it will have described an angular magnitude 
of 180° ; at 0A"\ 270° ; and at OA again, 360°. 
"jjjr^ If it now continue its revolution, when it arrives 

at OA' again, it will have described an angular magnitude of 
360° + 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves of the fundamental formu- 
lae established in the preceding chapter ; first deducing their values 
anelytically, and then explaining their geometrical signification. 

33. To find the sine, ^c. of 0° and 90°. In (37) and (39) 
let X = y; the first members become sin (a; — a;) = sin 0°, and 
cos (a; — a;) = cos 0° ; and by (13) they are reduced to 

sin 0° = sin a? cos a; — cos a; sin a; = 
cos 0° = cos^ X + sin^ x =1 

and since 0° and 90° are complements of each other, Art. 12, 

sin 0° = cos 90° = (40) 

cos 0° « sin 90° = 1 (41) 

from which by (9) and (2) 

tan0° = cot90° = -?^ = ?-«0 (42) 

cos 0° 1 ^ ' 
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cot 0^ = tan 90*^ — ^ — ^ = tt «» oo ^*35 

tan U'' U ^ ' 

sec 0- = cosec 90° = ^^ = f ^ 1 (4*) 

cosecO^- Bec90o--4g^ = J. = oo (46) 

34. To find the sincy ^c. of 180°. In (86) and (38) let 
2; as y = 90° ; these equations become by means of the preceding 
values 

sin 180° = 1x0 + 0x1 = (46) 

cos 180° = 0x0-1x1=-! (47) 
whence by (9) and (2) 

tan 180° = I7J = cot 180° = q =• 00 (48) 

sec 180° = :~j; = - 1 cosec 180° = ^ = cx) (49) 

85. To find the sine, ^c. of 270°. In (36) and (38) let 
z =180°, y = 90°, then 

sin 270° = X + (- 1) X 1 = - 1 (50) 

cos 270° = (- 1) X - X 1 = (51) 



-1 1^ 

CO 



tan 270° = -^ = 00 cot 270° = -- = (52) 



sec 270°= J- =00 cosec 270° = -^ = - 1 (53) 

86. To find the sine, ^c. of 860°. In (36) and (38) let 
x^y^ 180° ; then 

sin 860° = X (- 1) + (- 1) X = (54) 

cos860°=(-l)x(-l)-0 xO = l (55) 

the same values as for 0°, whence it follows that all the trig, func- 
tions of 360° are the same as those of 0°. 

The same process continued will give for 450° ( = 360° + 90**), 
the same trig, functions as those of 90° ; for 540° the same functiond 
as for 180°, &c. 
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37. The preceding values now furnish us at once with the values 
of the functions for all possible values of the angle. In (86) and 
(38) let X *= 0°, they are reduced to 

sin y = sin 0° cos y + cos 0° sin y = sin y 

cos y = cos 0° cosy — sin 0*^ sin y =» cos y 

which are simply identical equations, and reveal no new property. 
But if in (37) and (39) we put x = 0°, we have, after substituting 
the functions of 0°, 

sin (— y) = — siny cos ( — y) = cosy (56) 

whence by (9) and (2) 

, . sin(— v) —siny ,_^ 

tan (-y) = — ) — ^ = ^ « — tany C57) 

^ ^^ cos( — y) cosy ^ 

, . cos(— v) cosy ,^^. 

cosec ( — v) = -: — 7 X = : — == — cosec y (60) 

^ ^^ sin ( — y) — sin y ^ ^ ^ 

or, the sin.y tan,, cot., and cosec, of the negative of an angle are the 
negative of the sin,, tan,, cot,, and cosec, of the angle itself; and the 
COS. and sec, are the same as those of the angle itself, 

38. In (37) and (39) let x = 90° ; we find after reduction 

sin (90° — y) = cos y cos (90° — y) = sin y 

which agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let x = 90°, we find 

sin (90° + y) = cos y, cos (90° + y) = — sin y (61) 
whence by (9) and (2), 

tan (90° + y) = — cot y cot (90° + y) == — tan y (62) 

Bee (90° + y) = — cosec y cosec (90° +^) = sec y (63) 

or, the sin. and cosec, of an angle are equal to the cos, and sec, of the 
excess of the angle above 90° ; and the cos,, tan,, cot,, and se?, are 
equal to the negatives of the sin., cot,, tan,, and cosec, of the excess 
of the angle above 90°. 




/ r 
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tJ9. In (37) and (39) let x = 180° ; we find 

sin (180° — y) = sin y cos (180° ^y)^^cmy (64; 

tan (180° — y) = — tan y cot (180° — y) = — cot y (65) 

sec (180° — y) = — sec y cosec (180° — y) = cosec y (66) 

or, the sin. and cosec. of the supplement of an angle are the same as 
those of the angle itself; and the cos.y tan.y cot.^ and sec. are the 
negative of those of the angle itself 

40. If y is acute (that is, less than 90°), all its trig, functions are 
positive ; and since its supplement 180° — y is obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin. and 
cosec. of an obtuse angle are positive^ while its cos.^ tan., cot, and 
sec. are negative. 

41. In (36) and (88) let x = 180° ; we find 

sin (180° + y) = — sin y cos (180° + y) = - cos y (67) 

tan (180° + y) = tan y cot (180° + y) == cot y (68) 

sec (180° + y) = — sec y cosec (180° + y) =s — cosecy (69) 

by means of which, if y is acute, we obtain the values of the sines, 
&c. of angles between 180° and 270°. 

42. In (37) and (39) let x = 270° ; we find 

sin (270° — y) = — cos y cos (270° — y) = — sin y (70) 

tan (270° — y) = cot y cot (270° — y) = tan y (71) 

sec (270° — y) = — cosec y cosec (270° — y) = — secy (72) 

43. In (36) and (38) let x == 270° ; we find 

sin (270° + y) == - cos y cos (270° + y) = sin y (73) 

tan (270° + y) = - cot y cot (270° + y) = - tany (74) 

sec (270° + y) = cosec y cosec (270° + y) = — sec y (76) 

44. In (87) and (39) let x = 360° ; we find 

sin (360° - y) = - sin y cos (360° - y) = cos y (76) 

tan (360° — y) = — tan y cot (360° — y) = - cot y (77) 

sec (360° — y) = sec y cosec (360° — y) = — cosecy (78; 

or the functions of 360° — y are the same as those of — y (Art. 37). 

45. In (36) and (38) let x = 360° ; we find 

sin (360° + y) = sin y cos (360° + y) = cos y (79 » 

9r, the functions of an angle which exceeds 360° are the same as 
those of the exces% above 360°. 






^ < 



r 



1 / • 






V.' A 



•i6 



PLANE TEIGONOMETRT. 



It follows that the functions of 720^ + y are the same as those 
of 360° + y, and therefore the same as those of y ; and in like 
manner for an angle which exceeds any multiple of 860°. 

46. Since y — 90° is the negative of 90° — y, we obtain from 
Art. 87, 



(80) 



sin (y — 90°) = - sin (90° — y) -= - cos j^ 
cos (y - 90°) = cos (90° - y) = sin y 

whence also tan., &c. ; and in the same manner we may find the func- 
tions of y - 180°, y - 270°, y - 860°, &c. 

47. We shall now give the geometrical interpretation of the pre- 
ceding results. 

In Fig. 13, let the radius revolve from the 
position OA to 0A\ OA"j &c., as in Art. 82, 
thus describing a continuously increasing an- 
gular magnitude; or, which is equivalent, let 
the arc commencing at A increase continuous- 
ly to ABy AA'y AB\ &c. Then the changes 
in the values of the several trigonometric lines 
may be traced as follows. 
1st. 2%e azTie being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn through the other extremity, 
we shall have sin AB = BQ, sin AB' = B' Q\ sin A A!' B" = B" Q\ 
sin AA!' B'" = J?'"<7, and if we make 




A"* 



AB = A"B = ^'' jB" = AB'" = y 



we have 



sin y = -B (7 
sin (180° -y)=-B' 0' 
sin (180° + y) = B" 0' 
sin (360° - y) = B"' Q 

The lines BO, B* C\ B' 0\ B!" (7, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formulae enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 

sin (180° — y) = sin y 
sin (180° H- y) = - sin y 
sin (860° — y) = — sin y 

BO that the sines from 0° to 180° are positive, while those from 180° 
to 360° are negative ; or the sines which are ahove the diameter 
A A" are positive, while those which are hdow this diameter are 
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negative ; or still more generally, the sines that have opposite du 
rections. with reference to the fixed diameter from which they are 
measured, have opposite signs, 

2d. The cosine being, by Art. 21, the distance from the center to 
the foot of the sine, we have 

cos y = (7 

cos (180° - y) = (7' 
cos (180° + y) = (7' 
cos (360° - y) = (7 

but by (64), (67), (76), 

cos (180° — y) = — cosy 
cos (180° + y) = — cosy 
cos (360° — y) = cos y 

so that the cosines on the right of the diameter A! A'" are positive, 
while those on the left of this diameter are negative ; or rather the 
cosines that have opposite directions^ with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz. : that <M lines measured in op' 
posite directions from a fixed line have opposite signs. 

To interpret the results (56), it is only necessary to observe that 
a negative arc will be one reckoned from A towards -B'", or in the 
opposite direction to that of the positive arc, so that 

sin AB''' = sin (- y) = £'"(7= - 5(7= - siny 
cos -4.-fe " = cos ( — y) = (7 = cos y 

as in (56). 

The same principle applies to the tangents, but it will be simpler 
in practice to obtain their signs (as also those of the secants), ana- 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufficient to bear in mind the following table, which is alsc 
expressed by Fig. 13. 



Sine 

GCSINE 


1st Quad. 


2d Quad. 


3d Quad. 


4th Quad. 


+ 
+ 


+ 


— 


+ 



:.8 
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A^'h- 




A'» 



48. The particular values of the sine and 
cosine at A^ A\ A!\ &c., or sin. and cos. of 
0°, 90°, 180°, &c., may also be found bj 
Fig. 13, upon the same principles ; but this 
we leave to the student. 

49. General Remark. — In the demon- 
strati )n of the fundamental formulae for 
sin (a?±y), and cos {x-±.y\ Art. 31, the 
angles a:, y and xdcy were all taken less than 90° and positive. 
In this chapter these formulae have been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them take opposite direc- 
tionri. It follows that, in deducing trigonometric formulae from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of the various cases of the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 
trigonometric functions which have now been determined. 



50. The results of this chapter may be expressed by a few general formulsB. 
From (79) it appears that all the trigonometric functions return to the same values 
after one or more complete rcYolutions of 8G0°. If we represent the semi-circum- 
ference, or two right angles, by tt (Art. 11), and let n s= any whole number or zero, 
we shall have 



sin 4 n — ^0 



cos 4 n — ^ 1 



(81) 



a* 



whence 



Bin(4n + 1)-5.=1 



Bin (4n+ 2)^ = 



TT 



Mii(4»+8)^=.-l 



oo8(4n+l)^ = 
cos(4n+2)-^=s— 1 
co8(4«+8)i = 



(82) 
(88) 
(84) 



tan4 n -^ ss 



tan (4 n + 1) y = QO 



tan(4ft + 2)-^»0 



tan(4n+8)^ = oo 



or the tan. of the even multiples of -^ ^ 0, and of the odd multiples =soo > so that 
we may write more simply 



tan2n---ss0 



mm 

tan(2n4-l) o-^oO 



(86) 
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III these formulae we have only to give n one of the yalues 0, 1, 2^ 3, 4« &o., to 
obtftin the functions of any given multiple of the right angle. Thus, we find 

pin 460O = sin 5 -^ = sin (4 + 1) ~ = 1 by making n = 1, in (82). 

Since the subtraction of 8 n ~ from the arc will not change the functions, tot 

above formulae are also true when n is a negative whole number. 
51. In a similar manner we obtain 

sin [4 n -^ + y J =8 sin y cos [4 n ^ + y ] aa cos y (86; 

8in|^(4n+l)^ + yJ=cosy cos [^(4 n + 1) y + yj = — siny(87) 

8in[(4« + 2)^ + y]=-siny cos [(4 n + 2) |1 + y] =-cosy (88) 

in r(4n+8) ^ + ^1 — — cosy coBr(4»i + 8) ~ + y J aasiny (89) 



sm 



tan r2 n y + y~] = tan y tan ["(2 n + 1) -^ + yl = — cot y (90) 

in which n may be any whole number, positive or negative, and y any angle, positive 
or negative. 

52. A still more concise form may be given to the formulae of the iwo preceding 
articles, as follows : n being, as before, any whole number, positive or negative. 

sin 2 n -J = cos 2 n ^ = (— 1)» (91) 

sin (2 n + 1) ^=(— 1)» cos (2 n + 1) |. = (92) 



sin 



in [2 n ~ + y ] =(— l)«siny cos [2 « |^ + y] == (— 1)» cos y (98) 

■•n[(2n^ l)|.+y]=(-l)-cosy cos[(2n+l) ^+y]=:~:-l)-siny (94) 

and from these (85) and (90) may be directly deduced. 

53. We have seen that an angle being given, there is but one corresponding sine. 
On the other hand, a sine being given, there is an indefinite number of angles cor- 
responding ; for if a denote the given sine, and y any corresponding angle, then a is 
also the sine of all tho> angles 

«• — y, 2 5r + y, 8 T — y, &c. 

— n — y, — 25r+y, — 8w — y, &c. 

or in general 

a =s sin y as sin [ 71 sr -^ ( — 1)** y] (96) 

02 
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In like manner if a is a given cosine, and y any corresponding angle, 

« = cos y ^ cos (2 n T ± y) (W) 

and if a is a giyen tangent corresponding to the angle y, 

a =s tan y =r tan (« t + y) (97^*^ 

Sine and Tangent of a Small Angle or Arc. 

54. When the angle AOB^x, Fig. 14, fs 
very small, the sine and tangent are very nearly 
equal to the arc A B, which measures the angle, 
\b the radius being unity ; and the cosine and secant 
are nearly equal to 0A=1 (Art, 21). There- 
fore, to find the sine or tangent of a very small 
angle approximately ^ we have only to find the 
ength of the arc by Art. 9 ; thus 

sin r = arc V = 0.000004848137 

log. sin V = 4.6855749 

and X being a small angle, or arc, expressed in* seconds, 

sin X = tan a; = x sin V* (98) 

If X is expressed in minutes, 

sin X = tan a: = a? sin V (99) 

If X expresses the length of the arc, the radius being unity, 

sin X = tan x = x (100) 

The employment of these approximate values must be governed by 
the degree of accuracy required in a particular application. It is 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1°. 

55. If a; and y are any two small angles, it follows from the pre- 
ceding article that 

sin X : siny = a:sin l":y sin 1" = x: y 
that is, the sines {or tangents) of small angles are proportional to the 
angles themselves. The application of this theorem, however, like 
that of the preceding, must depend upon the accuracy required in 
the problem in which it is employed.* 

* For a full discussion of the limits under which this theorem may be employed, 
see a paper, by the author of this work, in the Astronomical Journal, (Cambridge 
Mass.^ Vol i. p. 84. 
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CHAPTER IV. 

GENERAL FORMULA 

56. We have already obtained four fundamental equations, (36), 
(87), (38), and (39), involving two angles, x and y. From these we 
shall now deduce a number of formulae, either required in the sub- 
sequent parts of this work, or of general utility in the applications 
of trigonometry. 

57. The sum and difference of the equations (36) and (37) are 

sin {x -t- y) + sin (a; — y) = 2 sin x cos y (l^l) 

sin (a? + y) — sin (a? — y) = 2 cos x sin y (1^2) 

and the sum and difference of (38) and (39) are 

cos (a? + y) + cos {x — y) = 2 cos x cos y (1^^) 

cos {x + y)^ cos (a: — y) = — 2 sin a? siny (1^4) 

68. If we put 

x + 1/ ^x' 

whence 2 a; = a/ + y', x^=^\{^ +y') 

2y = a/-y', y = i(a/-yO 
equation (101) will betjome 

sin a/ + sin y' = 2 sin J (a^ + y cos \{x! '-yf) 

and (102), (103), and (104) admit of a similar transformation. But 
since a^ and y' admit of all varieties of value, we may omit the 
accents and apply the formulae to any two angles x and y ; we have 
thus 

sin a; + sin y = ii sm \{x -V y) cos \(x'- y^ (105) 

sin a; — sin y = 2 cos i (a? + y) sin J (x — y) (106^ 

cos a? -h cos y = 2 cos J (a; + y) cos \{x'-' y^ (107) 

cos X - cos y = — 2 sin J (a: + y) sin \(x — y^ (10 

Bach of these equations may be enunciated as a theorem ; 
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(105) expresses that "the sum of the sines of any two angles is 
equal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difference." 

These formulae are of frequent use (especially in computations 
performed by logarithms), in transforming a sum or difference into 
a product. 

59. Dividing (105) by (106), we have by (14) and (15) 



or by (2) 



sin a; + sin V ^ . , , , ^ _ , . 

r-^ = tan J (a; + y ) cot * (a? — v) 

sin a;— smy ^ ^ ^^ ^ ^ ^^ 

sin a; + sin y _ tan i {x + j/) 
sin X — siny tan J (a; — y) 



and from (107) and (108) we find in the same manner 



cos re — cosy 
cos X + cos y 



== — tan J (a? + y) tan J (a: — y) 



We find also 



sina; + siny 



cosa; + cosy 

sin a; — sin y 
cos a? + cosy 

sin a; + siny 
cosa? — cosy 



= tan i (a? + y) 
= tan i {x '^i/) 



= — cotJ(a:— y) 



sm a: — sm y , / . x 

= — cot * (a? + y ) 

cos a? — cosy ^ ^ ^' 



60. Divide the equations (36), (37), (38) and (39) by cos a: cos y ; 
then by (14) we have 



sin (x + y) 

^ ' = tan X + tan y 

cos X cos y ^ 

sin ix — y) 

^ = tan X — tan y 

cos X cos y ^ 

cos (x + y) 

^ ^ = 1 — tan X tan v 

cos X cos y ^ 

cos i^ — y) ^ 

^^ = 1 + tan x tan y 

cos X cos y ^ 



109) 



110) 



111) 
112) 



113) 



Hi) 



116) 



116) 



117) 



118) 
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61. Divide (36), (37), (38) and (39) by sin a: Bin y; and by sin x 
cosy; then 

sin(a;:tv) . /h^/xv 

. ^ , ^^ = cot y ± cot X (119) 

Bin a? sm y ^ ^ ' 

co8(a?±y) . ,^^„ 

. ^ . ^ = cot a; cot y qp 1 (120) 

sin a? sm y ^ ^^ ^ ' 

'l''^''^^^ = 1 ± cot a? tan y (121) 

sm X cos y *^ ^ ' 

cos (x db v) .^ ^^ 

. . ^ = cot a; qp tan y (122 1 

sma;cosy -r- if \ / 

62. Divide (115) by (117), and (116) by (118) ; then by (14) 

/ . X tan X + tan y ,^ -.nv 

'^"^ (^ + y) = l-tan»tany (^^S) 

tan {x-y\^ tana;-tany ^^24) 

^ ^- l+tanxtany ^ ' 

by whicli, when the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 
of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 

cot(x±y) = ^-?i?^?^^ (126) 

^ ^' cot y± cot a? ^ ^ 

63. Dividing (115) by (116), and (117) by (118), (or from the 
equations of Art. 61), we have 

sin {x + y) _ tana? + tany cot y + cot a ? n9,^\ 



sin (a; — y) tan x — tan y cot y — cot x 

QO%{x+y) 1 — tana;tany cota?coty— 1 
cos(a;— y) ""1 + tan a? tan y ~" cot a; coty +1 



(127) 



64. FormnlaB for secants are obtained from those for cosines by means of (2) , 
thus we find 

Bec(a:±y) = 



cos X cos y =p sin z siny 
and multiplying numerator and denominator by seo x sec y, 

sec X sec y 



»«o (« d= y) =s 



1 qp tan x tan y 
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Also Binoe 

1 . 1 COB y db cos « 

sec X ± secy = db = 

cosz cosy cos z cosy 

we find by (107) and (108) 

sec z + sec y = 2 cos H^ + y) cos H^ - y) (i29) 

cos X COS y ^ 

2 sin i (x+ y) sin } (z — y) ,-«. 

sec z — sec y = ^-^ — ^—^ ^-^ ^ (180 . 

cos X COS y ^ 

In the same manner from (105) and (106) 

2Bin J (jc + y) cos J (z—. y) 

cosec X + coseo y = ^-^ — , ^ . — ^-^ ^ (181) 

' sin z sin y ^ ' 

2 cos i (z -f- y) sin * (z — y) 

cosec z — coseo y = — ^^ T ^ . — ^ ^ (18i:i 

^ sm z Bin y ^ 

These formulae, although generally omitted in treatises on trigonometry, will be 
found useful in a subsequent part of this work. 

65. The product of (36) and (37), and of (38) and (39), are 

sin {x + y) sin (a; — y) = sin* x cos^y — cos^ x sin*y 
cos {x + y) cos (a; — y) = cos* x cos* y — sin* x sin*y 

By (13) we have cos* a; = 1 — sin* x and cos* y = 1 — sin* y, 
which substituted in the preceding equations, give 

sin {x + y) sin (a; — y) = sin* x — sin*y = cos*y — cos* x (133) 
cos [x + y) cos (aj — y) = cos* x — sin*y = cos*y — sin* x (134) 

66. In (36), (38) and (123), let y = a;, we find 

sin 2 a; = 2 sin a; cos x (l^^j 

cos 2 a: = cos* X — sin* x (186) 

^ 2 tan a; 

tan 2 :^ = :j — -^ (137 

1 — tan* X ^ ' 

by which the functions of the double angle may be found from those 
of the simple angle. 

67. To find the functions of the half angle from those of the 
whole anglcy we have, from (13) and (136), 

cos* X + sin* x = 1 
cos* X — sin* a: = cos 2 a; 

the 8um and differeaice of which are 

2 cos* a? = 1 + cos 2 a; 
2 sin* a; = 1 — cos 2 x 
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As these express the relations of an angle 2 x and its half x^ their 
meaning will not be changed by writing x and \ x instead of 2 :i; 
and X ; whence a . ^. ^ , • . - . . .'^ .> ' ^iT - -^ ' 

2 COS' J a? = 1 + cosa? , . '' (188) 

2sin»Ja; = l-cosa: . (139) 

the quotient of which is ^ / J/'* ^ • /"^ '"^ ^ 

- " ^21 1 — cosa? ^ f^^. 

68. The following may be proposed as exercises. 

1 + tan* J X "^ cot J a: + tan ^x ^ ' 

_ 2 tan}g 2 

1 — tan* J jc cot J z — tan J x ^ ^ 

tan* } X + 2 cot z tan } z — . 1 =b (148) 

tan* } z — 2 cosec z tan } z -f- 1 ^ (^^) 

1 — tan* * z ^, ^^, 

1 A 1 ~~ COS X ,^ ^_. 

tan * z = coseo z — cot z as — ; (l46) 

* sin z ^ ' 

\ JL. COS Z 

cot } z = cosec z 4- cQt z AS — \ (147) 

, - 1 4- sin z — cos z ,- -o. 

tan J z = --^-, ; (148) 

1 -f- sui z 4- COS z 

69 Several useful formulas result from the preceding, by intro- 
ducing 45° or 30°. If a: = 45° in (36), (37), (38), and (39), we 
liave, by (33), 

cosy ± sin y 
sm (45° ± y) « cos (45° =f y) - ^J^^ ^ (149) 

irhence 

cos V db sin V 

tan (45° ± y) = cot (45° :?: y) = . ^ (150) 

^ -^<^/ \ ^^if/ cosyqpsmy ^ ' 

in which either the upper signs must be taken throughout, or the 
lower signs throughout. 
If we divide the numerator and denominator of (150) by cos y or 

1 db tan y cot v ± 1 
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From this, by (57), 

tan V -" 1 

70. Again, let z »■ 90^ db y in (188), (189) (140), and (146), 

dn (45« =fc } y) = cob (46o up J y) = / (\^^^^ (168) 

tan(45od=}y)=J(^0^) (164) 

* />iKo -u- 1 X 1 ± sin y COB y 

tan (46® db ^ v) s=s ^ = _ f — (156^ 

V * *' COS y 1 =p Bin y ^ 

From the last we find 

tan (460 + J y) + tan (46o - }y) =^ =2 sec y (150) 

tan (46« + J y) — tan (46o — J y) = tl^Ll = 2 tan y (167) 

kKe quotient of wliicl^ is 

tan (450 + } y) -■ tan (46o.~}y) _ 

tan (45°+ iy) + tan (46o - J y) ^ '''' ^ ^^^^^ 

71. In (101), (102), (103) and (104), let a? = 30° ; then by (27) 
and (28) 

sin (30° +y) + sin (30° — y) = cos y (159) 

sin (30° +y)- sin (30° - y) = sin y v' 3 (160) 

cos (30° + y) + cos (30° - y) = cos y v' 3 (161) 

cos (30° + y) - cos (30° - y) = — sin y (162) 

and in a similar manner we may introduce 60° ; but it is unneces- 
sary to extend these substitutions, as they involve no diflSculty, and 
can be made as occasion demands. 

FoRHULJi FOR Multiple Angles. 

72. From (101) and (102) we haye 

sin (y -^ z) := 2 sin y cos x — sin (y — x) 
sin (y + a:) = 2 cos y sin z -f~ 8in (y — x) 
in which let y =s (wi — 1) a: ; then 

sin mz ss 2 sin (wi — 1) z cos x — sin (m — 2) z (1^8) 

sin mz = 2 cos (m — 1) z sin z + sin (m — 2) z '164) 

which are the general formulae for computing the sine of any multiple mx, from the 
lower multiples (m — 1) z and (m — 2) z, and the simple angle z. 
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If we make m successively 1, 2, 8, 4, &o., these formulsB give 

sinxsssmz s= sina; 

sin 2 z = 2 sin z cos x s= 2 cos z sin z 

sin 8 z =s 2 sin 2 z cos z — sin z :^ 2 cos 2 z sin z -f- sin ^e 
sin 4 z s=: 2 sin 8 z cos z — sin 2 z = 2 cos 8zsinz4-8ui2z 
&c. &c. 

73. From (108) and (104) 

cos {f/ '\- x) sss 2 cos y cos z — cos (y — z) 
cos {y -i- x) ^ — 2 sin y sin z -}- cos (y — z) 
which, if we put y = (m — 1) z, become 

cos mz = 2 cos (m — 1) z cos z — cos (m — 2) « (1^) 

cos mx sss — 2 sin (m — 1) z sin z -f- cos (m — 2) z 0-^) 

If m is taken successivelj equal to 1, 2, 8, 4, &c. 

cos z =s cos z s= cos z 

cos 2 z s= 2 cos z cosz — 1 =s — 2sinz sinz-t"^ 

cos 3 z = 2 cos 2 z cos z — cos z ^ — 2Bin2zsinz4- cos z 
cos 4 z = 2 cos 8 z cos z — cos 2z = — 2sin8z8inz4-co8 2z 
&c. 8lo. 

74. In (128) let y =: (m — 1) z; then 

. tan (m — 1) z 4- tan z ,,«-. 

tan mx = f: — - — i-^ (1»7) 

1 — tan (m — 1) z tan z 

whence 

tan 2 z 4- tan z 



tan z =s tan z tan3zas 



1 — tan2 z tan z 



^ „ 2tanz . . tan8z+tanz 

tan 2 z = := 7— r- tan 4 z = = q ^ ♦an ; . 

1 — tan z 1 — tan o z tan z 

&c. 

75. If in the expression for sin 8 z, Art. 72, we substitutt, the yalue of sin 2 z, 
we find 

sin 8 z = 4 sin z cos^ z — sin z 

by which we find the sine of the multiple directly from the functions of the simple 
angle. If this be substituted in the expression for sin 4 z, the latter will also be 
expressed in terms of the simple angle. By these successiye substitatlons we ef 
«btain the following tables : 

sin z =: sin z . , 

sin 2 z s=s 2 sin z cos z 

sin 8 z = 4 sin z cos* z — sin z 

sin 4 z ^ 8 sin z cos' z -^ 4 sin z cos x 
&c. 

76. cos X ^ cos z 

cos 2 z =s 2 cos* z — 1 
cos 8 z = 4 cos' X — 8 cos z 

cos 4 z ==i 8 cos* X — 8 cos' x-\- 1 

&o. 

I) 



V 
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77. If in these equations we substitute for cos* z :s 1 — sin* x thej boeome 

sin z == sin z 

sin 2 z s=z 2 sin z ^ (1 — sin* z) 

sin 3 z =s 8 sin z — 4 sin' z 

sin 4 z =s (4 sin z — 8 sin* z) ^ (1 — sin* x\ 

78. cos z r=s ^ (1 — sin' z) 

cos 2 z = 1 — 2 sin* z 

cos 3 z = (1 — 4 sin* z) ^ (1 — sin* z) 

cos 4 z = 1 — 8 sin* z -f- 8 sin* z 

&c. i 

From the preceding tables it appears that the cosine of the multiple angle may 
always be expressed rationally in terms of the cosine of the simple angle ; but that 
the sine of only the odd multiples and the cosine of only the even multiples can be 
expressed rationally in terms of the sine of the simple angle. 

79. By successiye substitutions we find from the formulaa of Art. 74. 

tan z ^ tan z 

2 tan z 
tan 2 z = 



tan 8 z 



tan 4 z =s . 

1 — 6 tan* z + tan* z 

&c. 

80. The preceding results are but particular applications of general formulee to 
be given hereafter, (Chapter XV.) They are introduced here for the convenience* 
of reference in elementary applications. The powers of the sine or. cosine of the 
simple angle may also be expressed in the multiples of the angle : but they are most 
readily obtained from the general formulae of Chapter XV. 



Relations of Thkeb Angles. 

81. Let Zj y, and z be any three angles ; we have, by (36) and (88), 

sin (z 4- y 4~ ^) ^^ sin (z -|- y) cos z + cos (z -f- y) sin 2 

=s sin z cos y cos z -f- cos z sin y cos z 
4- cos z cos y sin 2 — sin z sin y sin z Q-^^) 

cos (a: + y + 2) =s cos (z + y) cos z — sin (z + y) sin z 

^ cos z cos y cos z — sin z sin y cos z 
— sin z cos y sin z — cos z sin y sin 2 0^^) 

and in the same way we may develop the sines and cosines of z^-y — ^i^ — ^4"^ 
&c. ; but we may find these directly from (168) and (169) by changing the sign of e, 
V, &c., and observing (56). 



1 — tan* z 


3 tan z — tan' z 


1 •— 8 tan* z 


4 tan z — 4 tan* z 
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The quotient of (168) divided by (169) giyes, after dividing the numerator aaa 
denominator by cos x cos y cos 2, 

tan (z + y + 2) = <^p ^ + tan y + tan g — tan g tan y ten at y^^. 

1 — tan X tan y — tan x ten z — ten y tan 9 ' 

82. Let z, y and 2 be any three angles, and from the equations 

sin (z — z) s=s sin z cos z — cos z sin z 
sin (y — z) ^ sin y cos z — cos y sin » 

let cos z be eliminated ; we find 

sin y sin (z — z) — sin z sin (y — z) =s sin 2 (sin z cos y — cos z sin y) 

as sin 2 sin (z — y) 

If sin z is eliminated, we find 

cos y sin (z — z) — cos z sin (y — z) ^ cos 2 sin (z — y) 

These equations may be more elegantly expressed, as follows : 

sin z sin (y — 2r) + sin y sin {z — x) -{- sin z sin (z — y) ss (171) 

cos z sin (y — 2) + cos y sin (z — a;) -f- cos 2 sin (z — y) ss (172) 

A number of similar relations may be deduced from these by substituting 90^ :t z, 
&c., for z, &c. 
88. Let 

» = J (z + y + z) 

we have by (104) 

2 sin V sin (v — a;) =s cos z — cos (2 » — z) ss cos z — cos (y + z) 
2 sin (v — y) sin (v — z) = cos (y — z) — cos (2 v — y — z) 

:= cos (y — z) — cos z 

the product of which is 

4 sin V sin (v — z) sin (v — y) sin (t> — 2) = cos z [cos (y — sr) + cos (y + «)J 

— cos* z — cos (y + 2f) cos (y — z) 
Reducing the second member by (108) and (184) ; 

4 sin V sin (v — z) sin (» — y) sin {v — z) sss 2 cos z cos y cos z — cos" z 

— cos* y — cos* z + 1 (173) 

In the same manner we find 

4 cos V cos (v — z) cos (» — y) cos (t> — z) ss 2 cos z cos y cos z -|- cos* z 

+ cos* y + cos* z — 1 (174) 

84. The following may be proposed as exercises. 

Bin z 4- sin y+ sill 2 — sin (z+y + z) ^4sinJ(z + y)8in J (z+z) sinj(y4-z) (175) 

«osz-J-cosy+cosz+cos(z+y+z)ss5s4cos}(z+y)cosJ(z+«) cosJ(y4-z)(176) 

sin (z 4- y 4- z) 

tan z + tan y + tan z — tan z tan y tan z = ^ — ' ~ (177) 

' * • * cos z cos y cos z ^ ' 

cos (z -I- y -4- z) 

cot z + cot y + cot z — cot z cot y cot z := ; — ^ — r ; — - in%\ 

' ^^ ' ^ sin z sm y sin z ' 



(179) 
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|[ri«{»+f+«)x^"^*"^y"^*^™^ ^^ ^^^^ C08a+ COB (a5-y)8iii«J* 
■.[1— oot(2« + 2y)](l+co82»)+[l + co8(2x-.2y)] (l-.co82f) 

^ 2 (sin 2z + 8ixi2y)8ixi2« 
» 2 fl+iin ^ ««^2H-«^2 ajsin 2a:+ 8m2 y gin2« — cos 2 XC08 2y cob2«) 

85. Lti the sum of three angles z, y and * be n*, or a multiple of r, that is, an even 
««ltipKt of ^ » condition which is expressed by the equation 

at 

« + y+« = 2n.~ (180) 

then, tan Ts + y + ') ^" ^' '^^ ^^ ^"^ member of (170) being thus reduced to 
lero, the numerator of the second number must be zero, or 

tan X -{- tan y 4- tan z s=s tan x tan y tan t (181) 

eouation, it must be remembered, that is true only under the condition (180). 
Since x. y wd » may be selected in an infinite variety of ways so as to satisfy (180), 
it follows from (181) that there is an infinite number of solutions of the problem, 
•• to find three numbers whose sum is equal to their product." 

Let the sum of three angles x, y and 2 be -^ or an odd multiple of -^ ; that is, let 



T 



« + y + 2=(2n+l)^ (182) 

then, tan (x -f- y 4~ ^) '^^ ^> ^^^ ^® denominator of (170) must be zero, or 

tan X tan y -(- tan x tan z -f- tan y tan z =s 1 

which, divided by tan a: tan y tan z, gives 

cot X 4~ ^'ot y -f- cot z =s cot X cot y co^z (1^) 

a relation that holds only under the condition (182). 
86. Let 

a: + y4-z = n»-=i2n-l (184) 

We have by (98) and (91) 

cos (x + y — z) = cos (n jr — 2 z) = ( — 1)* cos 2 z 
cos (z — y + z) 5= cos (n a- — 2 y) =s ( — 1)" cos 2 y 

cos (y + * — z) =: cos (n W — 2 Z) as ( — 1)" COS 2 z 

cos (y + 2^ + x) = COS n w =: ( — 1)» 

Ahe 8i>m8 of the first two and of the second two are by (103) 

2 cos z cos (y — 2) = ( — 1)* (cos 2 z + cos 2 y) 

2 cos z cos {y -^ z) ss. ( — 1)* (cos 2 z + 1) 
und the sum and difference of these equations are 

4 cos z cos y cos z =s ( — 1)* (cos 2 z + cos 2 y + cos 2 z + 1) 
4 cos z sin y sin z =s ( — 1)* (cos 2 z + cos 2 y — cos 2 z — 1) 

Ai db 4 cos z cos y cos z = cos 2 z -f- cos 2 y 4- cos 2 z 4- 1 (1^) 

db 4 cos z sin y sin z = — cos 2 z -(- cos 2 y -f- cos 2 z — 1 (186) 
the upper sign being taken when n in (184) is even, the lower when n is odd 
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In the same manner we obtain 

qp48inx8iny8in<ss 8in2z-t-sin2y-|-Bui2s (187] 

qp4Binxco8yco8<:s — 8in2x-|-Bin2y4*B^2' (188) 

the signs being taken as above. 

Again, let 

« + y + «=(2n+l)^ (189; 

we shall find by the same process 

db 4 sin a; sin y sin a = cos 2 a; -f- cos 2 y -{- ^^^ ^* — ^ {\^) 

db 4 sin x cos y cos 2 =b — cos 2 z 4~ cos 2 y -f- cos 2 « -|- 1 (191) 

db 4 cos z cosy cos 2 =s sin 2 z -)- s^ ^ y 4* ^^ ^ ' (192) 

db4cosa;sinysin2:s — 8in2x-f'^^^4*<^^' G^^) 
«f- or — according as n in (189) is even or odd. 

Inverse Trigonometric Functions. 

87. If 

y = sin a; 

y is an explicit function of Xj and, since x and y are mutually de- 
pendent, X is an implicit function of y ; but to express x in the 
form of an explicit function of y, we write* 

X = sin ""* y 

which is read, "a; equal to the angle (or arc) whose sine is y," and 
X is called the invene function of y, or of sine x. 

In like manner tan ~"^ y is " the angle or arc whose tangent is 

y," &c. 

88. Many of the formnlaa already given may be oonyeniently expressed with the 
aid of this notation. Thus, by (16), 

X SB see"' ^ (1 + tan* z) 

or if we put y s tan x 

tan""* y = seo~* ^ (1 + y*) 



* This notation was suggested by the use of the negative exponents in algebra. 
If we have y = fiz, we also have x zss n~^ y^ where y is a function of a;, and x is 
the corresponding inverse function of y. The latter equation might be read *< a; is 
a quantity which multiplied by n gives y." It may be necessary to caution the be- 
ginner against the error of supposing that ralent to — ; . 

For a general view of the nature of iny^ ^vuons, M "^^ Diff. Calo 

Arts. 18, et seq. 

6 l>^ 
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And in the same way tho formulsB of Art 28 giye 

1 ^ 

sin "•' y = cosec ""* — = cos""' ^ (1 — y*) s tan""' . .^^ ^v 

C08"~'y = 8eo~' — = Bin-"^(1— y») e=tan~' ^^ ^^ 

y ^ \ ^ / y 

1 y 1 

tan * y =s cot~* — «= Bm'~* ^ ■,., , — rr = cos"^ 



FormulsB (123) and (124) may be written 



y s=: tan 



_j tan z ± tan y 



1 If: tan x tan y 
or patting t =s tan z, ^ = tan y, 



tan * t db tan ""* ^ =b tan ~* 



Also the formulsB of Arts. 67 and 68 giye 



(194> 
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-. . = 2 Bin- J (i-^) = 2 cos- J(4-^) = 2 tan- ^(1 =J) 

2 tan * y = sin -* , , , = tan * = ; = cos * ( r-r-^ I 

1 4. y« 1 — y' V 1 + yV 

89. We may also employ the notation sin'^' (cos x) or <<tha arc whose sine is 
equal to the cosine of x" i. e. "the complement of z" ; and sin (cos"* y) or "th* 
sine of the arc whose cosine is y" &o. We shall have accordini^ly 

sin (sin ^^ y) -= y tan (tan~* y) = y&c. 

sin ~* (sin z) = z tan ~* (tan x) ^s^ x ^0. 

But it must be observed that since the same sine or tangent corresponds to an 
infinite number of angles, (Art. 53,) these last equations should be widtten 

8in~' (sin z) = w a- + (— 1)* z, tan ~* (tan z) ss i» v -( x 

which are equivalent to (95) and (97). 
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CHAPTER V. 

TRIGONOMETRIC TABLES. 

90. Before proc ."eding to the numerical computation of triangles 
aufl to other applications of the preceding formulae, the student should 
make himself acquainted with the arrangement of, and the mode of 
consulting, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
suppose also that he is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables;* the first, called the 
Table of Natural Sines^ ^c, contains simply the numerical values 
of the sines, tangents, &c. for each given value of the angle; the 

* The most conyenient seyen-figure tables yet published in this country are Stan- 
Uiffiy already mentioned, p. 12. Attached to these are also fiye-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in extensiye and yaried calculations, generally proyide them* 
selyes not only with tables of seyen figures, but also with those of six, of fiye, and 
eyen of four figures — the selection and use of a particular table in any case being 
determined by the degree of precision sought for in the results. We might, indeed, 
employ seyen-figure, or eyen ten-figure tables in all cases, and reject the final figures 
of our results, when a lower degree of approximation is thought sufi&cient ; but it is 
dearly a loss of time and labor to employ other figures besides those which are ne 
eessary in arriying at the proposed degree of precision. 

The best six-figure tables are to be found in Bremiker's Nwa Tabula Berolinmsia, 
(Berlin. 1852,) which are distinguished for simplicity of arrangement, as well as ao- 
euracy. 

Bowditch*s fiye-figure tables, in his Epitome of Nayigation, are yaluable on account 
of their undoubted accuracy. 

Four-figure tables are to be found in yarious collections, as for instance, in Schu- 
macher's Hulfstafeln^ (edited by Wamstorff.) 

Of the German seyen-figure tables we may cite those of Vega, of which Bremiker's 
edition is the best : of the English, Taylor's, Hutton's, Babbage's, Shortrede's ; and 
>f the French, Callet's, Bagay's, Borda's. Taylor's, Shortrede's, and Bagay's give 
the log. functions to every second of the quadrant ; Borda's give the functions corre- 
sponding to the centesimal division of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must be had to the 
ten-figure tables of Vlacq, Thesaurus Logarithmorum Completus, edited by Vega, 
'Leipzig, 1794.) 
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second, called the Table of Logarithmic Sines, ^c., contains the lo- 
garithms of the numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most useful. 

Table of Natural Sines, &c. 

91. The arrangement of this table will be understood from a sim- 
ple inspection. It contains the sines, &c. of angles b^etween zero 
and 90°, generally for every minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolations similar in their nature to thpse that are re- 
quired in using tables of logarithms of numbers. This interpolation 
is based upon the supposition that the differences of the sines, &c., 
are proportional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a suflScient ap- 
proximation, provided the differences of the angles of the table are 
suflSciently small. When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10", and 
the sines, &c., should be given to at least seven decimal places. 

92. As every angle between 45° and 90° is the complement of 
another between 45° and 0°, every sine of an angle less than 45® 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, &c. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45°, 
by giving them at the bottom of the table the names of the comple- 
mental functions. 

93. As the sines, &c., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables are not ex- 
tended beyond 90° ; but we easily deduce the functions of all other 
angles by the principles of Chap. III. 

For the functions of an angle between 90° and 180°, we may taks 
tJie same functions of its supplement, observing to prefix the proper 
algebraic sign. Art. 39. Thus, from Button's Tables we find 

sin 140° 16' = sin 39° 44' = 0-6392153 
cos 140° 16' = - cos 39° 44' = - 0-7690278 
tan 140° 16' = - tan 39° 44' = - 0-8311992 
cot 140° 16' = - cot 39° 44' = - 1-2030810 
sec 140° 16' = - sec 39° 44 = - 1-3003431 
cosec 140° 16' =- cosec 39° 44 = 1-5644181 
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remembering that in the 2d quadrant all the functions are negative 
except the sine, and its reciprocal, the cosecant. 

Or, we may (Art. 38) deduct 90° from the given angle and take 
from the table the complemental functions of the remainder, prefix- 
ing the signs as before ; thus 

sin 140° 16' = cos 50° 16' = &c. 
cos 140° 16' = - sin 50° 16' = &c. 

which is the better practical method, as the subtraction of 90° may 
be performed mentally. 

94. For angles between 180° and 270°, we deduct 180° and take 
the 8ame functions of the remainder, prefixing the signs that belong 
to the 3d quadrant. Art. 41 ; thus 

sin 220° 26' = - sin 40° 26' 
cos 220° 26' = - cos 40° 26' 
tan 220° 26' = + tan 40° 26' &c. 

95. For angles between 270° and 360°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant. Art. 43 ; thus 

sin 331° 27' = - cos 61° 27' 
cos 331° 27' = + sin 61° 27' 
tan 331° 27' = - cot 61° 27' &c. 

Or we may take the same functions of the difference between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functions 
with their signs. Art. 45 ; and if the angle exceeds 720°, 1080°, &c., 
we deduct 720°, 1080°, &c. ; thus 

cos 840° 45' = cos 120° 45° = - sin 30° 45' 
tan 1372° 13' = tan 292° 13' = - cot 22° 13' 

Table of Logarithmic Sines, &c. 

97. In this table we find the logarithms of the numbers in the 
Table of Natural Sines arranged in precisely the same manner ; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices; but these are avoided in the usual manner by increasing the 
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index by 10, so that we find the index 9 instead of — 1, 8 instead 
of — 2, &c. The tangents under 45° being also less than unity, 
the indices of their logs, are also increased by 10. 

In some tables, to preserve uniformity, the indices of the logs, of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
we must deduct 10 from that sum. 

98. Since 



sec A 



cos A 

we have log sec -4. == — log cos A 

or since the tabular log. cos. is increased by 10, 

log sec J. = 10 — log cos A 

that is, the log. secant is the arithmetical complement of the tabular 
log. cosine. For a like reason log. cosec. is the ar. co. of the log. 
sin. ; and log. cot. is the ar. co. of the log. tan. 
Also since 

. sin -4. 

tan A = :j 

cos^ 

log tan A = log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log. sin. and cos. 

99. When the natural sines, &c. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° 16' = - 0-7690278 

and log cos 140° 16' = - 9-8859420 

* Strictly speaking, negative numbers have no logarithms, but in practice, the 
multiplication, division, &c. of numbers is performed without reference to their signs, 
1. e. as if they were all positive, and the sign of the result is then deduced from the 
signs of the factors according to the rules of algebra. We employ logarithms sim- 
ply to eflfect the first of these operations, i. e. the multiplication, division, &c. of 
the numbers considered as positive ; and to facilitate the second operacion, or the 
determination of the sign, we prefix to the logs, the signs which are prefixed to the 
Qumhers lo which they belong. 
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As the logs, of all the trig, functions are positive (being rendered 
BO by the addition of 10 where necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithm, 
but of the number to which it belongs. 

Elementary Method of Constructing the Trigonometric 

Table. 

, 100. By dividing tc = 3-1415926 by the number of seconds in 
180°, we found (Art. 9) the length of the arc \'\ and (Art. 54), the 
tine of \'\ which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin r = 0.0002908882 
and by (7) 

cos 1' = ^/ (1 - sin2 1') = ^ [(1 + sin V) (1 - sin V)\ 

= V (1.0002908882 x -9997091118) 
or performing the arithmetical operations 

cos V = 0.9999999577 
Then by (101) and (103) 

sin (a; + y) = 2 sin x cos y — sin (x — y) 
cos (a; + y) = 2 cos x cos y — cos {x — y) 

in which we can suppose y to be constantly equal to 1' and x to bo- 
come successively 1', 2', 3', &c. Thus, first substituting y = 1', 

sin (a: + I') = 2 sin x cos V — sin (x — V) 
cos (a: + I') = 2*cos x cos V — cos {x — V) 

then if a: = 1', 2', 3', &c., we find for the sines 

sin 2' = 2 cos V sin V - sin 0' = 0-0005817764 
sin 3' = 2 cos V sin 2' - sin \' = 0.0008726646 
sin 4' = 2 cos 1' sin 3' - sin 2' = 0-0011635526 
sin 5' = 2 cos V sin 4' - sin 3' = 0-0014544407 
&c. &c. 

ar4 for the cosines 

cos 2' = 2 cos 1' cos V - cos 0' = 0-9999998308 
cos 3' = 2 cos V cos 2' - cos V = 0-9999996193 
cos 4' = 2 cos 1' cos 3' - cos 2' = 0-9999993232 
cos 6' = 2 cos V cos 4' - cos 3' = 0-9999989425 
&c. &c. 
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The whole di£Scult j in this operation consists in the multiplication 
of each successive sine or cosine by 2 cos V = 1 •9999999154 ; but 
this multiplication is much shortened by observing that 

2 cos r == 1.9999999154 = 2 - -0000000846 

m that if we put 

m = .0000000846 
we have 2 cos 1' = 2 — w and therefore 

sin 2' = 2 sin V — sin 0' — tti sin 1' 
sin 3' = 2 sin 2' - sin V -m sin 2' 

sin 4' = 2 sin 3' - sin 2' - w sin 3' 

&;c. 
cos 2' = 2 cos V — cos 0' — m cos 1' 
cos 3' = 2 cos 2' — cos 1' — m cos 2' 

cos 4' = 2 cos 3' — cos 2' — m cos 3' 
&c. 

which are computed with great facility. 

101. It is not necessary, however, to continue this process beyond 
30° ; for by (159) and (162) we have 

sin (30° + y) = cos y — sin (30° - y) 
cos (30° + y) = cos (30° — y) — sin y 

so that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 30° previously found. Thus, making 
y successively 1', 2', 3', &c. 

sin 30° 1' = cos V - sin 29° 59' 

sin 30° 2' = cos 2' - sin 29° 58' 

sin 30° 3' = cos 3' - sin 29° 57' 
&c. 

cos 30° 1' = cos 29° 59' - sin 1' 

cos 30° 2' = cos 29° 58' - sin 2 

cos 30° 3' = cos 29° 57' - sin 3' 
&c. 

This last process requires to be continued only to 45° since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 
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102. The tangents and cotangents may be found from the sinos 
and cosines by the formulae 

sin X ^ cos X 

tan X = cot X =» —, 

cos X sm X 

and the secants and cosecants by the formulae 

1 1 

sec X = cosec x 



cos X sm x 

103. In so extended a computation as the construction of the en- 
tire table, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (138) and (139) we can find from the cosine of an angle the sine 
and cosine of its half; hence from the cos. 45° = %/ J we can find 
sin. and cos. of 22° 30', and from these the sin. and cos. of 11° 15 
by the same formulae ; and from cos. 30° = J %/ 3 we can find sin. 
and cos. of 15°, 7° 30', and 3° 45'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. There are yarious other angles whose functions can be expressed under finite 
forms more or less simple, and may therefore be employed for the purpose of Yerifi> 
cation. 

Let z as 18^ ; then Sz + 2x =a 90^ and cos 3 z s sin 2 x, whence, by Art 76. 

4 cos* z — 3 cos z=3Cos8z=s2Binz cos x 
4 cos* X — 8 =s 2 sin x 

4(1— sin«z) — 8»28iiia; 
sin* x-^- ^siRx SI } 

which equation of the 2d degree being resolved, gives sin a; :a 

Bin 18<> = cos 72^ ca ^^^lul 



whence cos ISo = sin 72o :=r \/(10 + 2\/5) 

4 

From these by (138) and (189), we find the sine and cosine of 9^ and 86^; then 
by (87) and (89) those of 86® — 80<> = 6®, whence those of 8<>; after which it 
will be easy to form a table of the exact values of the sines and cosines for every 
8° of the quadrant.''^ These expressions, however, are not of much use, directly, 
in the construction of tables, as we have much better methods ; but they lead to a 
formula of verification which is of some importance. We find 

4 



* A table of this kind is given by Oagnoli in his Trigonometric. 
7 £ 
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And by (102) 

dn (72<' + y) — sin (72« — jr) n 2 008 72« sin y «. ^^^^ sin » 

dn (860 + y) — sin (860 — jr) S9. 2 001 86» sin y — ^^g^^ siny 

the differenoe of these equations gires 

sin (860 + y) — sin (86o — y) « sin (72<» + y) — sin (72<» — y) + sin y 

which is Euler' 8 formula of verification. By giving y any yalue at pleasure, the oor- 
rectness of fiye sines of the tables is examined. By substituting 90^ — y for y in 
this formula it is easily reduced to the following 

sin (90O — y) + sin (IS^ + y) + sin (180— y) a sin (64o+ y)+ sin (54o —y; 

which is known as Legendre's formula, though not essentially different from Euler's. 
105. The method that has here been given for computing the trigonometric table, 
though simple in principle is neyertheless sufficiently operose. The method by in- 
finite series, to be giyen hereafter, will bo found to be much more rapid and simplt 
in practice. 
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CHAPTER VI. 

SOLUTION OP PLANE RIGHT TRIANGLES. 

106. In order to solve a plane right triangle, two parts in addition 
to the right angle must be given, one of which must be a side. 
The solution is effected directly by means of our 
definitions of sine, &;c., which are expressed by 
the equations (1). As three of the six functions 
are only the reciprocals of the other three, we 
shall base the solutions upon the following three ; 
(Fig. 15) : 



11g.l6. 




Sin -d =s — 



a 
e 



cos J. =s — 
c 



tSkuA =■ -r 



a 
b 



Since each of these equations expresses a relation between three 
parts — an angle and two sides — it follows that in order to apply them, 
or in order to solve the triangle trigonometricallt/j there must be 
given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; but 
if two sides are given, the third part sought must be an angle. 

In every instance the choice of the proper equation will be deter- 
mined by the precept, — employ that trigonometric function of the 
angle which is equal to the ratio of the two sides considered, 

107. Case. I. Given the hypotenuse and one angle, or e and A. 

To find a. We consider a, c and A; and since the ratio of a and 
e is given by the sine, we have 



sin -4. = — whence 
c 



a ^ e sia A 



(196) 



To find b. Considering (, c and A, we have the ratio of b and e 
expressed by the cosine, or 



cos j4 =■ — whence 6 = c cos A 
c 



(196) 



To find B. We have 5 = 90" — A. 



.\ 
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Tlie required quantities a and b being equal to the product of two 
factors, the computation is conveniently performed by the addition 
of the logarithms of these factors. 

Examples. 

1. Given c = 672.3412, A = 85*^ 16' 25"; to find the other parts. 

By (195) By (196) 

c = 672.3412 log 2.8275897 log 2.8275897 

A = 35° 16' 25" log sin 9-7615382 log cos 9-9119049 

a = 388.2647 log* 2-5891279 b = 548-9018 log* 2-7394946 

Ans. a = 388-2647 
6 = 548.9018 
5 = 54° 43' 35'' 

2. Given e = 42567.2, B =» 87° 49' 10"; find the other parts. 

Ans. a = 1619.626 
b = 42536.37 

J. = 2° 10' 50" 

108. Case IL Given the hypotenuse and one side, or c and 6. 
To solve this case trigonometrically, we must first find an angle. 
To find A. We have 

cos ^ = ^ (197) 

To find a. We have, by the preceding case, 

sin -4 = — a =^ c sin A (1^8) 

But a may be found by geometry from the equation 

a* +62 =s c* whence a^ = c^ -- b^ 
a^^{c'''b^)=^^/l{o + b) {c - 6)] (199) 

Examples. 

1. Given c = 672.3412, b = 548-9018; find A and a. 

By (1.97) By (198) 

b = 548-9018 log 2-7394946 

c = 672-3412 log 2-8275897 log 2-8275897 

A = 35° 16'25" log cos"9-9119049 log sin 9-7615882 

a = 388-2647 log~2.5891279 



"* Ten is rejected from each of these indices because the logarithms of the sine 
and cosine in the table are ten too great. Art. 97 



SOLUTION OF PLANE RIGHT TRIANGLES. 68 

By (199) 

tf= 672.8412 

6= 548.9018 
^ + 6 = 1221.2430 log 8.0868021 
tf - i = 123.4394 log 2.0914588 

2)5.1782559 

a = 388-2647 log 2.5891279 

5 = 54^43'35'' 
a = 888-2647 
•2 Given c = -092857, I = -058018 ; find a. 

Ans. a == .071859 

1U9. Case III. Q-iven an angle and its adjacent ndcy or A and b. 
To find a. We have 

tan A ^ -r whence a = 6 tan A. (200^ 

To find <?. We have 

cos J. = — whence, by (2), c = . = 6 sec J. (201) 

C cos jol. 

or directly from the secant 

« 

sec -4. = -=- whence c = 6 sec -4. 



Examples. 

1. Given A = 88*^ 59', b — 2-284875 ; find the other parts. 

Ans. a = 125-9365 
c = 125.9663 
5 = 1^ r 

2. Given B = 60^ a = 10 ; find c. (See Art. 29). 

Ans, c = 20. 
110. Case IV. Given an angle and its opposite sidcy or A and a. 
To find c. We have 



• A * 

Sin -4. «s — 
e 


^ A 


(202) 


sin J. 


We have 






tan J. =s -5- 






(203^ 


tan J. 



x2 
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Examples. 

1. Given A « 26« 18^48'', a = -085623 ; find 6. 

An%. b = .1810278 

2. Given B = 89<^ 17^5'; 6 « -01 ; find c. 

Am. e « .0157984 
111. Case V. Given the two Me%y or a and 6. 
To find A and B. We have 

tan -A « cot -B — y (204) 

To find e. We have 

, u a 

sin Jl = — <? =a -: — 7 s=s a cosec A (206) 

e sm A ^ ' 

We may also find e directly by geometry, from 

<j* = a* + 6* whence c ^ %/ {a^ + J*) 

but this is not readily computed by logarithms. 

Examples. 

1. Given a = 30, 6 = 40 ; find <?. Ans. (? = 50 

2. Given a = 8-678912, b = 2-463878; find A and <?. 

Ans. A=74<^9'4'M 
(? = 9.021875 

Additional Fobmulje fob Right Triangles. 

112. By inspecting the tables it will be seen that when the angles are very small, 
the cosines differ very little from each other ; consequently a small angle cannot be 
found with yery great accuracy from its cosine. For a similar reason an angle that 
is nearly 90^ cannot be accurately computed from its sine. It is therefore desirable, 
when a required angle is small, to find it by its sine, and when near 90® by its co- 
sine, or in either case by its tangent or cotangent ; and for this purpose special for- 
mulas are sometimes necessary. We shall deduce seyeral such formulse, from whioh 
one adapted to a particular case may be selected. 

118. From (197) we find, by {1B9) 

1 — cos A sss 2 sin* i^ ^ =s 1 ^ 



e e 



Bin M = J (V*) (206) 



which may be used instead of (197), when A is small, that is when b is nearly equal 
to e. It giyes also 

<j — 6 = 2 c sin» J ^ (207) 

by which e — b may be accurately found when A is small 
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AIM from (197), by (140) 

-M-j(jfs^)-j(:-ii)-*-=i w 

114 From the equation 



e 



we dednoe bj (168) and (164) 

•ln(46o±M)=J(^0 (2W) 

oo.(46o±M) = J(-^) (210) 

Un(46o±M) = J(^) (211) 

and from tan ^ ■■ -r- we find by (151), 

tMi(45o±^)=.|^^ (212) 

116. Bj (186) we hare 

ooe 2 ^ a oo(^ A — sin* A ss — IZ — 

which, sinee 2A^A + W'^B^9(P-^(B-^A), giyes 

^ (i?«^) « (^+a)(&-a) (213J 

By (186) 

ooe(jB — ^)a>8in2^»28m^oos^» ^4" (2^^) 



and from (218) and (214) 



t«(i,_^)„(HiJi*Il^) (216) 



by which B-^Aia found with great accuracy when b and a are nearly eqnaL 

ExAMPUk Qiren e » 4602-886, 5 as 4602*21069 to find A. 

By (206). 
0_ & s 0*62641 log 9-7961648 

2 e a 9206*672 log 8-9640656 

2 )6-8821098 
} ^ s 28' 20''*18 log sin } ^ » 7-9160547 
^ a 66' 40^-86 

The ordinary process giTce log cos A sb 9*9999410, whence A sss 56' 40". These 
results are obtained by Stanley's Tables, in which the log. sines, &c., are giyen for 
e? ery 10" for the first 15^. A greater discrepancy between the two results would be 
found by tables in which the functions were given only for each minute. 

A slight error remains in the ralue of } ^ as 28' 20"-18, on account of the large 
differences of the log. sines in this part of the table, or rather on account of the 



\ 



56 PLANE TRIGONOMETRY. 

rapid change of these diiFerences. We avoid the use of these large differences, and 
gain somewhat in aoonracy, by employing the approximate yalue of sin. } A given 
by (98), whence 

sinj^saj^rinl", }^ = ?l?i^ 

* ■ * sin 1 

Thus we have found above log sin } ^ s= 7*9160547 

Art. 54, log sin 1" r=r 4-6855749 

J ^ = 1700"-12 = 28' 20"-12 log } A = 8-2804798 

But to obtain } A with the utmost precision, recourse must be had to the follow- 
ing process, which is constantly employed in observatories, and wherever sma'l angles 
are to be computed with extreme accuracy. Special tables are prepared containing 
for every minute from 0® to 2* the logarithms of 

sin X , - tan x 
= h and — — = k 

X X 

which do not vary rapidly, and may therefore be taken with accuracy from the 
tables. Then we have 

sin X 
tanz 



A table of this kind will be found on page 156 of Stanley's Tables, where the 
notation used is 

q SB log sin Xy fi = log x 

sm X 
and therefore in the column marked q — n we find the log . Thus in the above 

example we have found log sin } ^ =s g = 7-9160547 

and from the table S-— » = 4-6865700 

iA=: 17Wy''U s 28' 20"-14 log^A^ n s= 8-2804847 

which is the true value of } ^ within 0"*01. 
Stanley'e Table contains also the values of 

tan X 
log ss q — fi (S' ss log tan x, n as log x\ 

log -: S3 9 + n (gr s=s log COSCO Xf n ss log x) 

sin a; ^ ' 

log T = 9 + n (q salog cot x, n =s log x) 

tanr \« « ^ , 

the use of which may easily be inferred firom the example just given. 



sin X 


= 


X . 


sinx 


= 


X. 


h 


X 


tan X 


, 


X . 


tanx 




X, 


,k 
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CHAPTER VIL 



FORMULA FOR THE SOLUTION OF PLANE OBLIQUE TRL^GLES 

116. As every oblique triangle may be resolved into two right 
triangles by a perpendicular from one of the angles upon the 
opposite side, we are enabled to deduce all the formulae for their so- 
lution from those of the preceding chapter. 

117. The Bides of a plane triangle are proportional to the sines 
of their opposite angles. 

Denote the angles of the triangle ABO, ^' ^®- q 

Fig. 16, by -4, B and (7, and the sides oppo- 
site these angles respectively by a, b and c. 
From C draw OP perp. to AB and put ^ 
OP = p. Then in the right triangles A OPj B OPj we have, 
by (196) 

JO = 6 sin -4, JO = a sin -B 

whence 6 sin J. = a sin -B 




which, converted into a proportion, gives 

a : 6 = sin J. : sin 5 

and in the same way we may prove that 

a : c = sin -4. : sin (7 
6 : c = sin 5 : sin (7 

and these three proportions may be written as one, thus : 

a : 6 : c = sin J. : sin -B : sin (7 



(216) 



or thus, 



a 



sin A sin B sin 



(217) 
(218) 



When the perpendicular falls without the 
triangle. Fig. 17, the angle OBP is the sup- 
plement of J?, but by Art. 39, it has the same 
BiuA, so tJiat the triangle OBP gives a 

JO = a sin OB P = a sin B 

8 



Fig. 17. 
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the same as was found from Fig. 16. The proposition is therefore 
general in its application.* 

118. The sum of any two aides of a plane triangle is to their dif- 
ference as the tangent of half the sum of the opposite angles is to 
the tangent of half their difference. 

For, by the preceding article, 

a : 6 = sin J. : sin 5 
whence, by composition and division, 

a + 6 : a — 5 = sin J. + sin 5 : sin J. '— sin 5 
But from (109) if a; = J., y = 5 we obtain the proportion 
sin J. + sin 5 : sin J. — sin J8 = tan J ( J. + 5) : tan J (J. — 5) 
which, compared with the above, gives 

a + 5 : a — 6 = tan J (ul + 5) : tan J (J. — JB) (219) 
This may also be written 



a + h _ tanj^(^ + ^) 
a — 5 "" tan J (J. — B) 



(220) 



Fig. 16. 



and we may infer the same relation between i, c^ Bj O and a, c^ 

A, a 

119. The square of any side of a triangle is equal to the sum of 
the squares of the other two sides diminished by twice the rectangU 
of these sides multiplied by the cosine of their included angle. 

In the triangle AB C^ Figs. 16 and 17,* 
we have either 

BP^c-AP or BP^^AP^-e 

Fig. 17. but in both cases 

c 

BP^='AP^+c^--2cxAP 
Adding OP^ to both members, we find 
a2 = 62+ c^^2cxAP 

But the triangle A OP gives by (196) 

AP = 6 cos J. 





* The consideration of Fig. 17 was not strictly necessary according to the prin> 
ciple stated in Art. 49. It may, howeyer, be useful for the student to yerify that 
principle when convenient. 
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which substituted in the preceding equation gives 

a^=:b^ + c^ ^ 2 be cos A ^221) 

as was to be proved. We have in the same way 

b^ ^ a^ + c^ '-2acco&B (222) 

<?2 = ^2 + j2 _ 2 aJ cos 0^ (223) 

120. The same result is obtained from the foUowing equations (which are evident 
from Fig. 16, where cssz AP+ PB) 

a sss b cos C-i' e cos £ 

b sss ecoBA + acoB C • (224) 

c =z a cos ^ 4* ^ ^^^ -^ 
From the first of these 

e cos £ z=s a — b cos C 
whence <^ cos* £ =s a* — 2 a6 cos C + ft* cos* C 

and from (218), (^ sin* J? = £* sin* C 

the sum of which two equations is, by (13), 

<i» = a* — 2 aft COS C + 6* 

121. From (221) we find 



cos A =- 



b^ + c' 



a' 



2 be 



(226) 



by which an angle is found when the three sides are given ; but to 
adapt it for convenient computation by logarithms, the following 
transformations are necessary : 

Subtract both members from unity ; then 

, 26(?-6«-(?2 + a» a*-(b-ey 
1 . eos^ 26^ 26c 

But, by (139), making a; == ^, we have 

1 -- cos uil = 2 sin* J A 

Also, the numerator of the second member being the difference of 
two squares may be resolved into two factors, viz. : the sum and the 
difference of a and 6 — c ; thus, 

a'-(J-c)» = [a-(6-(?)]x[a+(6-(?)] = (a-J + (?)(a + J-c) 

Substituting these values in the above equation and dividing by 2 

^, J ^ ^ (o^^i + ^io + J -c) 



4 be 



(226) 



\ 
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This may be simplified bj representing the half sum of the three 
sides by «, or by putting • 

a + b + c^28 
whence 

a+6 — c = a + 6 + c — 2(?«2« — 2c = 2(« — c) 
which substituted in (226) give 

.■„. i A - " - 1'' ~ °' m 

In the same manner we should find from (222) and (223) 

sin* J 5 = (iZl^iiZl), sin^iO^ ^'-"^!:'- -^ (228) 

(ZC u>0 

122. Add both members of (225) to unity ; then 

, 2 6c + 6* + c* - a« (b+ <?)* — «• 
1 + eos^ 2Ve ^ 2bc ' 

But by (138) 

1 + cos J. = 2 cos* J A 

Also, (6 + c)* - a* = (J + c + a) (6 + <?- a) 

thorefore 

cos i^- 4j^ 

Substituting $ in the numerator as in the preceding article 

coB'iA = i^^ (229) 

and therefore also 

COS' i 5 = '^'~^^ , cos* J C = * ^' J ''^ (280) 

123. Dividing (227) by (229), we have, by (14) 

and in the same manner 

tan* i JB = i^ T-^^^-TT -y tan* J (7 = ^ /^ , ^ (282) 

^ « (« — 6^ ^ «(« — (?) ^ ' 
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124. The preceding formulae are sufficient for the resolution of all the usual oases 
of plane triangles ; but there are others that are occasionally usefuL From (218) 
^e find, by (106), (106) and (186), 

a 4" * sin -4 + sin B sin J (^ -}- 5) cos J (A — S) 
e "" sin C sin J C cos J C 

g — ft sin ^ — sin^ c os j {A + B) sin j j A — B) 
c sin sin J C cos J 

But since A + B + C =s 180®, 

A + B=: 180O — C, } (^ + 5) = 90<» — } C 

sin HA + B) z= cos } 0, cos } (^ + 5) = sin } C 

by means of which we find 



a+b ^ cos } (^ — -B) cos j (A — B) 

e sin } C7 cos i {A ^' B) 

a—b _ sin j {A -- B) _ sin j (A -- B) 

e cos } C sin J (-4 + jB) 



(288) 



(284) 



The quotient of (288) divided by (234) gives (220). 

126. Adding unity to both members of (288), or subtracting it, we have, oy 
(103) and (104) 

a + b + e ^ cos i{A + B) + cos j {A — B) __ 2 cos } ^ cos j B 
e cos J (-4 + jB) sin } (7 

a + 6 — c cos J (-4 — B) — cos } (^ + -^) 2 sin } ^ sin } ^ 

c cos i^ (A-\- B) sin J (7 

Similarly from (284) we find 

c + g — ft _ sin } {A -{- B) + sin } (^ — B) 2 sin } .4 cos } B 
e sin J (-4 + j5) cos } 

e — a 4- * sin J (^ + -B) — sin J (^ — B) 2 cos } ^ sin } ^ 
e sin J (^ -}- jB) cos J 



8ub8tituting « ss } (a -f- ^ 4* ^)> these equations become 

_« cos J A cos J B 

e sin } C7 

t — e sin i A sin } jB 

e sin J C 

8 — ft ^_ sin } ^ cos J B 
e cos J G 

• — a cos J -4 sin J B 

« cos J C 

F 



(2S6) 



(286) 



(287) 



^28S> 
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From these equations we can deduce immediately (227) &o. ; for example •z- 
changing e for i in (286), we haTe 

t — b sin ^^ sin ^ (7 
"T"** sin}^ 

which, multiplied by (286) giyes (227). 

126. Four times the product of (227) and (229) is by (185) 

8in«^=j±..t(#^a)(,^J)(,--e) 
f^hence 

■^^ = -^^t« (»-•)(* -»)(«-«)] {289) 

Exchanging A for JB and successiyely, this giyes also 

Bin B=-i-^[# (.-«)(. -6) (.-«)] (240) 

rin<7 =3^ •[*(•-«)(*-») (•-«)] (2«) 

In these equations put* 

JSr=.^[#(#--a)(t-4)(t-c)] (242) 

then 

sin^»=^ 8inJ9«=^ BinC^t± (248) 

be ae ab ^ ' 

The quotient of the first of these diyided by the second is 

sin ^ oe a 
sin B be ~" b 

which brings us back to the theorem of Art. 117. 

127. The sum of A, B and C being 180<*, and the sum of } ^, } ^ and \ G being 
90®, we haye, by Arts. 85 and 86, the following relations among the angles of a ^^u.-.^^ 
triangle. 

tan A 4- tan B -f- tan =: tan A tan B tan G 

cot \A-\' cot } ^ 4~ ^^^ \ (7 =B cot } ^ cot } ^ cot } (7 

sin ^ -j" sin J? 4~ sin (7 ss 4 cos J ^ cos } ^ cos J C 

sin ^ -]- sin ^ — sin C7 =b 4 sin } ^ sin } ^ cos \ G 

cos A •\- cos B -\' cos G — 1 =s 4 sin } ^ sin } ^ sin J (7 

cos A 4- cos B — cos C7 -]- 1 as 4 cos \ A cos } J? sin J C7 

in the last of which we may interchange A^ B and G. These relations may bo sub- 
stituted in the equations of Art. 125. 



* JT is the area of the triangle. See Art. 148. 
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128 Th« following equatioiis are added as exercises. 



timfjf « — a 



tan } ^ tan } J9 M 



t 



sin (^ — J) (g + ^) (g — ^)' 
sin (^ + -B) ™ <^ 

tan}ultan}^cot}(7at (^~" ^ 



oot}il + eot}^ + cot}t7ai-^ 



nn}^8in}J98in}(7M -^ 

008}^eO8^^008^(7aM — -- 

K 

!?»«(« — a)(«-.4)(« — «) 



A 



tt4 
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CHAPTER VIII. 




SOLUTION OF PLANE OBLIQUE TBLINGLES. 

^•^^- - 129. Case I. Given two angles and one 

side^ or A^ B and a. Fig. 18. 
To find the third angle. We have 

(7= 180° ^(^ + 5) 

To find b and c. We apply the theorem of Art. 117, and state 
the proportions thus : the sine of the angle opposite the given side is 
to the sine of the angle opposite the required side, as thv given side 
is to the required side. Thus we have 

sin uil : sin JB = a : 5 



whence 



and 



whence 



asin j^ 
sin^ 



= a sin J8 cosec A 



(244) 



sin -4.: sin 0=a: e 

a sin (7 . ^ . 

c =* — : — 7— = a Sin (7 cosec A 



(245) 



Examples. 

1. Given A = 50° 38' 52", B = 60° T 25" and a = 412.6708, 
to find Oj b and e, 

A + B=- 110° 46' 17" 

« 69° 13' 43" 

By (244). 
A = 50° 38' 52" log cosec 0-1116730 

log sin 9.9380702 



•By (245). 
log cosec 0-1116730 



B = 60° 7' 25" 
= 69° 13' 43" 
a = 412.6708 



log 2.6156037 

log b 2.6653469 

b = 462-7505 



log sin 9.9708129 

log 2.6156037 

log c 2.6980896 

c = 498.9875 
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2. GKven A «= 100<> 16' 85", B = 25^ 16' 18'', and ( = 29.167 

find a and o. 

Ans. a « 6T-22857 
e « 65.59178 



180. Ca«i L GWen -i, J5 and a. Second tolution. We find C =: ISO® — (-4 + J5) ; 
then, by (238) and (284) 

cobJ JBj^C) __ 
"*• cos} (^+(7)""' 



i + e 



cot}(^— C) 
sin } ^ 



(24«) 



sin } (5+ C) 



COS f ^ 



(247) 



whidi giye the sum and difference of the required sides ; adding half the difference 
to half the sum, we find the greater side, and subtracting half the difference from 
half the sum, we find the less side. 

181. Casi L Giyen ^, J9and a. Third Solution, When A and B are nearly equal, 
and great accuracy is desired, we may compute the difference between a and b ; for 
we haye, from (244), 



asinJ9 
an A 



sin^-^sinJg 
sin^ 



__. 2 g cos } (^ + -g; sin H^ — ^) 

saiA 



(248) 



log 2 0*8010800 


0-80108 


log cos 9-9098720 


9-90987 


log sin 6 •5428088 


6-54280 


log 4-4190788 


4-41908 


log 1-4065288 


1-40652 



ExAMPLB. Given ^ « 85<' 40^ 12"*8, ^ a 85o 87' 48"-6, and a a 26246-948. 
A =3 85® 40' 12"-8 log coseo 0-2842442 0*28424 

B ss 85<> 87' 48"-6 
} (^ + -B) = 850 89' 0"-5 
} (^ — -B) = 0^ 1' ll"-9 
a = 26246-948 

a — & = 25-499 
6 rs 26221*449 

One of the adyantages of this process is, that a — b may be found with sufficient 
accuracy with fiye-figure tables, as in the second column of logarithms above. If a 
had been given to ten figures instead of eight, we should still have been able with 
the seven-figure logs, to find a — b to seven figures, and therefore b to ten figures, 
which could not be done by the ordinary methods without ten-figure tables. 

132. Case II. CHven two sides and an angle opposite one of 
ihemj or a, b and A. 

To find B. To find the angle opposite the other given side, we 
apply Art. 117, and state the proportion thus : the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of the required angle. Thus, with the 
present data, we have 



a : i 8 sin J. : sin JS whence sin B 

ft t2 



6 sin ^ 

a 



(249) 
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To find 0. We have = 180° - (^ + J8) 
To find e. Having found C, we now have the data of Case L ' 
therefore, by (245) 

c = a sin (7 cosec A (250) 

133. It is shown in geometry that when two wg-io. 
sides and an angle opposite one of them are 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle B is 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other ; for 

B-=BB'0^ 180° -AB'O 

These two values of B are given in the trigonometric solution by 
the consideration that sin B found by (249) is at once the sine of an 
acute angle, and the sine of its supplement, Art. 39. 

In general, when an angle is determined Fig.20. 

only by its sine, it admits of two values, supple- 
men t^ of each other, unless the conditions of 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of B is excluded when a is greater than 6, and 
there is but one triangle whether A is acute or 
obtuse, as in Fig. 20. 

134. If the given parts were such that 

a = 6 sin J. 

a would be equal to the perpendicular from (7 upon the side c, and we 
should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 

185. If the given parts were such that 

a < 6 sin -4 

a would he less than the perpendicular from and the problem 
would be impossible. It would also be impossible if a < J while 
A > 90°. 

136. When there are two solutions, represent the two values of B 
by B' and B", then the two values of will be 

(7' = 180° - (^ + jB') = 180° - 5' - ^ =« 5" - ^ (251) 
><7"«180° — (^ + 2?'0 = 18O°-jB"- J. = J9'-^ .(262) 





B 
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and the two yalnes of e will be 
{/ 9B asin 0' cosec A 



c" = a sin Q" cosec A (253) 



Examples. 

1. Given a = 31.23879, h = 49.00117 and A = 32^ 18'; find J?, 
and (?• 



a = 31-23879 ar. co. log 8-6053068 






I = 49.00117 log 1-6902064 






A= 32° 18' log sin 9-7278277 






^= 66°66'66".8 log sin 9-9233399 






^ = 123° 8' 3"-7 






0" = 90° 45' 3"-7 log sin 9-9999627 






C"- 24''88'66".3 




log sin 9-6201962 


log cosec A 0-2721723 




0-2721723 


log a 1-4946942 




1-4946942 


log d 1-7668292 


log c" 1-3870627 


d = 58-45601 




c" = 24-38163 


^»«. 5 = 66° 56' 56"-3 "" 


r 

► or - 


B 


= 123° 3' 3"-7 


C=90°45' 3"-7 





= 24°38'66"-3 


e = 68-45601 




k. 


e • 


= 24-38163 



2. Given a «= -051284, h = -042356, J. =- 55° ; find B, C and e. 

Ans. B = 42° 37' 32"-7 
C=82°22'27"-8 
e= -06199202 



8. Given a - -042356, b = -051234, J. = 55° ; find B, and e. 
Ans. B = 82° 14' 35"-7 ^ f B = 97° 45' 24"-8 
= 42° 45' 24"-8 I or ■! C = 27° 14' 35"-7 



•08510881 



e » -02366993 



4. Given a «= 40, J = 50, ^ = 58° 7' 48"-4 ; find B. 

Ant. B = 90°. 

6. Given a = 40, 6 = 60, J. = 60° ; solve the triangle. 

Ans. Impossible. 

6. Given J = 40, c = 50, 5 == 100° ; solve the triangle. 

Ans. Impossible. 
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and 



Wf.2L _ 187. Cask II. Given a, 6 and -4. iSietmd SokiHon. W% 

may Bolve, separately, the two right triangles AFC, BPO^ 
Fig. 21, which is a conyenient method when there are 
two solutions. We first find B by (249) ; then we haT« 

AP ^^bao^A, BPsssacoaB 

c^AP+BP 

The cosine of the obtaseyalae of B is negative, (Art. 89), so that ^P is then nega- 
tive, and we have the two values of e from the formula 

essAPdbBP 

There will be but one solution, if B2*>AP, for e cannot be negative. 

138. Case III. GHven two sides and the included angle^ or a, h and O. 
To find A and B. We have first 

A + B^ 180° - 

from which we next find the half difference of A and B by the 
theorem of Art. 118, which gives 

a + 6 : a — 5 = tan J (ul + 5) : tan J ( J. — jB) 
tanH^-^) = ^jtanJ(4 + 5) = ^cotJ(7 (254) 

The half difference added to the half sum gives the greater 
angle, (opposite to the greater given side), and the half difference 
subtracted from the half sum gives the less angle. 

To find e. We have the data of Case I., and therefore 

(? = a sin (7 cosec -4. = 6 sin (7 cosec B (255) 

Examples. 

1. Given a = -062387, 6 == -023475, and « 110^32'; find J, B 
and c, 

J. + jB = 180*^-(7=69°28' 

ar. CO. log 1.0661990 

log 8.6900836 

log tan 9.8409174 

log tan 9.4972000 

log cosec 0.5260189 

log sin 9.9714931 

log 8.3706056 

log 8.8690176 

Ans. A = 52° lO' SS'^ 
B - 17° ir 27" 
c » .0739686 



a 


+ 6 = 


.085862 


a 


— 5<» 


•088912 


iM-f 


■B)^ 


84° 44' 


H^- 


•B)^ 


17" 26' 88" 




A = 


52" 10' 33" 




B-" 


17" 17' 27" 




(7= 


110° 82' 




6- 


.028475 




e " 


.0789685 
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S. QiTon a- 31-0005, b - 15-1101, = 10° 15'; find A and B. 

Ans. A = 160° 17' 18".7 
5= 9°27'46".8 

8. Given a = 2-463878, b = 9-021875 and C = 74° 9'4".2; find 
A and B. 

Ans. A = 16° 50' 55"-8 
B = 90° 0' 0" 

4, Given b = 15-1101, c = 31-0005, A = 10° 15'; find J8 and O. 

Ans. 5 = 9° 27' 46".3 
- 160° 17' 13".7 

139. Haying found A and B as aboye, the most conyenient mode of finding c is hy 
(238) or (234), which giye 

c=(a+6)i24fd±^ (256) 

^ '^ COB J (-4 — £) ^ ^ 

/ .X sin } (-4 + B) ,-«.^ 

* = ("-*) -^ilA^B) (2°7) 

for we haye, from the process of finding A and B, the log. of a -f- ^» or of a — b, 
and the yalues of } (^ -f" ^) ^^^ i (-^ — ^)t ^^ ^^^ ^^ have only two new logs, to 
find, which are taken out at the same opening of the tables with the tangents of 
J(^ + J?)and}(^^^). 

140. Case III. Given a, b and C, Second Solution. When a 
and b are given by their logarithms, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of triangles in a survey), we proceed 
as follows. Let x be an auxiliary angle, such that 

tan2;=y (258) 

an assumption always admissible, since a tangent may have any 
value from to oo . 
We deduce 

tana: — 1 a — 6 
tan a: + 1 a + b 

or by (152) tan {x - 45^) = ^-^ 

»vhich substituted in (25-4) gives 

tan J (^ - jB) a= tan {x - 45®) tan ^{A + B) (259 ) 
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We find X from (258) and employ its value in (259). As this 
method does not require the preparation of a + J and a — J, it is 
quite as short in practice as (254). 

Example. 

. Given log a «= 8-7960941, log h = 8-3706056, and (7- 110^ 32'. 
(Same as Ex. 1. Art. 138.) 

log a = 8-7950941 

log h = 8-3706056 

X = 69° 22' 46''-8 log tan 0-4244885 

a- -. 450 == 24° 22' 46"-8 log tan 9*6562825 . 

\{A + B)^ 34° 44' log tan 9-8409174 

J (J. - JS) = 17° 26' 32"-9 log tan 9-4971999 

141. Gasb ni. Giyen a, b, and O. Third Solution. To express A or B direoUj 
in terms of the data, we have, from (218) and (224) 

c sin ^ =s a sin (7 
ceoBAs=b — a cos (7 

the quotient of which is 

ton^ = j-^^HL^ (260) 

b — a COS O ^ ^ 

and in the same manner 

^ b sin C r^y..^ 

tan -B = — ^^-^ (261) 

a — 6 cos C7 ^ ' 

142. Cass III. Given a, b and O. Fourth Solution, To find e directly from the 
data, w^haye, by (228) 

<* =s a* + &■ — 2 06 cos C 

which, however, is not adapted for logarithmic computation. It may be adapted as 
foUows. Substitute by (189) 

cos C7 SB 1 — 2 sin* } C7 

then (* — a* 4- 4*— 2 a6 + 4 ad sin* } (7 

a- (tf — 6)« + 4 ab sin* } O 

rx I /t t 4a6sin* } 0\ 
e=(a-6)J(l + -^j— ^) (262) 

Let 2 be an auxiliary angle, such that 

iabem^iC 



tan* 2 



(a - *)• 



. 2 sin } C7 -— r foao\ 

or tan « =3 ZZT~~ ^ (268) 
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then the radical in the aboTe equation becomes ^(14- tan* x) as sec x ; therefore, 

esa (a-^b) sec z (264) 

148. We may also adapt (228) for logarithmic computation by means of (188) 
which giyes 



whence 



cos (7 sss — 1 + 2 cos* } C 



<^ a- a» + 4* + 2 oi — 4 oi COS* J C 
/ I i\ / / 1 4 «* COB* i 0\ 



(266) 



Let 



2 cos } C7 .— r- 
sin x = JL^ ^ ah 

then the radical becomes ^ (1 — sin* z) =b cos z ; therefore, 

6 BB (a -]- 5) cos X 



(266) 



(267) 



144. It is to be obserred, that the supposition (268) is always possille, siDce a 
tangent may haye any yalue between and oo , and therefore an angle x may al- 
ways be found having any given number as its tangent. As the greatest value of a 
sine is unity, it is not so obvious that the supposition (266) is always possible ; but 
whatever the values of a and 6 



therefore 
whence 



(a-i)>^0 
(a + 6)*^ 4 ah 

a+6 = ^ 



therefore the second member of (266) is never greater than unity. 



Given a a *062887, h 

a a -062887 
h a. -028476 



a + i ss 086862 
i (7 ai 66» lO' 



EXAMPLS. 

028476, C7 rs 110<> 82'; (same as Ex. 1, Art 188) 

By (266) and (267). 
log 8-7960941 
log 8*8706066 

2)7-1666997 

log v^oT 8= 8-6828499 

ar. CO. log 1-0661990 

L COS 9-7666902 

log 2 0-8010800 

1. sin z 9-7067691 

c n -07396344 



log 8-9888010 



1. cos X 0-9862161 



log 8-8690171 
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145. Oabb IY. Given the three sideSy or Qj b and e. 
To find A, B and 0. We have from (227) and (228), 






or by (229) and (280) 






COS 



i^-K"^^) 



or by (281) and (282) 



•-M-JCil^^^) 



'-i^-JC*^^^^) 



'*°»<'-J(*-^^s^') 



(268) 



K (269) 



► (270) 



J 



In these formulae % ^ \{a + b + c). Either of these three 
methods may, in general, be employed, but (268) is to be preferred 
when the half angle is less than 45°, and (269) when the half angle 
is more than ^b^.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logis. to be taken from 
the tables. It is accurate for all values of the angle. 



* See Art. 112. 
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Examples. 
1. Gtren a — 10, 6 =■ 12, c = 14 ; find the angles. 





By (268). 




a-lO 




arcol 9-0000000 


arcol 90000000 


5-12 


arcol 8<9208188 




ar CO 1 8-9208188 


«-14 


ar 00 1 8-8588720 


ar CO 1 8-8538720 




2«-86 






V 


«-18 








«— a— 8 




log 0-9030900 


log 0-9030900 


B-h'm 6 


log 0.7781518 




log 0-7781518 


»-«- 4 


log 0-6020600 
2)9-1649021 


log 0-6020600 

2)9.3590220 

J 5 9-6795110 






2)9-6020601 


log sines 


^A 9.5774510 


J (7 9.801030G 


J^-22" 


' 12' 27".6 J 5 - 


28° 33' 39''-0 ^0 


- 39» 13' 53"-5 


^-44'= 


•24'65"-2 5 = 


57" 7'18"-0 


» 78" 27'47"-0 



Fhifieatton. 



A + B+ (7«180° 



2. Given a « -8706, 6 - -0916, e 



S. Given a 



'' -7902 ; find the angles. 

^TW. ^ = 149° 49' 0".4 
jB= 3° V5&\2 
(7« 27° 9' 3".4 

.6128864, 6 » -8538971, e = -3090507 ; find 0. 

Am. (7 = 36°18a0".2 



146. The computation bj (270), when all the angles are required, will be much 
ftwflit>tcfl by the introduction of an auxiliary quantity* 



J{^ 



-a)(«-t)(«-e) 



) 



(271) 



which we 4nd by (270) 



tin^ul 



tan}J9 



7--6' 



tan} (7 



9 — e 



(271 



* This quantity r is the radius of tiie inscribed circle. See (289) 
70 G 



74 PLANE TRIGONOMLJTBY. 

£zAMPU. Given a a 6068, b s= 4082, e = 7068. We find 

« a 8601-6 ar. oo. log 6-0664268 

« — a sa 2648-6 log 8-4062846 

« — 6 =s 4619-6 log 8-6660904 

« — c 8= 1683-6 log 8-1866888 

2)6-8124846 
logr ss 8.1662428 

i ^ B 20O 20^ 64''-47 log tan J ul a log ^^ « 9-7499677 

j -B = 17« 86' 81"-70 log tan } 5 = log j-^ =s 9-6011619 

} C =B 480 8' 88"-88 log tan } C = log -1— » 9-9706686 



« — c 



r#ri/Sca/um. 90<» O' O^'OO 



^- ^ ^ 147. The case where the three sides are given is some- 

times solved as follows. From C, Fig. 22, draw OJ* 
perp. to e. Then 




(278) 



the difference of which is 

or {AC+BC){AC'-£C) = (AF+BP) (AF—BP) 

and if AP — BP as d, this equation gives 

e 
Then, since AP+ BP = c, and u4 P — J?P = rf, we have 

AP=^i(e+d), BP^i{e-^d) (274) 

and in the right triangles ACP, BCP 

A P B P 

cos A Bs -7-, cos B ss — (276) 

so that (278), (274) and (276) solve the problem. When d>e, BP is negative. 
008 B is negative, and ^ is an obtuse angle, (Art. 89). 

Abia or A Plans Tbianolb. 

148. Representing the area bj JT, and the perpendicular CP, Fig. 22, hjp^ we 
have, by geometry, 

K^iep (276) 

In the triangle A CP, we have/> ^ bBlnA, whence 

K =z i beeuiAs= bemi^ AcoB ^ A (277) 

by which the area is computed from two sides and the included angle. 
Substituting in (277) the values of sin J ^ and cos ^^4 by (268) and (269), 

jr=^[«(*-a)(«-6)(«-c)] (278) 

by which the area is computed from the three sides. 
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MSCELLANEOUS PROBLEMS RELATING TO PLANE TRIANGLES. 

149. In a given plane triangle^ to find the perpendicular from one of the angles upot^ 
the opposite side, 

heip be the perpendicular from C upon e. We haye 

p^bBmA (279) 

or by (239) and (278), 

i> = l^[«(*-a)(*-6)(,-.)]=^ (280) 

the expression torp in terms of the three sides, where « =s J (i -f- ^ + ^) fti^d ^is 
the area of the triangle. 

If we substitute in (279) an A = — sin C, it becomes 

/> = — sin (7 (281) 

• jj 

or. if we substitute the yalue of 6 = « -; — -p, 

sinC 

siuuil sin ^ sin ^ sin jS ^on\ 

pEsae r— 79 — = e . , . , p, (282) 

"^ sin C Bm{A'\'£) ^ ' 

When the triangle is right-angled at C, (282) becomes 

p ^i eon A COB A =s -^ sin 2 ^ 

the expression for the perpendicular upon the hypotenuse. 

150. If p'f p", pf'\ denote the perpendiculars upon the sides a, 6, % respectively, 
we haye from (280) 

111 a-\' h-\- e 8 
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161 To find ih$ raduu of the circle circumscribed about a plane triangle. 



vig.as. 




The center of the circle, Fig. 23, lies in the perpen 
dicular erected from the middle point of one of the sidefl, 
as A B. Let the radius = R. We haye, by geometry^ 

AODz=^AOB^ C 

and in the triangle AOD^ 



Bin A OD =9 Bin C =S -r-r^r = tt-^ 



whenct 



n 



2sin C7 



(284) 



Substituting the Talue of sin C from (241), 



R 



abc 



abe 



4^[«(«— a)(« — 6)(« — c)] 4i: 



From (229) and (230), we easily find 



cos J A cos J £ cos i sss 



abe 



(285) 



irhich combined with (285) giyes 



R:^ 



4 cos J A cos i £ cos J C 



152. To find the radius of the circle inscribed in a plane triangle. 



(286) 



Fig. 24. 




The required center 0, Fig. 24, is in the in- 
tersection of the three lines bisecting the angles, 
and each of the perpendiculars OD, JB, OF, is 
equal to the required radius = r. The value of 
OF in terms of A£ >= c, OAB ss ^ A, - d 
.^ OB A r=} ^ is by (282) 



smi Aeini B sin } ^ sin j^ ^ 

^^^' An^{A + B) "" ^TJC 

This is reduced by means of (236) to 

r a= (s — c) tan J C 

Substituting the value of tan J 0, 



^ J / (.^)(.-&)(i-0 \K 



This is reduced by means of (231) and (282) to 

f zss s tan i A tan } ^ tan i O 



(287) 



(288) 



(289) 



(290; 



f 
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15S. Betides the inscril^ed circle, strictly so called, there are three other circles 
that touch the three sides, (or sides produced), and are exterior to the triangle, as 
in Fig. 26 These haye been named escribed circles. Their centers are ft»iuid 




geometrically, by bisecting the exterior angles BCC'j CBR^ &c. Designate the 
centers of the circles lying within the angles Ay By and C respectively, by O', 0'\ 
and 0"', and their radii by r', r", r"'. We find the perpendiculars from (y, &o , 
upcn B C, &c by (282) to be 



cos } ^ cos } (7 
cos J A 

,, . cos ^ Aqob\ C cos } ^ cos } (7 



cos } ^ cos J (7 
^ • 7ininp5+ 6') 



sin J (A +SIC) 
'^ "" ' sin J (^ + 5) — 



COS } B 

cos } ^ cos } J? 
cos J (7 



(291) 



By means of (285) we reduce those values to 

r' 8 « tan ^ ^, r" = « tan } ^, r''' r= « tan J C7 
Substituting the Talnes of tan } A, &c. 

I , ac^ — & )(g - c)\ ^ g 

\ / g(/y — fl) (^ — c) \ _ K 
8 [s — a) (J— &) 



(292) 






/ / g (g — q) (^— ^) \ ^ 

W V * — c J « — 



r 



(298) 



i}2 
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Also, by means of (286) applied snceeBsiyely to a, b and e, we may reduce (291) 
to the following : 

r' ss (« — a) tan J ud cot } J? cot } a 

f"' = (« — b) cot i ^ tan } ^ cot } (7 > (294) 

r"' == (« — c) cot } -4 cot } J? tan } C7 

164. Relationt between the radU of the eircumecribedf ineeribed, and three eeeribed eircUs 
of the preceding arttete, and the three perpendiculars from the anglee upon the oppoeite 
eidee. 



The four equations of (289) and (298) giye 



rr'r^r'" z=z 



,(,-.«)(« — 6) («—c) K* 



(296) 



Biyiding this successiyely by r*, r^, &c. 



r 
Tf'r'" 



= <• 



= ('-*)• 



rr'r'* 



(•-«)• 



(' - ^T 



Again, we haye, (Art. 127), 

. tan J ^ tan } ^ + tan J ^ tan J (7 + tan } ^ tan I C = 1 
and substituting in this the yalue of the tangents from (292) 

f'r"+r^r'" + f r"' = a* = 



r296) 



^ T ^t T ^ti ^ 



(297) 



From (292) we find 

tan \ A 



tan} -5 r" 



r" tan } ^ = f ' tan } 5 



from which it follows that in Fig. 26, the distances A D and Biy, are equal (i>, ly 
being the points of contact of the circles (y, O" with A B produced), and therefore 
BD^s^Aiy, Other curious geometrical properties may be traced with the aid of 
our equations. 
From (284), * 

4 sin } u4 cos } ^ ^^ 4 sin } J? cos } ^ 4 sin } C cos ) C 

which combined with (287) and (291) giye, by Art. 127, 



-^=54 8in}u4sin)J?sin}(7 



COS A -|- OOGF Ml'\' w% C — 1 



^ ss 4 sin } ^ COS } ^ COS } (7 Qi — eos ^ -|~ ^'^b -^ ~l~ ^'^'^ ^ + ^ 



R 



^ S3 4 cos } ^ sin ] ^ COS } (7 



-"/ 



-^ = 4 cos } u4 cos } ^ sin } (7 
R 



cos A — wi%B-\- Wi^ (7 -{- 1 
cos ul -f- cos ^ — cos C7 -{- 1 



(298) 
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Changing the signs of the first of these equations, the sum of the four is 



R 



= 4, 



Rz::^\{r''\'r"-\-f'" --r) 



(299) 



Finally, if p', p'\ f^" denote the three perpendiculars from the angles upon the 
oides a, by e respectively we have by (283), (289) and (297) the following relation : 






(299») 



166. To find th$ distance between the centers of the cireunueribed and inscribed circles,* 

Let P, Fig. 26, be the center of the circumscribed, I^S* 26. 

and 0, that of the inscribed circle. Put P s= Z>. 
By Arts 151 and 152, 

P^P = 90O— C, OAB=ziA 

whence 

P .4 = 90<» — C — } .4 = } ( P — C ) 

and by (221) 

P 0* == PA* + OA* '-2PA, OA cos PA 




w 



' am* 



By (298) 



2 /grcos}(P— (7) 

sin* i A sin J ^ 

4 i2r sin } P sin ^ C7 



sin* i A 



sin i A 



therefore 



or 



jy_jHi 2PrcosH^+^) 

ami A 

/>• = J2* — 2 Pr 



(800) 

156. Let P(y = Jy^ Fig. 26, (^ being the center of the escribed circle lying 
within the angle A. If r' =s radius of this circle, we have, as in the preceding 
iriicle 

f^ 2 Rr" cos i(B^C) 

^ — -^ ■*" sin* J .4 mTfA 





r^ 4 Pr* cos J P cos i 






sin* } .4 ■" sin } ul 






ly* =22*+2Pr' 




t 


D"* = 22* + 2 Pf* 
jy"* = P* + 2 Pr"' 


> (801 



UjmmdA 



<■ 
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the expressions for the distances of the centers of the three escribed circles from 
that of the circumscribed circle. 
The sum of (800) and (301) gives by (299) 

157. Given two tidet of a plane triangle and the difference of their opposite angles, (or 
a, b, and A — B), to solve the triangle. 

We have ^ (A-^ B) directly from (220), which also solves the case where two 
angles and the sum or difference of two sides are given. 

158. Given the angles and the sum of the sides, (or A, B, C, ar.d a -\- b -\- c = 2 s). 
By (235) 

sin ^ C 



s . 



COB } .^ cos } ^ 



ind a and b are found by similar formulsB. 

159. Given one angle, the opposite side, and th' gum of the squares of the other two 
ndes, (or C, e, and a* + 6* = ^). 
In the identical equations 

(a + &)• = ^ + 2 oft, (a — &)• a- «■ — 2 (Id 

substitute the value ot 2 ab given by (223), namely, 

2 ab sn 7f 

cos 

we find (a+by=zi^ + ^^^, (a — 6)« « e* — ^-Zlf 

' ' • cos C7' ^ ' cos C 

which determine a -{- b, and a — b, and therefore a and b. 
To compute these equations by logarithms, let 

then (a+6)«= e* + ^«, (a — 6)*=e* — ^« 

that IB a -{• bis the hypotenuse of a right triangle whose sides are e and g ; and 
a — 6 is one side of a right triangle whose other side is g, and whose hypotenuse is e 
Let the angle opposite g be denoted by x in the first triangle and by 7f in the second, 
ttcn by the formulsB of right triangles 



tan X ^s -^ a -{^ b =i e sec x 



sin z' =s — a — b =s e cos zf 



(804) 



80 that the problem is solved by logarithms by finding log g from (303) and em- 
ploying its value in (304). 

The above may serve as an example of a geometrical method of introducing the 
auxiliary quantities, which is occasionally useful. The analytical process in the 
present instance is similar to that of Art. 143 ; thus 



a 



+ * = 'J0+?) -* = «J(i-f) 
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thorefore if tan x sb — we have / ( ^ + 7* ) «i seo « 

and if sin z' =: ~ we liave / ( 1 — ^ ) as cos a/ 

whence the same formulsB as before. 

160. Owen on angU^ Ua appotiU ndcy and th$ differmee of tke $ptare8 of ihi other U§9 
tides, (op C, c, and a» — 6" =: /•). 

We haye by multiplying (238) by (284) 

sin (A -- B) o*— y P 
sinC *" 1^ ^ e 

sin (^ ^ ^) » :^ Bin (7 

whence A — B, and since A-\' B ^s 180^ — C, the angles are determined. There 
will be two solutions giyen by sin (ud — B) except where the obtuse Talue of ^ — B 
is greater than A-\- B, 

161. Oiven the three perperuHeulare from the three angles upon the cppoeite eidee. 
Denote the perps. upon a, b and e respectiyely by af, h' and ff, and let 

If A sa 2 area of the triangle 

ao' ss 66' zs (^ ss ifc 

and therefore 

arstnl'h, h^V'h, erstfi'h 

Substituting these Talues of a, h and c in (226), (227,) &c. 

00S.1 = \ ^„^, , sm«}^= '- f^, '-. Ac. 

in which 2 «" == a" + ^ + c^. 

162. Owen the radii of the eireumteribed and ineeribed eirelee, and the perpendicular 
from oneof th£ anglee upon the oppoeUe side, to sohe the trtangU. 

Let e be the side to which the perpendicular (jp) is drawn. We haye found for i2, f 
and^ the expressions 



2 sin C' ^ 2 sin (u4 + J?) ^ A%m\ {A-^- B) qob^ {A^ B) 

sin \ Amu } B 



rx3 e • 



e , 



8inH^+^ 
sin ^ sin ^ 



Bin(^-|-^ 
11 



i2 
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Eliminating e, we have 



2B 



&*s 



sin A sin /j 



(m) 



-^ sas 4 COS } (ud 4" '^) Bin i ^ sin J ^ 



(») 



from which two equations A and B are to be found. Developing cos J (^ + B), 
(n) becomes 

-5- ss 4 sin } ^ cos } ud sin J J? cos } ^ — 4 sin* J ^ sin* } B 

ss sin ^ sin ^ — 4 sin* J ^ sin* } B 
which subtracted from (m) gives 



Dividing the square of (m) by (0), we find 



(•) 



2i2(/>— 2r) 



s=s 4 cos* J A cos* J 5 



whence 



rinMsinJ^ = Jp-^'-) = 



^ — 2r 



2^[2i2(i? — 2r)] 



00s } ^ cos J ^ =s 



2^[2iJ(i? — 2r)] 
The difference and sum of these two equations give 



cos}M + ^)^ ^^2i?('p-^2r)] 



cosH^-i?)=;^ r2/(^l2r)] 



(306) 



which determine \ {A'\' B) and J (^ — ^) and therefore A and ^. The sides 
are^then found by the formula 

c = 2 iZ sin (7 



Fig. 27. 




168. In a given plane triangle ARC, Fig. 27, to find a 
point }r such that the three lines dravm from this point to the 
angles A, B and C shall make pioen angles with each other. 

Let the given tingles he F, P C ss a and AFC =s 

and the required ang^ep FACsazx F BC s=i y 

g The sum of the angles of the quadrilateral A CBFib 



whenoe 



x+y+a+^+(7 = 860° 
}(x + y) = 18OO-}(*+/0+C^ 



(806) 
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In the triangles ^P C7, BPC,yre have 



PC= 


6 sin X a sin y 
sin /3 sin X 


sin X 
fliny " 


a Bin/i 
b * sin* 


from which 










sin x -|~ sin y 


tan}(x + y) 
tan J(x — y) 


w+l 




sin X — sin y 


^m— 1 




tani(x — y) 


m — 1 ^ 

ss — i-^ tan 


H« + y) 


To compute this equation by logarithms, let 






tan •»* — m 


aan li 





6sinA 

then by (152), tan J (x — y) =b tan (> — 460) tan i{x + y) 

so that the angles x and y are found by (806) and (307). 
164. The following problems are proposed as exercises. 
Tn a plane triangle ABC — 
1. Giyen c, the perp. upon « ss ^ and a -|- 6 ss m. 

4i?* 



sin' X ss 



(m -{• e) {m — c) 



tan} C7s=s 



a — 6 = e 008 s 



2pe 



(m + c) (w — «) 
2. Given «, the perp. upon e sspf and a — 5 ss fi. 

4p* 



tan's 



(c + n) (c — n) 



a+ b ssa eseou 



' 2/wj 



8. Giyen (7, «, and ab vst g^, 

2q 



tan ssa— ^008^(7 a-|-isa08eofli 

e 



. (w; 



Bina/sa —sin} O a- 

4. Given (7, the perp. firom C ^ssp, and a -|- i 

m . , ^ 
tan x^ — tan } c7 c 

P 



5 sa 008 a/ 

1 171 tan}« 



6. Given (7, the perp. from C =sp, and a — 5 &s n. 



n 



tan X ts3 — cot } (7 
P 

%, Given «, C7, and a -)- ^ =» m. 

0OB}(^ — 5)«=* — sin} (7 a — 



e s: fi cot } s 



cos} V 
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7. Oiven e, A^ and a -{- ^ :s m. 

8. Giyen a -|- 5 ss m, the perp. upon e ssjf, and the difference of the segmeiits 

or with an anziliary angle 

Bin* X ss 7 — , ,., ^r^. esamcwz 

(m -{- ») (m — rf) 

tan } (^ -{" -^j ^=3 9~~ <^ ^ ^^"^ * **^ i (-4 — ■^) = 9-" *"^* * 

9. Giyen the perimeter =s 2 t, O, and the perp. from C sszp, 

p 

tan* ZassT^COt^C 0=s« COS* X 

10. Giyen e, a -|- 6 = m and the radius of the inscribed circle s=s r. 

sm z = — / { — - — I a — =s c cos x 
e SI \m — c / 

tan J C = 

* m — c 

11. Giyen e, a — 6 =s n, and the radius of the inscribed circle s=s r. 

tan z = ^ ^ V . a 4- 6 = c cot (» — 46®) 

12. Giyen the radii r', r'', r''', of the three escribed circles. (Arts. 158, . 54) 

tan* lA=z 

165. Owen th$ tides of a quadrilateral inscribed in a circle, to find its angles and area, 
rig-28. In Fig. 28, let^^ aa, BC zs^ b, CD=::c, DA =b d. 

Let2«8=:a-f6-f c+dand J^ss areaof ^ J?CZ>; then 
from the triangles ABC, ADC, obserying that B = 180® —i) 
\ we find 

..,« (, — «)(, — 6) ,^ _ (,^c)(,— rf) 

tan-ii? = [^-^)(^--^,^ 
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CHAPTER X. 

SOLUTION OP CERTAIN TRIGONOMETRIC EQUATIONS AND OF NU- 
MERICAL EQUATIONS OF THE SECOND AND THIRD DEGREES. 

166. The solution of a problem in which the unknown quantity 
IS an angle, often depends upon that of one or more equations, in- 
volving different functions of the angle, which cannot be reduced by 
merely algebraic transformations. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167. To find zfrom the equatix>n 

sin (fl^ + 2) = m sin z (309) 

in which ot> and m are given. We have, by (119), 

ArL{» + z)^ sin » sin z (cot z + cot«) 
which becomes identical with (309) by taking 

sin A (cot2 + cot «.) = m 
whence the required solution 

cot Z =■ cot (A (310) 

If the proposed equation were 

sin (fit — 2) »= w sin z (811) 



we should find 



vn 
cot z = -7 V cot A (812) 



smot 



Unless z is limited by the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions ; for all the angles z, z-{- 180°, z + 360°, z + 540°, ^c, in 
general all the angles z + n tc have the same cotangent. . [See 
(68), (79).] In most cases, however, we consider only the first two 

of these solutions, taking the values of z always less than 860 

H 
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Similar remarks apply in all cases where an angle is determined 
by a single trigonometric function ; but if the problem is such as to 
give the values of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 360°, since there 
cannot be two different angles less than 360° that have the same 
sine and cosine. 

168. The solution of the preceding article requires the use of a 
table of natural cotangents ; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduce from (309) the following 

sin {ct + z) + sin z ^m + 1 
sin (fit + 2) — sin 2 m — 1 

But by (109), if 2; = <3t + 2, y = 2, we have 

sin (fit -f 2) + sin z _^ tan (2 + J at) 
sin {a, -\- z) — sin z tan J » 

which substituted above, gives 

tan iz + ia) = =- tan * ci 

which determines 2 + J a, whence z is found by deducting \ a. 

The computation of this equation is facilitated in most cases by 
introducing an auxiliary angle, such that 

tan ^ = m 

an assumption always admissible, since while the angle varies from 
to 90° the tangent varies from to 00 , so that an angle ^ may 
always be found having any given number as its tangent. 
We have then by (152), 

m + 1 tan(f>+l ^, -.^x 

w — 1 tan (p — 1 ^^ ' 

and the preceding solution becomes 

tan <p = ?w, tan {z + ^a)^ cot (<{) — 45®) tan } a (^l^) 

The logarithmic solution of (311) is found in the same manner 
to be 

tan <{/ = wi, tan (2 — J ^) = cot (^ + 45®) tan J « (314) 
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169. To find z from the equation 

tan (<« + 2j) = w tan z (315) 

We deduce 

m 

tan (fit + 2) + tan z _ w +1 
tan (<t + 2) — tan s; w — 1 

so that by (126) and (152) the solution is 

tan ^ = 7W, sin {ex. + 2z) = cot (^ — 45°) sin a( (310) 

170. To find zfrom the equation 

tan (flft + 2) tan 2 = ?n (317) 

We deduce 

1 + tan (flfr + 2) tan z 1 + m 
1 — tan {a + z) tan z 1 — w 

80 that by (127) and (151) the solution is 

tan ^ = 7w, cos (ct + 2 2) = tan (45° — ^) cos ct (318) 

171. To find 9 from the equation 

sin (eti^ a) sin a asm (819) 

By (108) we find 

cos A — 00s (« i^ 2 z) ss i^ 2 sin (« i^ z) sin a 8s i^ 2 m 
whence cos (tt i^ 2 2) ^ cos « qp 2 m (819*J 

which determines « db 2 2, and hence 2 z. 

From (319*) we have four yalues of « d= 2 z between 0® and 720° ; therefore, four 
▼alues of 2 2 between the same limits, and four values of z between 0° and 860°. 

In general, we shall have four solutions under 860° in aU cases where the do%ibU 
angle is determined by a single function. 

The logarithmic solution of (819) varies with the signs of m and a. Thus, if th« 
•quation is 

sin (« -{- a) sin a SB m 

M being essentially positive, we have by (188) 

cos* } « — cos* {9'\-\i^zsssm{(t'\' t) sin 1 8s m 

cos* {z-i^\tt) ZB C08*}« — 171 

ftnd by (188) again this is solved by 

cos*0 ^ «», cos* {z -^ ^ a) ^ sin {it> •\' \ a) An {^ — } « ) 

and the other cases are solved by similar methods. 



» 



PLANE TRIGONOMETRY. 



17^ T^ ]pr«oeding exunples will suffice to indicate the metliod to be fbUowed 
wilh «1I tke tquatioiis of the following table. The solntions of the equations inyolT- 
bif ooeinee mi^ be obtained from thoise intolving sines, by exchanging z for 90^ db z, 
er « f^ 90*" d= «. 

Loi^thmio solutions of the first four will be obtained by imitating the process of 

▲rtin. 



Equations. 



Solutions. 



1. 


tin (« dz 2) sin s s=B m 


2. 


COS (« db 2) cos 2 ^ m 


8. 


sin (« db 2) COS 2 = m 


4. 


COS {a d= 2) sin z ss m 


6. 


sin (ae db 2) ^ m sin 2 


6. 


cos (« db2) := m COS z 


7. 


sin (flt db 2) ^ m cos 2 



8. cos (et db 2) =: m sin 2 

9. tan (a ± 2) tan2 s= m 
10. tan (tf db 2) =: m tan2 



oos (se ± 2 2) =s cos :t zp 2 fit 

cos (fli db 2 2) s= 2 m — cos « 

sin (se z±: 2 2) = 2 m — sin « 

sin (fli :±: 2 2) ss 8in«tdb2fn 
tan ^ ^ m, tan (2 d= ^ at) =: cot (i> =p 45°) tan } a 
tan^ ^ m, tan (^ et z±: 2) s= tan (46° — ^) cot } et 
tan0 =s m, 

tan (45® — J «t qp 2) = tan (15° — *) tan (45° + J «) 
tan a= m, 

tan (46° — J « =p 2) = tan (45° z^ <p) tan ( J « — 45°; 
tan ^ m, cos (st db 2 2) = tan (45° =p <p) '.os « 
tan ax m, sin (2 2 z±: et) =a cot (-« qp 45°) sin «c 



In the numerical solutions the signs of the angles and their functions must be 
earefttlly obstrved. The signs of the functions should be prefixed to their logar- 
ithms, according to Art. 99. 

The auxiliary angle <p may be taken numerically less than 90° in all cases, but 
positiTe or negative according to the sign of its tangent. It can easily be shown 
that we shall thus obtain the same values of 2 as by taking in the 2d quadrant 
when its tangent is negative, or in the 8d quadrant when its tangent is positive. 



Example. 

rind I from (817) when « « 66° and m » 1 -6196164. By (818) 

log tan = log m» + 0-1817887 




45°— .0 

log tan (45° — 0) 

log cos <t 

log tan (46° — 0) oos «c as log cos (tt 4- 2 2) 

«+2« 95° or 266° or 465° or 625* 
« 65° 

2z 80° or 200° or 890° or 660® 
z 16° or 100° or 195« or 280« 



66° 39' 9" 

— 11°89' 9" 

— 9-8148426 
+ 9-6269488 

— 8-9402909 



* It must be remembered that in this employment of the signs -{- and — , these 
ngns belong to the natural numbers ; and when the logs, are addea or nibtracted, the 
sign of the result is to be determined according to the rules of multiplication and 
divincn in algebra. 
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i78. To find tjrom the equation 

sm (a-^ z) ^ m sin (0 -f~ ^)* 
Put i^ := j^ -{- 2, a' ^ (t — 0, then this equation becomes 

sin (fli' -(" ^) = ^ ^^^ ^ 

which is of the form (809) and may be solved by (809^) or (811) ; then 2 ss i'— /d. 
In the same manner equations of this form, inyolving cosines or tangents, may be 
reduced to those of the preceding table. 



174. To find h and zfrom the equations 

A sin 2J == w 



A cos 2 = n r 



(320^ 



We have, by division, 



m 

tan 2 = — 
n 



which gives two values of 2, one less, the other greater than 180® ; 
whence, also, two values of k from either of the equations 



. m n 

k == -r 



sm z cos z 

The solution becomes entirely determinate {z not exceeding 360®) 
as follows : 

1st. When the sign of k is given. For if k is positive, sin z has 
the sign of m, and cos z the sign of n, and z must be taken in the 
quadrant denoted by these signs. If k is negative, the signs of sin z 
and cos z are the opposite to those of m and 71, and z must be taken 
accordingly. 

2d. When z is restricted by either the condition z < 180°, or 
«>180®. For under either of these conditions the tangent gives 
but one solution. If 2 < 180®, k has the sign of m ; and if 2J > 180® 
h has the opposite sign to that of m. 

3d. When z is restricted to acute values^ positive or negative. For 
under this condition a positive tangent will give z between 0® and 
+ 90® ; and a negative tangent, between 0® and — 90® ; and k will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, we 
may always satisfy the conditions expressed by (320), 1st, by a posi- 
tive number k and an angle z between 0® and 360® ; 2d, by a num- 
ber k (unrestricted as to sign) and an angle z < 180® ; 3d, by a 
number k (unrestricted as to sign) and an angle z > 180® ; and 4th, 

by a number A, and an angle z in the 1st or 4th quadrant. 
12 h2 
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Example. 

To find k ahd z from (320), {k being a positive number), whp^ 
m = - 0.3076258, ?i = + 04278735. 



(a) 




(J> 




(a)- 


-(6) 


(a)- 


-(c) 



A; sin z 


- 0-3076258 


A; cos z 


+ 04278735 


log A; sin z 


- 94880228 


log A; cos z 


+ 9.6313147 


log tan z 


- 9-8567081 


z 


324° 17' 6"-6 


log sin z 


- 9-7662280 


log A 


+ 9-7217948 


A; 


+ 0-5269808 



Upon this problem and the deductions we have made from it, rests 
the method of introducing the auxiliary angles required in solving 
many of the formulae of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved in 
the following article. 

175. To solve the equation 

m cos a + n sin flj = 2 (321^ 

m, n and q being given. 

The first member will be reduced to the form k sin (^ + 2j) by as 
Burning k and ^ such that 



i sin ^ = m, A cos $ = w (322) 



whence 



k sin cos z + k cos ^sm z = q 

sin (<{) + «) = ^ (828) 

Therefore, if k and ^ be found from (322) by the preceding ar- 
ticle, (k being limited to positive values), we can then find by (323) 
the value ^ + z and therefore of z. There will be two solutions 
from the two values oi ^ + z given by (323). 
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If we restrict $ to values less than 180°, (as we may do accord- 
ing to the last article), we may find it by the equation 



tan^ = 



m 
n 



and then 



sin (^ + «) = -^ sin ^ = ^^ cos ^ 



(324) 



and in this form it will be unnecessary to find A.* 

Example. 

To find z from (321) when m = — 1-0498332, n = + 0-7466898, 
and J = - 04316893. 



By (322) and (323). 

log w = log A sin (p — 0-0211203 

log w = log A cos (p + 9.8731402 

log tan (p —0.1479801 

(p 305° 25' 20" 

log sin <p —9-9111059 

log k + 0.1100144 

log q - 9.6351713 

log sin {(p + z) — 9-5251569 

, f 199° 34' 40" 

^ t or340°25'20" 

r -105° 50' 40" 

I or 35° 0' 0' 



By (324). 

logw —00211203 

logn +9-8731402 

log tan <p -0.1479801 

<p 125° 25' 20" 

log sin <p +9.9111059 

log J -9.6351713 

arcologw -9-9788797 

log sin {<S^+z) + 9-5251569 

, f 19° 34' 40' 

* I or 160° 25' 20" 

r - 105° 50'40" 

^ t or 35° 0' 0' 



To avoid the negati^'^ value of 2, in the first of these solutions, 
we may take for the first value of 

<p + 2, 360° + 199° 34' 40" = 559° 34' 40" 

whence z = 659° 34' 40" - 305° 25' 20" = 254° 9' 20". The se 
cond solution gives a like result. 

If we suppose ^ in (324) to be limited to acute values positive or 
negative, we take <p = — 54° 34'40", which gives cp + 2= 199° 34' 40/ 
or 340° 25' 20", whence the same values of z as before. 

We may repeat the latter part of the work with cos ^ for verifi- 
cation. 



* The solution is, by (828), impossible when -^ is greater than unity; and by 

adding the squares of (822), A;* =s m* + n* ; therefore the solution is impossible when 
2» > n* + n*. 
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176. To iohe the equation 

a Bin (et -^ z) + b Bin. (fi '{' 2) + e 9m (y + 2) + Slo. s=b q (^^) 

Deyeloping by (86) and putting 

a Bin a -{- b Bin -i- e Bin y '{' &o. as m 
a 008 (t-^ b 008 -{- e 008 y -f- &o. as n 

this beoome8 

m COS 2 -4" '^ B^ ' ^= S* 

which is solved in the preceding article. The same process applies if any or all of 
the terms contain cosines. 

177. To find k and zfrom the equations 

k sin (a-\-2) sssm 
k sin (/?+ «) = n 

The sum and difference of these equations are, by (105) and (106), 

2 * sin [} (a + i5) + a] cos } (a — /?) = wi + n 
2 * cos [} (a + iff) + a] sin } (a — iS) = m — n 
whence 



} 



(826) 



2A;co8[}(« + i^) + 2] = - 



m — n 



sin } (a — /?) 



(827) 



from which 2 k and } (a 4- yd) + ^ ^® determined by Art. 174. The logs, of the 
second members of these equations should be computed separately, for the purpose 
of readily discoTering the signs of the sine and cosine in the first members. The 
solution is determinate (according to Art. 174) when the sign of k is giTon. 
From (827) we find, by diyision, 



tan[J(« + i^) + «] = ^^^^ tan}(« — i») 



m — n 



(828) 



which requires a less number of logs, than the separate computation of (827), but 
we are obliged to refer to (827) to determine (by an inspection of the second mem- 
bers) the signs of the sine and cosine. 
If we assume 



tan sEs — 
m 



we may compute (828) by the formula 

tan [J (a + 0) + g']=s tan (46<> + ^) tan J (a — ^) 



(829) 
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Example. 

In (826) given a s 200o, => 140S m = — 0-42346 and n = — 0-20123, to 
iad 9 and k^ k being positiTe. 

By (327). 
m+ n ~ 0G2468 
fs — n — 0*22222 
i{a+^) 170O 

J(„_;g) 80O 

log(m + n) — 9-7966676 

log 008 J (« — ^) + 9-9376306 

(a) log 2 Aj sin [J (a -h yg) + «] — 9-8581270 

log (m — n) — 9-3467831 

log sin J (a — yg) + 9-6989700 

(6) log 2 A: cos [J (a + ^) + z] — 9-6478131 

(a) — (b) log tan [} (« + y8) + «] + 0-2103140 

j(a + ^ + 2) 238*21' 38" -6 

2 68° 21' 38"-6 

(c) log sin [}(« + ifi) + «] —9-9301171 

ja) — (c) log 2 A: +9-9280099 

2 A; 0-8472467 
k 0-4236234 

178. A more general solution of (326) is the following.* Let > be any angle as- 
•limed at pleasure, and in (171) let 

X =s a + Z, y ssi + Zy Z' ssy+Z 

(distingaishing the z of (171) by an accent) ; then we shall find 

sin (a — fi) sin (>. + 2) s= ain (o — y) sin (0+ 2) — sin (/8 — y) sin (a -4- z) 
In this let y (whose value is arbitrary) be exchanged for y -{- 90° ; then 
sin (a — 0) cos (). + 2) r= — COS (a — y) sin (/8 + «) + cos (/8 — y) sin (a + «) 
Multiplying these equations by k and substituting m and n from (326) 
A; sin (a — fi) sin (5. + «) = »i sin (7. — 0) — n sin (> — a) 
A; sin (a — 0) cos (> + 2) ss m cos {y — 0) — 11 coe (> — «) 

which (y being assumed at pleasure), determine k and > *!- c 
If we take > =s 0, we find 

— msin/3-|- nsina 

tan 9 ss — -i 

m cos ^ — 71 cos a 

If > a=B a, 

^ Bin (c 4" ^) = ^ 

, , , V f?icos(a--/ff)— n I (881) 

A: cos (a + z) =s r^-p i—r — f ^ 

^ ' ' sin (a — /?) • 

If ^ ^ /9, we have a similar result. 

If ^ a= }- (a -f- /?) we obtain the solution of the preceding article. 
If A; is required, without first finding g, we have, by adding the squares of (330) 
A: sin (a — /?) sar v^ [«•+ n* — 2 win cos (a — 0)'] (832) 

* Gauss. Theoria Motut Corporum Cmieatmmf Art. 78. 



} 



(330) 



S 
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179. To find k and tfrom the equaiums 



k cos (a -f- a;) =s m 
k cos (i^+2) = n 



} 



(888) 



These are reduced to the form (826) by substitating 90*' -f «and 90^ + for a and 0. 
We find, howcTer, by a process similar to that of Art. 177, 



n--^ m 



2 k su. li (' + fi) + '} = -^YF^fi) 

2*003 [H. + /») + «3-,-4±^) 



> (884) 



or 



m 

tan 6 ^ — 

n 



cot [} (a + iff) + «] =s tan (45° + ^) tan } (a — . ^) 



(885) 



Example. In (888) given a = 280<> 16', = 200o 1(K, m = ~ 0-62842, and 
n sss 0*69725, find z and A;, A; being positive. 

Ans, z = 207<> 5' 84"-4 ik = 1-0278648 

180. The more general solution of (388) may be found directly from (172), but 
it will be simpler to obtain it from (830) by substituting 90^ -(" * ^^^ '^* ^^^ ^^ "h 
for iff, whence 



^ sin (a — iff) sin (y + 2) ^ 
A; sin (a — /ff) cos (y + ') 

> being arbitrary as before. 
If y rs 0, we find 

— m cos iff + ^ cos g 

— m sin iff -|- n sin a 



— — wcos(y — ^) + nco8(y — a) | 
=s m sin (y — fi) — n sin (y — a) f ^ 



tan« rs 



lfy=a. 



A; sin (a 4" ^) ^ 



— m cos (a — /^) + n 



(887) 



sin (a — iff) 

^ cos (a-^-z) :=: m 

If y =} (a 4. iff), we obtain the solution (884). 

If A; is required directly, the sum of the squares of (886) gives 

* sin (a — iff) s= ^ [i7i*+ n* — 2 mn cos («—/?)] 

Uh in Art. 178. 

iSl. The solutions of the preceding articles may be applied to a single eqoatioB 
ot the form 

n sin (a 4- ^) = m sin (iff 4- ') 
which is a more general form of (809). For if we assume 

A; sin (a -(- 2) s: m 
W9 have ksia (0 + z) s»n 

whence k and z are found by Arts. 177, 178. 
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182 In like maimer, if the proposed equation is 

n cos (a -J- 2) ssz m cos (/? 4- 2) 
ire assume 

k cos (a -(- z) ^ m 
whence k cos (iff + «) = n 

and k and m are found by Arts. 179, 180. As the sign of k (in this and the preeed^ 
ing article) may be arbitrarily assumed, there will be two solutions. 

NuMEBiOAL Equations of thb Second and Third Deqsees. 

183. 2\} solve the equation 

x« + ;>x+j = (888) 

»hm q is essentially positive^ and p either positive or negative. 
We haye from (144), exchanging x for 0, 

tan* if — 2 cosec ^ tan } + 1 = (889) 

and (888) may be reduced to this form by substituting 

z=z2y/q 

in which we may take the radical only with the positiTe sign, since we may assume 
X and 2 to haye the same sign. We thus reduce (888) to 

which compared with (889) gives 



2 cosec s=s ^?— , 


z sss tan } ^ 


sm« = - ^^\ 


X ^ v^y ta 



or sin ^ s ^^-i, x = ^q tan } ^ (840) 

which gives two values of <p less than 860^ and consequently two values of x. If 
be the least of these two values of <p less than 860° (== 2 jr), all the values of ^ which 
have the same sine are 

e, fr — e, 2»-+e, 8t--», &c. 

and all the values of tan } ^ are 

tan } 9, cot } 9, tan } 9, cot } 9, &o. 

Hence the two roots of (888) are fou^d by the formulas 

8in9r= ^^, a;, = ^gr ta*\} 9, «, sat ^''^ ? ^ot } ? (841) 

' ^n which 9 may be always taken < 90° with the sigi? of its sine, and ^ ^ is to be re- 
garded as a positive quantity. 

As long as 2 ^ ^ is not greater than p, this solution is possible, but when 2 ^ g ^ p, 
sin 9 is not possible, and both roots are imaginary ; which agrees with what is shown 
In algebra. 



96 PLANE TRIGONOMETRY. 

184. To solve the equation 

a^+px — q=sO (842) 

when — q is essentially negative, p being either positive or negative. 
We have, by (143) 

tan* } -f- 2 oot tan i — 1 sas 

and (842) is reduced to this form by substitutintc 

X = z^q 

whence «• + -4- « — 1 = 

\/^ 

The xequired eolation is therefore 

P 
2 cot s= — =-—, 2 ass tan i 

or tan <p = , x s= ^ q tan } C^^^) 

If 9 is the least value of <p, all the values of ^ which have the same tangent are 

e, 7r+ By 2 jr + 9, 8 «• + e, &C. 

and all the values of tan } 4> are 

tan i e, — cot } e, tan J 0, — cot J e, &c. 
Therefore the two roots of (842) are found by the formulae 

tan a = ^ ^ , Xj = ^"^ tan } ff, a;, =s — ^ gr cot J « (844) 

in which, as before, the radical is to be taken as positive, and B < 90° with the sign 
of its tangent. 
In this case both roots are real, since tan is always possible. 

185. To solve a numerical equation of the third degree. It is shown in algebra that 
any equation of the third degree may be reduced to one in which the 2d term It 
wanting; we need consider therefore only the form 

«• + ax + 6 =3 (846) 

To resolve this, put 

x = y + 2 

we find (Zyz+a)(y + 2) + y* + ^+b=zO 

Now X may be decomposed into two parts, y and 2, m an infinite variety of wayi, 
and we may therefore suppose that y and z are such as to satisfy the condition 

Zgz+ a z= 

which reduces the first term of the preceding equation to 0, and gives the two con 
ditions 

y« = — -|, y* + «•==— 6 
Put y* = ^„ a* = ^ ; then we have 

<.«. = — 27' '. + ^» «= — * 
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■0 that, by the theory of equations, f^ and t^ are the two roots of an equation of th« 



«■ 



second degree in which the absolute term is — -^ and the coefficient of the second 
term is b ; that is, they are the roots of the equation 

If then we find the two roots t^ and t^ of (m) by the preceding methods we shall 
have 

x = y + « = ^<. + ^(, (n) 

It wiU be necessary to consider the sign of a in the equation (m). 
1st. When a ispontivef (m) comes under the form (842) and the solution by (844) 
gives • 

2 /"?* 
**^^ = W27' *» = 

and by (n) 





= J T (^ **^ i ^ "" ^ ®^* J 



and if we assume 

tan}0ss^tan}0 
this becomes, by (142) 

« s= — 2 / -g- cot 
Collecting these results we haye, for the solution of (846), when a iapoeiiioe^ 

2 r?" 

tanflra:— Jgy, tan } as ^ tan } 

« r=s — 2 / -g- cot * 



(846) 



in which the radicals / ~ ^^^,J "o" ^^^ ^ ^® considered positiTC, and 9 is to bt 

taken < 90® with the sign of the tangent. But two of the three yalues of •^ tan \ I 
being imaginary, the giyen equation has but one real root* 

* If r represent the real yalue of •^ tan } 9, and a^, a^ the two imaginary roots of 
unity, the real yalue of « it 

and the imaginary yalues are 

or since a. a. sa 1 

IS I 
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2'i. JThen a U negative and — 4 a* < 27 6*. Equation (m) beooniM 
and ia of the form (888) ; its roots are therefore found by (841) which g^vea 



• « 2 / o* /4a' 

"° " =-tJ - 27 = -J - 27T* 



'•"=J-5 



tsn}9 



J 27 



oot }0 



or if we pat^ as before, tan } = -^ tan } 9, the solution of (345), when a it negative, if 



2 / a" 
sinO^ / — — tan J = ^ tan } 



->j-f 



cosec <l> 



■ (8*7) 



which gives one real root, (the other two being imaginary, as above), when sin 9 !■ 
possible, i. e. when — 4 a* < 27 6*.* 



Substituting the values of a^ and a, 

1+^-8 

» — 2 



_ -!-%/ 



— 8 



and also 
we find 



r a= tan }- <p 



0,= 



— aas OOt }0 

r 



z^zsi I -^ (cot + eosee ^ v^ — 8) 
Xg e» / -^ (cot — oosec ^ v^ — 8) 



•r fioAllj, Xt being the real root, the imaginary roots are 

f. 
2 



x, = — -j^ ^sec^V^— 1 



«. = — ^ + -i^ sec ^ - 1 



* The two imaginary roots will be found, by a proceas similar to that employtttf 
tn the preceding note, to be 



Z«B S- — 



2 



COS 0^/ — 1 



«. = —-2-+ -5_V_cO80v^ — 1 



in.irhlih z,. is the 'letl root. found l^ (347). 
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84. When a is negative and — 4 a*> 27 6*. In this 0M# sin 0, in (847), is impoasibU 
ftnd the preoeding solution fails. This is th# irredudbU eate of C*rdan*8 role, tlM 
roots appearing under imaginary forms, although it is known that they are all three 
real. It is, however, readily solved trigonometrically* 

In Art 77, putting ^ for z, we have 

sin' <p — }sin0+}sin8^s=sO (mf) 

and (345) may be reduced to this form by substituting 

Z ss kz 

whence «* + ^ « + ]^ = («') 



«o that we must have 



« 3 I. 



-j-^ 



in which the radical is to be taken positive, so that x and z shall have the same sign. 
Comparing (m') and (n') we have also 



b b I 27 I 276* 
Jsin8^=- or sin8 ♦ = -J— ji « J j^ 

which is a possible sine in the present case. We may therefore take 

2 ^ sin 
and the solution is 



sinS 



yj— S » = 2»in#J-| (848) 



which gives three real roots by the different values of 8 0, which have the same sine. 
If 9 is the least of these values, all the values of 8 ^ are expressed by 

2nir+e and (2n+l)ir — e 
fi being any integer or ; and all the values of ^ are expressed by 

2» . , ^ 2n+ 1 
= -3-«-+JO, 0» ^I — «• — Jd 

Now all integers are included in the forms 8 m, 8 m -(- I uid 8 m •— !• 
If ft ^ 8 m, the above values of ^ are 

whence 

sin =s sin ^ 9, sin ^ =s sin ^ (r — 0) 
If n :a 8 m -(- I> we find in the same way 

sin ss sin J^ (;r — 9), sin sbs )^ 9 

the same as before. 
If n ss> 8 m — 1, we find both values to be 

sin ss — sin i (»• + 9) 



OtSJi 



i.32 
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BO that tnere are but three different yalues of sin 0. Substituting these in (848). 
the three roots of (8i6), when a is negative and — 4 a* > 27 h\ are found by 



x.=2j-fsi 



sinie 



(849) 



a:.«2 /-|- sini(«--e)« 2 /-^sin (600-^0) 

«.= -2j— |.sini(«r+fl) = -2j--| sin{6Oo+i0) 

in which 9 < 90^ with the sign of its sine, and the radicals are taken with the posi- 
tiye sign. 

EXAKPLXS, 

1. SoIto (845) when a » — 6-101816, 6 «= — 6-766678. We find 



log 



2 / 0* 
tJ-27 •>• 



002661* 



which being greater than any log. sine, we take its arithmetical complement and 
proceed by (849). Then 



log sin := — 9*9974849 
ff = --88°46'44" 



je — 27o56'84"-7 
log sin — 9-6706671 



log 2 



■hi 



0-4661811 



logx, —01267882 
x^ =a -41-886790 



60*>— J0 87*»56'84"-7 
9-9997156 

0-4651811 

logz. 0-4648966 
2;, = 2-850889 



— (6O0+ J e) — 8204'26"-8 
— 9-7261024 

0-4561811 

log x^ — 0-1802886 
z,s— 1-514649 



2. Solve (845) when a s — 7, and 6 = 7. 

An». z. sr 1-866896, x^ =: 1-692021, z. » — 8-048917. 

8. SoWe (845) when a b 1-5, and 6 s — 45. 

Ane, The real root = 8-4168976. 

It may be obserTed that the algebraic sum of the three roots is always zero, in 
consequence of the absence of the term in z* from the given equation. This is easily 
shown from (349) where there are three real roots, and from the forms in the notes 
p. 98, where there are imaginary roots. This principle furnishes a simple yerifica- 
tion of the values found by (849), 



* The sign — here belongs to the number of which this is the logarithm. 
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CHAPTER XL 

DIFFERENCES AND DIFFERENTIALS OF THE TRIGONOMETRIC 

FUNCTIONS. 

186. In the applications of trigonometry, it is often required to 
eompate a function of one angle from that of an. angle which differs 
from the first by a small quantity. In such cases it is generally 
most convenient to compute the difference of the two functions, 
which may be applied to either to obtain the other. 

187. To find the increment of the sine or cosine of an angle, corre- 
sponding to a given increment of the angle. 

Let the angle x be increased by A a:, (this notation signifying dif- 
ferencCy or increment of x)y and let the corresponding difference or 
increment of the sine be expressed by A sin x and of the cosine by 
A cos a? ; we have, by this notation, 

A sin a: =s sin (a: + A a?) — sin a? 
A cos a: = cos (a? + Aa:) — cos x 

and by (106) and (108) 

A sin a? = 2cos(a? + jAa;) sin J A a? (350) 

Acos a; = — 2 sin (a; + J A a?) sin J A a? (351) 

which are the required formulae. 

We here consider the difference always as an increment, L e. an 
increase, and give it the positive (algebraic) sign ; its essential sign 
may, however, be negative, and it will then be in fact a decrement. 
Thus, in (351) the second member will be negative so long as 
z < 180°, and therefore the increment of the cosine is negative ; 
that is, from 0° to 180° the cosine decreases as the angle increases. 
In like manner A sin x is negative when x > 90°, and < 270°. 

188. To find the increment of the tangent and cotangent. We have 

A tan X = tan (a: + A a:) — tan x 
A cot a; = cot (a; + A a;) — cot x 

and by (116) and (119) 

sin A a; / . \ . /m-A. 

A tan a; = — -— - — r =» sec(a; + Aa?) seca? sinAo? (352) 

cos (a; + A a?) cos a: ^ ' ' 

— sin A a; , . . . .oi-on 

A cot a? s -T-7 — ; r— ; — = — coscc ix+ ^x) coscc a; SIR A a;. (353) 

sin (a: + Aa;) sm a? ^ ^ ^ 

' i2 
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189 1\ find the increment of the secant and cosecant. We have 

A 860 X == 860 (X 4- A X) — sec X 
A 00860 X == 00860 {x -\- £^ x) — 00860 X 

or by (180) and (182) 

A «AA , 2 Bin (z + } A g) 8in i A X 

A 860 as sa ; i — : — r •■ (O04| 

008 (X + A X) 008 £ ^ ' 

— 2 COS (x 4- A A x) sin A A X y---v 

A 00860 X = . \ , ■ •' rA 2 (J^) 

8m (x -|- A 3;) Sin X ^ • 

190. 2b find the meremente of the equarea of the trigonometric functione earre^ndmg 
to a given increment of the angle. 

We hare 

A Bin" X B=s sin* (x + a x) — sin" x 

sa 008" X — 008* (x + A x) 

whence by (188) 

A iin* a: s — A oo8" zaB8in(2z-|-Ax)8inAx (850) 

From (115), (116), and (119) we deduce 

tan"x^tan"y = »^°(^+f)^^i"~y) 

cos" X cos" y 

.- ^- — -■in(x + y)8in (x — y) 

oot* X — cot* y = ' I • ^ ^ 

8m* X 8m" y 

whence 

^ - sin (2 X + A x) 8in A X ,„_^^ 

A tan" X s;: T7— r \ « — (367) 

cos" (x 4" A *) cos" X ^ ' 

. — sin (2 x4- ax) sin a X ^^^^^ 

A cot" X as — z-^ — , ' / . , (858) 

sin" (x 4- A x) sm" x ^ ' 

From (16) we haye 

sec* (x 4* A 2) ^ tan* (x 4- A z) + ^ 
sec" X =5 tan* x 4- ^ 

&6 di£ferenoe of which giyes 

A 860* z BBS A tan* X (859) 

and in the same manner, from (17), 

A ooseo* z =3 A cot* X (860) 

and the yalues of A tan* x, A cot* x, may be substituted in (859) and (860). 

191. When the increment of an angle, or arc, is infinitely smalt^ 
it is called the differential of the angle, or arc ; and the correspond 
ing increments of the trigonometric functions are the differentials of 
these functions. 

The differential of 2; is denoted by dx ; of sin 2; by cZ sin x^ &o. 
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192. To find the differentiaU of the trigonometric functions from 
the differential of the angle. 

Let the angle x and its increment £iX be expressed in the unit of 
Art. 11 ; or, which is equivalent, let x and Aa; be the arcs which 
measure the angle and its increment in the circle whose radius =■ 1. 
It is evident that the less the arc, the more nearly does it coincide 
with its sine or tangent ; therefore, when Ax is infinitely small, or 
becomes dxj 

Biadx =^ dx sin ^dx =^ ^ dx 

This may be demonstrated more rigorously thus. When dx is 
infinitely small, we have cos dx » 1, whence 

sin dx , ^ 

7 — 3- = cos aa; = 1 
tan ax 

sin dx » tan dx 

but the arc cannot be less than the sine, nor greater than the tan- 
gent, and therefore 

dx = sin dx = tan dx 

Again, when Ax is infinitely small, or becomes dx, we must, ac- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by tne signs + or — ; thus we must 
substitute a; for a; + dx, or for a; + J dx. 

Upon these principles we find the differentials directly from the 
finite diff'erences (350), (851), (352), (353), (354) and (355) as follows : 

d sin a; = cos x dx (361) 

d cos a: = — sin x dx (362) 

dtan X = sec* xdx=^{l + tan* x) dx (363) 

d cot a: = — cosec* a; £?a? = — (1 + cot* x) dx (364) 

£? sec a; = tan x sec x dx (365) 

d cosec a: = — cot a: cosec x dx (366) 

198. In the same manner the equations (356), (857), (358), (859) and (860) giye 

d sin* z =s — d cos* a; s sin 2 x da; (867) 

Bin 2 X 

d tan* z =3 d seo* x =s r — dx (368) 

cos* X ^ ' 

2 sin X - 2 tan x _ ,^^^^ 

ss — =— dx a — ; — dx (369) 

cos's cos* a: ^ ' 

... , . — sin 2 X , 

aoot*xsa d cosec* X =s — r-z dx (8VU) 

sin* X ^ 

— 2eosx, — 2cotx , .__,^ 

ss — r-i — dx = r-i dx (871) 

sin* X sin* X ^ ' 
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194. Although the equations (861), (362), (868), (364), (365) and 
(366), are rigorously true only when dx is infinitely small, they may 
be used when dx is a finite difference, instead of the equations, (350), 
(351), (352), (353), (354) and (355), provided dx is sufficiently smaU 
to be considered equal to its sine without sensible error, and is also 
very small in comparison with x. This is very frequently the case in 
practice, and the differential equations are then preferred on account 
of their simplicity. It is only necessary to observe that dx must 
be expressed in arcy i. e. in terms of the unit radius ; if it is given 
in seconds, it may be reduced to arc by Art. 9. 

195. To find the differential of an angle from the differentials of 
its functions. 

Fiom (361) we have 

ia.= f^^ (372) 

COS a: ^ ^ 

but it is convenient in this case to employ the notation of inverse 
functions. Art. 87. Thus, if y = sin a?, a; = sin ""*y, and the preced- 
ing equation becomes 

[n the same manner from (362), &c., we find 

dcos--y = ^~g^,^ (374) 

dtan-y-^ (375) 

dcot->y-j^ (876) 

d cosec""' y = — 77-5 — r: (878) 
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CHAPTER Xn. 

DIFFERENCES AND DIFFERENTLaS OF PLANE TRLkNGLES. 

196. In trigonometrical investigations it is 
often necessary to determine the effect of a 
small change in one of the data, upon the com- 
puted parts. Thus, Fig. 29, i( Ay AB and 
A (7, of the plane triangle ABC, are the data, ^ 
and AC is subject to an error of 0\ the required parts will be 
subject to errors which are respectively, the differences between 
A OB and AO'B, AB Oemd AB 0\ B and B C. In the same 
figure, the data may be supposed to \)q A, AB and AB (7, and the 
angle ABO may be regarded as subject to the error B 0' which 
produces the corresponding errors in the remaining parts. In the same 
manner, the data may be A, A JB, and A OB, A OB being variable , 
or, Ay A By and B OyB being variable. In all these instances, A 
and A B are comtanty while the remaining four parts are variabUy and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane triangUy any two parts being conatanty and the rest 
variabUy to determine the relations between the increments of the 
variable parts. 

It is evident that the solution of this problem resolves itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli- 
cation of the increments, as the derived triangle, 

197. Case I. A and c constant. The six parts of the given triangle, 
AB Oy Fig. 29, being J., -B, C, a, 6, (?, those of the derived triangle 
formed by varying all but A and (?, are -4, -B + A JB, + A Oy 
a + Aa, b + Ai, and c. In these two triangles we have 

A + B + 0= 180<> 

A + B + aB + 0+aO^ 180° 

whence AjB+A(7=0, ajB = ~A(7 (379) 

14 
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Also in the two triangles we have 

a = <? sin A cosec (•») 

a + Aa = (? sin A cosec {C + A(7) (n) 

the half difference of which by (355) is 

4 Ail = — ^8i^^<^Qs((7+ J A(7) sin \ A(7 ^ v 

* sin (7sin((7+ A(7) ^^^ 



^Ag __ ^Aa g cos ((7+^^(7 ) 

sin J a5 ^ sin i A(7 "" sin ((7+ A(7) 

The half sum of (w) and (w) by (131) is 

. , . <?sin J.sin((7+iA(7)cosiA(7 

g + J Ag =» . X , in A \n\ 

^ sm C7sin((7+ AC7) 

which combined with (p) gives 

^Ag jAg g + ^Ag 

tan \ tJB ^ tan J A(7 "^ tan ((7"+ J aC) 

From (260) we have 

er sin A 



tan (7 = 



6— (?C08J. 

whence 

b — ccos -4. «s (? sin -4. cot G 

b + a6 — c cos A » (? sin J cot {0 + aO) 

the difference of which by (353) is 

- cainA sinA(7 

^ 8in(7sin((7+A(7) 

therefore 

A( A( a 



(380) 



(881) 



sin AB sin A(7 sin {0 + A(7) 



(882) 
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This equation gives by (135) 

sin i aO cos J A(7 "" sin {0 + ACT) 
and dividing (380) by this 



Aa ^ cos {O+jaO) 
Aft cos J A(7 



(383) 



It is to be observed that the increments (or half increments) of 
the angles must be deduced from their sines or tangents, since it is 
only by these functions that a small angle can be accurately deter- 
mined. Moreover, a small arc being nearly equal to its sine or tan- 
gent, the equations (380), (381) and (382) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to arc by Art. 9, or Art. 54. 

198. Case II. A and a constant. We have as in the preceding 
case A JB = — A (7; and in the two triangles 

b sin J. = a sin B 
(J + aJ) sin a = a sin {B + AjB) 

the difference and sum of which give 

J a6 sin A = a cos {B + i aB) sin J aB (p) 

(6 + J Ab) sin ^ = a sin {B + ^aB) cos J aB 
whence by division 



lAb _ jAft 6_HhjA&_ 

tan J a5 ** tan J aG "" tan {B + J aB) 

In the same way 

\Ac !_££_= c + \Ac 

tan J A(7 "" tan J a5 tan ((7 + J aO) 



(384) 



(385) 



From the equations 

(? sin A = a sin 

{e + Ac) Bin A ^ a sin (0 + aO) 

we find ^Ae&inA =* acos {0 + J aO) sin J A(7 (j) 
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which combined with the equation {p) gives, since sin JA(7=— sin^AP, 

A(? cos (G+iAO) ^ ^ 

From (p) we also have 

siniA^"" sin J AC''" sin5 ^ ^ 

which, when A ( is to be found from A^, is more convenient than 
(384). In the same way from (q) 

J A(? JA(? (?cos((7+ J A(7) 



sin i a(7 sin J aJB sin (7 



(888) 



199. Case III. b and e constant. We have 

c sin JB = 6 sin 
c sin (jB + a5) = 6 sin ((7 + A(7) 

the* sum and difference of which give 

(?sin(5+ Ja5)cosJa5 = 6 sin ((7+ J A(7)cos Ja(7 (p) 
(?cos (5 + J a5) sin J a5 == 6 cos ((7 + J A(7)sin J A(7 (?) 

the quotient of these gives 

tan ^ aB ^ tan (^ + j^ AjB) .gggv 

tanjA(7 tan((7+iA(7) ^ ^ 

By (224) we have 

a == 6 cos (7 + c cos B 
a + Aa = 6 cos ((7 + A(7) + (? cos {B + a5) 

the sum and difference of which give 

a + J Aa = 6 cos ((7 + J A(7) cos J A(7 + (? cos (5 + J a£) cos | A-B 
- J Aa = Jsin {0+ J A(7) sin J A(7+ c sin {B + Ja£) sin J aP 
These expressions are reduced by (p) and (q) to 

a + jAa=(?cos(jB + jA5)co8jA5cotjA(7(tanjA5+tanjA(7) (r) 
— J Aa=(? sin (JB + J aJB) cos J a5 (tan J AjB + tan J A(7) («) 

and by division 

i^^ = _ a + j^Aa ,oQQx 

tan J A (7 cot (jB f i a£) ^ ^ 
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In the same way we have 



tanjA5 cot((7+iA(7) 

Since the snm of the three angles is constant, 

AA + a5 + A(7 = 
J (a5 + A(7) = ~ J aA 
therefore by (115) 

tan i a£ + tan i A(7 = —7^ = — ^ 

^ ^ cos J aB cos J A(7 

sin J aJ. 



cos} Aj8cos}A(7 
which substituted in (a) gives 

}Aa _^ g sin (jB + j^ A^) 
sin j^ Aul cos } A(7 

and in the same manner 



(891) 



(9 



(892) 



(893) 



(894) 



(895) 



}Aa ^ isin((7+iA(7) 
sin }A-4 cos } AjB 

Substituting (t) in (r) we find 

sin} A(7 gcos(jg+}A^) 

sin } A-4. a + } A a 

, , sin}A5 5cos((7+iA(7) 

whence also -r— r — r == ^, , ~ ^ 

sm } aA a + } a a 

By differencing the equation 

a* = 6* + (?* — 2 5(? cos -4. 
we find instead of (892) and (393) 

JAa i(?sin(^ +}A^) .^^^ 

sinjA^ a + }Aa ^^^^ 

E 
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200. Casb IV. A and B constant. We have 

*= -: — ja 

6 + a6 = -; — J (a + Aa) 

, , siiijB 

whence A6 = -^ — j Aa 

In this case the third angle is also constant and there are bat 
three variables related by the equation 

sin A ~" sinJB "~ sin (7 ^ ' 

This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (381), (382), 
(383), (384), (385), (386), (387), (388), (389), (390), (391), (392), 
(393), (394), (395), (396), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many cade«, 
to solve these equations by successive approximations. 

For a first approximation we consider the increments in the second 
member to be = 0, employing jB for JB + \ aJB, &c., and taking 
cos J AjB = 1, &c. This will evidently produce but a slight error 
so long as the increments are small as compared with the entire 
parts of the triangle. We then obtain a second approximation^ by 
recomputing the equation in its complete form, employing in the 
second members the approximate values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an infinite number of such 
approximations to arrive at a perfect result ; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation is necessary. 

It is also to be observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. This is in fact one of the chief advantages of com* 
puting by differential formulae, rather than by the direct formal» 
applied to each of the two triangles successively. 
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Example. 

In a plane triangle whose parts are 

^ = 58°4r48".9 ^ = 35°ir 3M (7=86^ 7' 7 '-7 
a = 6053 b = 4082 e = 7068 

let A and a be constant while b is diminished by 50-5 ; to find the 
change in the angle B. 

We have in this case a6 =« — 60«5 ; and by (387) 

• 1 A i> J a6 sin jB 

2 6 cos (JB + J a5) 



« 








1st Appeox. 


2dApprox. 


iAi 


- 25.25 




b 


4082 




B 


36° 11' 


35° 11' 


JaB 





-15' 


5+ J AS 


35° 11' 


34° 56' 


log J aJ 


- 14023 


) 


ar. CO. log. 6 


6-3891 


V - 7-5520 


log sin £ 


9-7606 


i 


«r. CO. 1. cos (S + i a5) 


0-0876 


0-0863 


log. sin \ aB 


- 7-6396 


- 7-6383 


iA5 


- 15' 0" 


- 14' 56"-8 



It is evident that changing the angle B + ^ aB by only three seconds 
would not affect the fourth place of its cosine ; a third approxima- 
tion is therefore unnecessary, and we have finally AjB = — 29'53''«6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art. 115. 



Differential Variations of Plane Triangles. 

202. The equations (380), (381), (382), (383), (384), (385), (386), 
(387), (388), (389), (390), (391), (392), (393), (394), (395), (396) and 
(397) become differential by making the increments infinitely small, 
that is, by omitting the increments when connected with finite quanti- 
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ties by the signs + or — , and substituting the increment itself for its 
sine or tangent, and unity for its cosine, (Art. 192.) The character 
d must also be substituted for A. These changes being made, we 
easily deduce the following differential relations. 

Case I. A and c constant. 



dB'=' 


-dO 


da da 
dB" dO '" 


a cot 


db db 


a 


dB~ dO 


sin 


da 
db~ 


cos 

• 


a constant. 




dB = 


-(2(7 


db db 
dB" dO 


5 cot 5 


de de 
dO^ dB'^ 


e cot 


db 
de 


cosB 
cos (7 



(898) 



► (899) 



Cass IIL b and e constant. 

dA + dB + dC^O 



da 

la 



dB 
dC 

— a tan B^ 



tanjB 
tan 

da 

Jb 



= — atan 



da 
dA 



(? sin 5 = 6 sin C 



dO 
dA 



— cos B. 

a ^ 



dB 
dA 



cos (7 

a 



> (400) 
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Case IV. The angles^ Aj Bj (7, constant. 

da dh de 



sin A sin B sin 



(401) 



203. These differential relations are often employed when the in- 
crements are very small, instead of the equations of finite differences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the result of the first, it is 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in arc. 

Thus if dB is given in seconds we must divide it by R' = 206264''-8, 

or substitute dB sin V for dB. 

dA 
But in such fractions as -j^' ^^^^ substitution is evidently unne- 

cessary provided the two increments are always expressed in the 
%ame unity as minutes, seconds, &c. 

Example. 
In a plane triangle whose parts are 

-4 = 68^ 41^48^9 5 = 35^ir3".4 (7«86^ 7' 7''-7 
a = 6058 5 « 4082 (? = 7068 

suppose b and c to be constant and the angle A to receive the incre- 
ment dA'^ 20''.6 ; find da and dO. 
From (400) we have 

da = dA sin V c sin B 
,^ — dA ccosJB 





*»v ■" ■■ 


a 




\ogdA 


18189 


log (- dA) 


- 1-8139 


log sin V 


4-6856 


logc 


8-8493 


log(? 


3-8493 


log COS B 


9-9124 


log sin B 


9-7606 


ar. CO. log a 


6-2180 


log da 


9-6094 


'ogrfC 


- 1-2936 


da 


0407 


dQ 


- 19".7 



15 k2 
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204. The error of employing the differentials in any case may be determined ap- 
proximately by deyeloping the equation of finite differences and comparing it wUh 
the corresponding differential equation. We shall select a simple example. 

We haye from (887) and its corresponding differential equation in (899) 

, ^ bco8(B + iAB) , . - 
** sin ^ 

^ x=b cot BaB BmV 
the first of which when deyeloped giyes 

} a6 = 6 cot -B sin } a5 — 2 6 sin (^ + i A^) gj^^^ i ^ gi^ j ^ 
* ' Bin ^ "* 

or substituting sin } A^ = } A^ sin 1", sin | A^ = }^^ a^ sin 1'', and also B for 
B -^ \ aB in the second term, which will affect so small a term but slightly, 

a6 sa 6 cot 5 a5 sin 1" — -J (a5 sin !")• 

Comparing this with the differential equation aboye, the error of employing the 
latter is approximately 

— i- (a5 sin !")• 

which for A 5 = I* is — -000016 b. 

It appears from this example that the error is expressed by a term inyolying the 
square of the increment ; and if we deyelop all the equations of finite differences we 
shall find that they differ from the corresponding differential equations by terms in- 
yolying the squares and higher powers of the increment. Hence, employing the dif- 
ferentiaU instead of the finite differences amounts to neglecting the terms involving the squares 
and higher powers of the increments, 

205. The differential relations aboye obtained could haye been deduced more di- 
rectly from the formulas of plane triangles by differentiation, employing the yalues 
of the differentials giyen in Art. 192. Thus in Case I, A and « being constant, if 
we differentiate the equation 

a = e sin ^ cosec G 

we haye da sis e sin A d cosec O 

s= — c sin ^ cot O cosec G dO 

= --aootOdO 

«i8 in (398) 

The stud'mt may exercise himself by deducing the other relations of (898), (89V) 
and.(iOO) in a similar manner. 
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CHAPTER XnL 

TRIGONOMETRIC SERIES. DEVELOPMENTS 0¥ THE FUNCTIONS OP AN 
ARC IN TERMS OP THE ARC, AND RECIPROCALLY.* 

206. The investigation of trigonometric series is most readily 
carried on with the aid of a few elementary principles of the DiflFer- 
ential Calculus. All that will be required here will be no more than 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem. We shall employ the following expression of this theorem : 

in which fy denotes what f {y + h) becomes when A = and 

d iXI fP iXI 

- ' -, ' / , &c., are the successive differential coefficients, or de- 
dy dy^ 

rivatives of fy. ^ 

207. To develop sin x and cos x in terms of x. 

We shall first develop sin (y + x) and cos (y + a:) by (402). By 
(861) and (362), if 

fy « sin y 

, d.fv d sin y 

▼ehave -^ = — ^ = ^^^ 

cP.fy d sin y 

d'^fy d cos y 

w — ^ — "°^ 

* The leading results of this Chapter being of yery general utility and constant 
application are printed in the larger type, but as they are not referred to in the sub- 
sequent large print of this work, and moreoYer require a limited acquaintance with 
the Differential Calculus, the student can omit them at the first perusal, and pass 
directly to Part II 
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SO that the values of the coefficients of the series (402) recur in the 
order + sin y, + cosy, — siny, — cosy, and therefore /(y + a;) ■« 

sin (y + a?) = sift y + cosy-j sin y -^|-^ — cos y j^g^ + &c. (403) 

If we commence with 

/y — cosy 

the coefficients will recur in the order +cosy, —siny, —cosy, 
+ siny, and (402) will give 

COS (y + a;) «= cosy — siny -^|^ — cosy-j^ + sin y ^^-2;g +&c. (404) 

If now we put y = in (403) and (404), sin y = 0, cos y =» 1, tht 
alternate terms of the series vanish, and we have 

sin a; - y - j^:g + 1.2.3.4.5 - 1.2.3-4-5-6-7 "^ *"• ^'*^^' 

cos a: = 1 - -jTg" + jTgTg:^ - 1.2.3.4.5.6 + &c. (406) 

It may be observed that (406) can be deduced from (405) by dif- 
ferentiation. 

208. The series (406) and (406) are directly available for the con- 
struction of the trigonometric table. For this purpose a: in the series 
must be expressed in arc, since (361) and (362), upon which the pre 
ceding demonstration rests, require x to be in arc, Art. 9. 

Example. 

Find COS. 10°. Reducing 10° to arc, by Art. 9, we have 

a; = 10 X .01745329 = -1745329 

and computing separately the positive and negative terms of (406), 

a? 



1 = 1. 


- -^ = - .01523086 


f = .00003866 

.•2»o*4 


- =-^ - - .00000004 


1-00003866 


- .01623090 


- .01523090 





COS 10°= .98480776 

agreeing with the tables, which give '9848078. The student may» 
*br practice, verify any other sine or cosine of his table. 
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209. To develop tan x in terms o/z, 

Bepresenting the ooeffioients in the series (405) and (406) by letters, ire haye 

X — a,a:* + <*• 2!' — fl, x' + ^^' 

1 — o^z* + 04 z* — a, X* + &c. 

1 1 

1-2 ^™ 1-2-8 



tanx =s 



(407> 



Inirhioh 



&o. 



If we perform the division of the numerator by the denominator, ire perceive that 
the result will be a series containing only odd powers of z, and commencing with the 
term x. But as the law for the successive formation of the coefficients is not easily 
shown in this way, we shall resort to the following process. Assume the series to be 



tan z ^ Ci z + ^ a:* + c» Jc' + &c. 
and differentiate it; we find, by (863), after dividing by dx, 

1 + tan* X &= Cj + 8 c, X* + 6 c. X* + &o« 
or, since from the division of (407) we know that c^ ^ 1, 

tan* x=s8c,x*+6c, x*+7c, x* + 9cix* + &o. 
The square of (m) is 

tan* X SS3 Ct Ct x* -{- Ct c. 



(m) 



W 



X "T" Cj Cg 



which compared with (n) gives 



+ «•«■ 



x«+ &C. 
4- &0. 



C. s= — (C, Cb + «• «») 

C, =a y (C, C, + Cb «• + C. «0 

&c. &c. 

where the law of derivation is obvious. We have preserved the factor ««, althon^ 
it is equal to unity, in order to render this law more apparent. 

Since the first and last terms of these expressions are equal, as also the terma 
equally distant from them, we may write them as follows : 

C.=: 1 

«t = -J- {Ct Ct) 



«. = y (2 c, c) 



C=ay (2 c, C»4.C,<Jb) 



Cb = -5- (2c, c, 4.2c, c,) 



9 



«u = jj (2cb c, + 2c, c, 4. c, c,) 
&o. &c. 
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In irliioh form any coefficient c^n + i when n is even, is expressed by ~ terms all 61 

n4- 1 
whose coefficients are ss 2 ; and when n is oddf by — U — terms all of whose coeffi- 
cients are 2 except the last, which is 1.* 

If we now substitute the value of Ct s= 1» and deduce the numerical values of the 
coefficients successively, we shall find 

, x» , 2a;» 17x' , 62a;* , 1382 x" , . ,.^^. 

t^nx^x + j + ^^+.^^ + -3^^-:g- + 3 ..5..7.9.11 + &c. (408) 

210. To develop cot z in terms of z. 
If we invert (407) we have 

1 — , g* 4" ^4 ^ — &0' rAno\ 

z — Ot a:* + «, x' — &o. ^ ' 

ft&d the first term of the actual division is — , the second term — (a, — a,) x, and 

X 

the succeeding terms evidently involve only the odd powers of z. Therefore let 

cot X =s rfj X — rfg X* — d^x* — &c. (o) 

X 

The coefficients cannot be determined by the method of the preceding article in 
consequence of the negative exponent in the first term ; but they are directly de- 
dacible from those of the series for tan x. We have by (142) 

tan X =s cot X — 2 cot 2 x (p) 

Now the series (0) being true for any value of x will give cot 2 x by substituting 2 % 
for X, whence 

2 cot 2 X = 2* rf»x — 2* d^x* — 2* rf,x» — &o. 

X 

Subtracting this from (0) we have by {p) 

tanxa (2«— l)rf.x+(2* — l)rf,x«4- (2« — 1) rf, x» + &o. 
Designating the coefficients of (408) by Cj, c„ c„ &c. we have also 

tan X =3 Cj X + «• 3!* + c, X* + &<* 

and the comparison of these two values of tan x gives 



2« — 1 (2 — 1) (2+1) 1.3 



«t 



2«— 1 (2«— 1)(2*+1) 8-6 



''. = ^ 



*• ^i *• 



2«--l (2»— 1)(2»+1) 7-9 
&o. &c. 

4.= -^ 



2*+'— 1 



^ Euler, and after him Cagnoli and others, make these coefficients depend upon 
fchose of the series sin x and cos x, but the number of given quantities by which 
each coefficient is expressed is double the number required in the method of the t^xt 



TRIGONOMETRIC SERIES. 119 

Bubstitating the valaes from (408) 

ft&d reducing the coefficients to their simplest forms, we find the series (o) to be 

1 z z* 2x* x' 2 a;* . ,.,.^ 

cotx = -- -g.- — .- ^.^ -5;:^ - 8-.5-7.9.11 -*'• (^^^^ 

211. By a process similar to that of Art. 209, but which we leave to the student, 
we find 

a:» 6x* 61 7* 277 a* . . ,..^. 

Becx = l + ~ + -^ + 2^:3^ + 2^f:8^ + *°- (^^^) 

And from (408) and (410) by means of the formula 

cosec X = } (cot } X -|- tan } x) 
we find 

1 , X , 7x« , 31 X* , 127 x' , ^ 
cosecx=:- + -g:^ + 2i:3^+ 2^:8^:6T + 2^^^ (412^ 

212. To develop sin"^y in terms of y. (See Art. 87), 
Let X = sin""' y (or sin x='y); then by (373) 

dx ^ 1 __ . g. _i 

Developing the second member by the Binomial Theorem, 

l-i + i^' + K^^ + ray' + ^c. M 

As this contains only even powers of y, the series from which it 
would be obtained by differentiation must contain only odd powers 
of y ; therefore, let 

a; = a^y + a^ + a^^ + a^y'' + &c. (w) 

There will be no term independent of y if we limit x to values be- 
tween and db 90°, for then when y = we must also have x = 0.* 
Differentiating, we have 

dx 
, = Oi + 3 ajy' + 5 a^y^ + 7 a^y^ + &c. 

which compared with {m) gives 

1 1-3 1-3-5 . 

* The series (418) obtained under this limitation expresses but one of the values 
of sin'~*y, but if we denote the series by «, we shall have by (95) the following ex- 
pression, including all the values, 

sin""* y s= n T -f- ( — l)*** 
n beinie an integer, positive or negative, or zero. 
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therefore (n) becomes 

. 1 y* . 1*3 ^* 1-3-5 yf 

It is unnecessary to develop cos~^ since we have 

co8-*y = "2" — sin-^y 

213. To develop tan~*y. Let x == tan-^y, then by (875) 

dx 

from which we infer, as in the preceding problem, that the required 
series contains only odd powers of y ; therefore let 

x^a^y + a^^ + a^y* + cLjy'' + &c. (n) 

dx 
then ^ = «! + 3 a^^ + 6 a^* + 7 cLjy^ + &c. 

which, compared with (w), gives 

ai = l 8a3-» — 1 Sflj^l 7a,«> — l&c. 
so that the series is 

X = tan"*y = y — 1 y' + J y* — 4 y^ + &c. (414) 

214. To compute the ratio (= tf) of the circumference of a circle 
to its diameter. 

We have heretofore assumed this ratio to be known from geometry, 
where it is found by means of circumscribed and inscribed polygons 
which are made to differ from the circle by as small a quantity as we 
please ; but (414) enables us to express its value in a serii;s. We 

have tan— = 1, therefore if we make y = 1 in (414) we have 

But this series converges too slowly to be of any use. To obtain a 
rapidly converging series ymust be a small fraction. We might em- 
ploy tan ^ = — ^ (Art. 29), but in consequence of the radical, it i* 
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Bimpler to resolve -j- into two or more arcs whose tangents are known, 

and to compute the value of each of these arcs by the series. To 
effect this let 



then by (128) 



-J- « tan"' t + tan-^ f (416 > 






whence ^=1-7-; (*17) 

in- 1 

from which, assuming any value of t at pleasure, the corresponding 
ralue of t' is found. 
Jf we take « = J, we find t' = j ; therefore by (416) and (414) 

— =a tan""' J + tan"" 'J 

-{■f — r(T)'+T(i)'-*°-} 

A few terms of these series give 

— = .4636476 + .3217606 = .7863982 
4 

7F = 8.14169 
more accurately tf = 3.14169 26636 89793 

1 3 

If we take ^ = -j, we find 'f' = "r-? but the above supposition is 

evidently the best adapted for rendering both series sufficiently con- 
vergent.* 

215. To resolve sin z and cos z into factors. 

The series (406) shows that z is a factor of sin z, and ^yes 

rin « = « (1 - ^J^ + iTaSjrg - &o.) (p) 



* See NoTB at the end of th4S chapter, p. 124. 
16 L 
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and the factors of the series within the parenthesis must evidently be of the form 

X* 

l-X (8) 



i being a constant, but having a different value in each factor. The required factors 
muBi be such as to reduce the second member of (p) to zero whenever the first 
member is zero. Now sin z is zero for the value 2 = 0^ whence x is a factor as al- 
ready seen, and also for z = =t: n t, n being any integer ; therefore the general 
valuo of (q) is 

A 

whence A =s n*jt^ 

which, substituted in (7), gives as the general factor 

1 fl- 

Making n successively sas 1, 2, 8, &o., the equation (p) becomes therefore 

Bmx=»(l-j^)(l-^)(l-3-^)... (419) 

The factors of cos z in (406) must also be of the form (q) ; but cos z is zero for 
x = =b(2n4-l) -Q-) n being any integer or zero, and the general value of {q) is 

(2n+l)'^ _ 
-4.2* ~ 

whence A = - — ^^-^ — 

which, substituted in (7), gives the general factor 

2* «• 
^■~(2n+ 1)*5T* 

Making n successively = 0, 1, 2, 3, &c., we have 

-- ('-f5)('-K)('-SS)- (•») 

216. Logarithmic sines and cosines. By means of (419) and (420) the logarithmio 
sines and cosines of the tables are readily computed. 

Put X SS3 m -TT-, then 



sr OT «• 



and taking the logarithms 

log sin -^ = log 1^ + log w+ log (1 — ^) + log (^ "" 45) + • • 

logco.:^=log(l-5) + log(l-?.) + log(l-?) + . . 
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DeTeloping these logs, bj the known formula 

log (1 — n) = — if (n +}«*+ J n» -4- &c.) 

(in which M s=s modulus of common logs.) and arranging according to ihe powers of 
m, we hare 

log sin -^ 5=3 log y 4- log m 



. if / 1 , 1 , 1 , ^ V 

, if/1 , 1 , 1 . ^ \ 



— .&C. 



log cos -^ = — m« . y (^~ + ~ + ~ 4- &c. j 

, if/1 , 1 , 1 , ^ X 

, if/1 , 1 , 1 , ^ \ 



— &c. 
By summing the constant numerical series, and substituting the value of the mo- 



TF 



dulus M 5=3 •48429 44819 and also of -^^ these formulae become 



mrr 



log sin •^ = 10-19611 98770 + log m 



— «i« X 0-17859 64471 

— m* X 0-01468 89690 

— !»• X 0-0028011796 

— m' X 000042 68460 

— m" X 0-00008 49075 



— m'* X 0-00001 76768 

— m'* X 0-00000 87870 

— «i" X 0-00000 08284 

— m" X 0-00000 01841 

— &c. 



(421) 



log COS 



971 9r 



10 



— «i« X 0-63678 98412 

— m* X 0-22088 46860 

— «!• X 0-14497 48181 

— to' X 0-10869 04688 

— m'» X 0-08686 03766 



— n»»* X 007238 26502 

— to" X 0-0620420818 

— to" X 0-05428 68116 

— to" X 0-04825 49426 

— &o. 



(422) 



In these expressions 10 is added to render the logarithms posiUye, as is usual in 
the tables.* 



* See the preface to Callet's Tables, for the coefficients of these series carried to 
20 decimal places, and for other forms given them bj which they are rendered still 
more convenient. 
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EXAMPLB. 

Compute log sin 9?. We have 

and therefore by (421) 

log Bin 90 = 10-19611 98770 — 1- 

— 000178 69646 

— 0-00000 14689 

— 000000 00023 



as 10-19611 98770 — 1-00178 74367 
log sin 90 B= 9-1948324418 



217. If in (419) we put z s -^^ we haTe 

•^T = ^ = T(^-i)0-i)0-i)- 

7r /2^--l\ /4«--l\ /6»--l\ 

-TV"!^^/ \¥^) V""6^y ••• 

^ ^ (2-l)(2 + l)(4~l)(4 + l)(6-.l)(6 + l)... 
2 2. 2.4..4.G.6.... 

«• 2 2 4 4 6 6 
whence ^ = -. .-.-.-..-.-. .. (428 

which is WdUUi*8 expression of tr. 

NoTB to page 121. Computation of «*. Many other series besides those of Art. 
214, may be given for computing jr. One method of obtaining them is to resolve 
tan^^t and tan""' t into two others, and thus make } jt to depend upon three or more 
arcs. From (194) we easily deduce 

11 n 

tan~* — = tan-« — ; 1- tan-* -s-; r-ri (a) 

m m-{-n * «i*+fiin + l ^' 

11 n 

tan-' — sss tan-' tan-' -5 — ^ ^ . f (b) 

in which m being given, n may be assumed at pleasure. The numerators of the 
fractions in the last terms will reduce to unity when m* -|- 1 is divisible by n ; if 
therefore we assume n and ^ so as to satisfy the condition 

np s=s m^ -^^ 1 (e) 

we shall have 

tan-' — = tan-' — ; — + tan-' — ; 1 «i 

tan-* — = tan-* tan-' «•) 

m m — n p — m ^ 
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For example, let m =3 8 ; then m* -f* ^ == ^^ = ^ X 10 s= 2 x &> bo that we maj 
te1:e fi scB ly |> 38 10 ; or n as 2, ^ ss 5, whence bj {d) and (e) 

tan~' -^ = tan""* — -j- tan~* =^ 

=s tan~* -^ — tan""' ~ 

. 1 . .1 

5=s tan""* -^ + tan~" -^ 

o o 

Sabstitnting in (418) 

~ = tan-"* - + tan-» ^ + tau""' ^ 

= 2 tan~* -rr tan~* -— 

2 7 

== 2 tan-» 1 + tan-' i (/) 

= tan-' y + tan-' j + tan-' -g- C^) 

The equation {/) was employed by Clausen of Germany, in eomputing «• to 200 
decimal places, and (g) was employed by Dase, also of Germany, in computing t to 
the same number of figures. These computations were carried on independently of 
each other, and the results when communicated to Schumacher, (who gives them in 
the Astronomische Nachrichten, No. 589), were found to agree to the last figure 
They proye the value previously found by Mr. Rutherford to be erroneous beyond 
the 160th figure. 

By means of the formulae (a), (b), (c\ (d) and (e) we may again subdivide the 
arcs as often as we please. Thus, it is easy to deduce 

^ = 2 tan-' ^ + tan-' 4- + 2 tan-' -1 

« 2 tan-' — 4. tan-"* j + tan-'y + tan"' — . 

= 4 tan—* — — tan—' -rr -+- tan"' — -4- tan" ' —— 
6 18 ^ 21 ^ 268 

18 1 

= 4 tan—' — — tan""* 4- tan—' ■ 

6 879 ^ 268 

=s 4 tan—' — — tan~' 



6 289 

which last is known as Machines formula. In deducing it we have reduced the dif- 
ference of two arcs to a single arc by means of formula (a). 
Another method is, to find by trial, or otherwise, an arc a multiple of which is 

nearly equal to ~, and whose cotangent is a whole nil then deduce the 

It M 
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difference between this multiple and -j*. Thus it is known (from the trigonometno 
tables) that cot 11^ 15' =s 5 nearly ; therefore by the last formula of Art 79, putting 
tan z =s — ■. 

4 tan""* — = tan~* 

6 ,119 

and by (194) 

tan"" — — s=s tan — tan^ 1 = tan ^^ '■ 

119 4 119 ''»".* ^289 



therefore 



-T- ss 4 tan~' tan" 



4 6 — 289 

as was found aboTC. 

If we resolve tan~* -^^ by means of (e), (d) and («), we have m ss 289, 

m* -{- 1 ss 67122 = 2*18* = np, which offers several suppositions for fi andp; if 
we take n == 18* = 169 and/> s 2*18* s 888, we find by («) 

-T- = 4 tan""* -= tan-* — 4- tan"* — 

4 6 70^ 99 

which was employed by Rutherford. 
If we take n =» 1, ^ = 67122, we find by (d) 

ft ^^ . 1 ^ ^ 1 ^ -. 1 
— «■ 4 tan — > — tan, . — » tan ■ 

4 ««« ^ wa 240 '*" 67861 
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CHAPTER XIV. 

EXPONENTIAL FOBMUL^. TRINOMIAL OR QUADRATIC FACTORS. 

218. To demonstrate Uuler*8 formulce 

cos a; = J {e^'y-^ + e-*»^-^) (424) 

sin X = qJ^_i {e''^'-' - e-^y-^) (425) 

in which e is the Naperian base of logarithms^ or^ 

It is shown in the theory of logarithms that 

where for brevity we write 

(1) = 1 (2) = 1.2 (3) = 1.2.3, &c. 

We have by (405) and (406), employing the above notation, 

X 2/ Xt^ X> 

the terms of which are the same as those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (426) ; and it is evident that we shall make 
them positive by substituting 

2;2_-_^ or a:=25v^ — 1 
which gives 
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whence 

But 

therefore 

cos a: — ^/ -^1 sin a: = e-«»^-i (427) 

If in this equation we substitute — x for x, we have, by (56), 

cosa; + %/ — 1 sin a; = e*»^-* (428; 

The sum and difference of these equations are 

2 cosa: =» e'^-^ + e-^i-^ (429) 

2 ^/ — 1 sin a; = e*»^--^ — g-»»^-i (430) 

whence (424) and (425). 

219. The quotient of (430) divided by (429) is 

v^-^ltana:== ^,^_,^^,^^„ - ,2.^-i + l (431) 

220. If we put 

y = g*»^-i = cos a; + ^/ — 1 sin a; (432) 

we have y^ = e~* »^ ~* = cos a; — ^/ — 1 sin a? (438) 

and (429) and (430) become 

2 cos a; = y + y~ ^ (434) 

2 ^/ — 1 sin a; = y — y-^ (435) 
If mx be substituted for x in these formulae, we have 

y-m. — gnur ,/- 1 == COS Twa; + v^ — 1 siu mx (436) 

y--»» =r e-*»« i^ -1 = cos Twa: — -s/ — 1 sin Twa; (437) 

2 cos ma; == y** + y-** (438) 

2 v/ — 1 sm ma; = y** — y-** (439) 
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221. Moivre'% Formula. The value of y"» from (432), compared 
with (486) gives 

(cos a? + \/ — 1 sin a?)** = cos wrr + %/ — 1 sin mx (440) 

which is Moivre's Formula. It shows that the involution of the ex- 
pression cos a? + \/ — 1 sin a? is effected by the multiplication ol 
the angle. 

Again, if we multiply (482) by 

cos a:' + v^ — 1 sina?' =» ^'^-^ 
we have 

(cos a? + %/ — Isin a:) (cos a:' + ^/ — 1 sin a;') =■ «(*+*0i^' » 

= cos (a? + a;') + v^ — 1 sin [x + x') 

which shows that factors of this form are multiplied by the additioii 
of the angles. 
We have also 

(cosa;+\/— lsina:)(cosa:— %/— lsina;)=cos*a:+sin*a:=s«°=« 1 (441) 

222. Oeneralform of Motor (^ 8 Formula. As long as m is an integer, both memben 

P 
of (440) can have but one value ; but if m =s -^ the first member becomes 

(cosx + v^ — 1 8inz)« = ^ (c08x4"\/ — Isina;)' 

which has q different values* in consequence of the radical of the degree g, while 
the second member 

ooi — « + */ — Isin— « (a) 

q ^^ q 

has but one value. 

In order that both members may have the same generality, as should be the case 
with every analytical expression, it is necessary to suppose that we take for the arc 
X not merely the arc less than the circumference which has the given sine and cosine* 
but also all the arcs which have the same sine and cosine ; that is, e denoting the 
oircumference, all the arcs 

X, a^ + 6> X'^'^Cf x-^-ZCf &c. 
Now there is an infinite number of these arcs, but only q of them can give different 
values to (a) ; for all the values of the arc in (a) will be 

7"' 7'+ r 7'+ ^' • • • ; • • 7'+ -7—' 

* That is q values real and vnaginairy; thus it is shown in algebra that ^a^ = + « 
x/a^sss + 0, — a^ + a^-^ 1 ; &c. 
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But ^z4- -^^ ^ ^ X 4~ pe has the same sign and cosine as -^ x; 
9 9 9 9 

i- X 4- ^^-X — LlX- a= ( Jl-x-U ^)4-nc the same sine and cosine as — x H , &e.: 

9 9 \9 9^ 9 9 

80 that after the first q terms of the abore series, the same yalues of the sine and 

cosine return ad infinitum. Representing, therefore, the circumference hj 2 ir, 

the equation is entirely general under the form 

(cosx + ^ — lBinx)Tr= cos ^.(2nT4-x)4-v/— ltiii~(2n>r4-x) (442) 

in which n is anj number of the series 0, 1, 2, 8 q — 1. 

228. Trigonometric expreasiora of the real and imaginary roots of unity. 
If X n= in (442) it ^yes 

(l)T-3cos-^ 2nw+5/ — l8in^2nir (448) 

or (1)** s= COS 2 fnn 9r 4- \/ — 1 sin 2 mnir (444) 

m being fractional or integral. If /> == 1, (443) gives 

a*t 2n7r . J ^ . 2nyr ,AAe.\ 

^ 1 = cos 1- ^ — - 1 sm (446) 

which expresses the q roots of unity by making n successively 0, 1, 2, 3 ... ^ — 1. 
For example, let ^ s= 4, (445) gives for 

n Bs 0, v^ 1 = cos 4- v^ — 1 sin = 1 

n = 1, 4^1 = cos — 4- \/ — Isin — =^ — 1 

n^2, v^l«*sco8jr4-v^ — Isinir ■■ — 1 

n ss 8, v^ 1 = cos -5- + \/ — 1 sm -^ = — ^ — 1 
as found in algebra. 
If X = ~ in (442), it gives 

/ ^ i\m »i(4n+l)>r , . 1 . f» (4n4- 1) »" fAMti\ 

(v/— !)• = cos ^ ^ 4. ^ — 1 sm — ^ — 2 (^*^) 

which dhows that an imaginary term of any degree can be reduced to a binomial of 
the form -4 4- J? ^ — 1. 
If X «K «• in (442) we find 

.(_ 1)* == cos m (2« 4- 1) »r + v^— 1 sin m (2n 4- 1) jr (447) 

224. To reduce «n imaginary quantity of the form (a 4" ^ %/ — l)^ to the form 
A + JB^-l. 

Let k and a he determined from the equations 

k cos X =s a, k sin x = 6 

oy Art. 174 ; 'then, by Moivre*s Formula, 

(a + 6 ^ — 1)* = *• (cos X 4- ^ — i 8in.x)» 

== k^ (cos mx •]- y/ — 1 sin mx) 

and;puttiDg A != Jfe^xsos mx, ^ = A?** sin mx, 
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225. lb find the quadratic {trmomial) factors of the aviation ^ — 2 s"* oof^^- 1 ; 
m being integral. 

By (488) and (484) ire have 

y*» — 2y*"0O8f?M;+l =sO 
y« _2y C08X +1 «=0 

Therefore if we put yss^r, fnxa=2n»'4-^, orz=s 5li, we have 

ft 

aiw» — 2a!«oo8^+ 1 sbO (448) 

«■ — 2« 008 ?-^^^-ii+ 1 = (449) 

As these two equations exist at the same time, they hthve common roots, ftnd the 
second is therefore a divisor or factor of the first ; but this factor has m values in 

consequence of the m values of cos JLl- (Art. 222), found by making 

» =s 0, 1, 2, 8 ... 971 — 1. Therefore the m quadratic factors of (448) are all ex 
pressed by (449), and we have 

iT" — 2«"»oos^+ 1 = r a^ — 2«oos — + lj 

x(^-2«coB-?i!^^l) 

X • • • 

x(i'-2«eo8 ^^"'-^)"+» +l) (450) 

226. To obtain the simple factors of (448), we have only to find the two simple 
factors of each of the quadratic factors in (460), or to find the two factors of the 
general quadratic (449). Now, by the theory of equations, if z^ and z^ are the two 
roots of (449), the first member is equal to 

{z — «,) (« — «,) 
but we have by (482) 

f = y =a cos 05 + v^ — 1 sin x sa cos i— ^ + \/ — 1 «n i— ^ 

m * ^ m 

which gives the two values of z by the double sign belonging to ^ — 1. Therefore 
the simple factors of (448) are all included in the form 

«— V ^^^ Sr~ '^"" ""* 'in) ^ ^ 
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Examples. 

1. Find the qnadratio and simple factors of • 

Here m as 2, 2 oos ^ ib 2, oos ^ ss 1, ^ =a ; and bj (450), 

«• — 2i*+l=i(i* — 2«cos0+l)(i* — 2«cosT+l) 

«(i._2* + l)(i«+2«+l) 
by (451) 

« [«— (cosO + ^— 1 sin 0)] 

X [« — (cos — ^ — 1 sin 0)] 

X [« — (cos 3r + ^ — 1 sin «-)] 

X [« — (cos «r — ^ — 1 sin 9r)] 

2. Find the factors oti^ + 2^-\-l. Here m ^ 2, 2 oos ^ s= — 2, ^ bi r, and 

««4.2**+l = (a»+l)(i'+l) 

« («-^-l)(2+^-l)(»-^-l)(» + ^-l) 

8. Find the factors of s* — ^ + !• 
«• — i» + 1 = (a? — 2 » cos 80» + 1) (2» + 2 » cos SO" + 1) 

= («-}V'8-}v/-l)(»-J^8+J%/-l) 

4. Find the factors of «* — 2a* + 1. 

,>_2«'4.1 = (jC— 2»+l) (i' + «4. 1) (i'+s+l) 

227. To find the quadratic faetara of t^ — 1 when m is odd. 
In (450) let = 0, it becomes 

(ii--l)««(«-l)«X (^-2«cos^+l) 

X (i*-.2«co8 — +1) 
X • • • 

x(*'-2»cos2J!!L=lIr+i) («2) 

Now m being odd, m — 1 is eyen, and the number of trinomial factors in (452), 
exclusiye of (2 — 1)% is even ; but 



2(wi— l)5r /„ 2ir\ 2ir 

cos — ^^ — — — - — = cos 1 2 IT 1 = cos —^ 

w» \ m / m 



so that the first and last of these factors are equal. In the same manner it is shown 
that any two of these factors equally distant from the first and last are equal , 
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tterefore, uniting these eqnal factors and extracting tlie square root of both meni> 
bers, we have, vhen m it odd. 



-1 = (.-1)X («»-2»co8^+l) 

x(i'-2.oos-^ + l) 



x(*'-2.cos(?!?=i)r + l) (468) 

228. 7b find the quadratic faetort ofi^ — 1, when m is even. 

When m is eyen, m — 1 is odd, the number of factors in (452), exclusiye of (t — 1)*, 
ifl odd, and the middle factor will not combine with any other. This factor is the 

(?) 



and contains 



2 



G') 



COS = COS T s= — 1 

and is therefore equal to 

BO that nniting the remaining factors, and extracting the square root, we haye, 
when m » even, 



ir»-.l = (,-.l)(,+ l)x (^•-2*cos^ + l) 

X (i*-2jcos-^ + l) 



X • • • • 



X (^•-2«cos^^-^+l) (454) 

229. To find thefaetore o/iS» -f- 1, when m m odd. 
In (450) let ^ ^ <r, it gives 

(«-+!)• = (a* -.2* cos ^+l) 

X (i«-.2*oosii + l) 

X • • • 

x(^-2.cos(2!^^ + l) 

and it is easily shown, as in the preceding articles, that the factors equally distant 
tntm the first and last are equal, and that the middle term isi^4'2'+^'=('+^)^ 

M 
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jftenoe we flnd, whm m it odd, 

««+ls=(af+l) X (2«--22co8~+l) 



X ^2« — 22C08-^+l) 



• • • 



X (a* — 21^008^.^:^^+ l) (466) 



280. To find thefaeiort o/it^+1, when m it evm. 
The same proce8s giye8 



«« + 1 = ( i* — 2« cos — + l) 
X («• — 2«co8^+l) 



X • • • • 

x(^-2»eoB ^'"~^^*' +l) (456) 

281. The simple factors of (458) and (454) are obtained from (451) by putting 
4 s=s 0, and those of (455) and (456) by patting = 7. There will be found pairs 
of equal factors as in the preceding articles, but all the different simple factors will 
be found by taking only the positive sign of the radical y/ — 1. 

282. Any function of the form s^ — 2p s^ •\- q may also be resolyed into quad- 
ratic factors. It is only necessary to reduce it to one of the preceding forma. By 
resolying the equation 

a*» — 2j>««+2'sbO (467) 

we shall find from its two values of 2^ 

and if we put the absolute term in one of these factors =: dtz a"* (according to its 
sign) it becomes 

2» =fc a"» = a"» (^ —jjj- =t 1) = a"* («^ it 1) 

in which g = a/, and the factors of this last expression may be found by one of 
the preceding articles. 

If, however, the values of 2^ in (467) are imaginary, i. e. if j?* < g, this method 
fails to discover the real quadratic factors, and we must proceed as follows. Put 
g sai a*^, then the proposed function becomes 

p 
m which j =b a/; and since in the present oasej? < d^, ^ is a proper firaction^ 

and we may put ^ as 00s 0, which reduces the given function to the fonn (460). 
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CHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. MULTIPLE ANGLES. 

288. Thb true deyelopments of sin mx and oos mx in series, when m is not re- 
■trioted to integral values, were first obtained bj Foiruotf and form the subject of a 
memoir read bj him before the French Academy of Sciences, in 1828.* The fol- 
lowing problem is the basis of these investigations. 

284. To develop {k + ^A» — l)**, in a aeries of ascending powerB of h. Let 



and assume 



dz 
Ik 



9 •— ^ jo.^ "j" Jxx fC -J- ,^3^ fb "J" Jx^ Ki • • • • "^ '^n ^» • • • • 

Differentiating (a) and putting 

z' = 
we find 

''-"•(*+^^""'x(^+;7(F=i)) 

the square of which gives 

«,«2* — (A:* — l)aj'« = 

Differentiating this and putting 

cfe' 



(A. 



m2 



• (*•-!) 



w 



a" = 



<f)b 



we find, after dividing by j^, 

m»2 — Asz* — (*» — 1)/' =s 
Again, dififerentiating (h) twice, we find, 

sf =^j + 2^,&4.8AA». . . . + n^ ie^^ . . . . 

2" = 1.2 ^, + 2.3 ^, A; + 8.4 ^, A:» . . . + (n — 1) n ^„ A;*-* . . 

Substituting^ {d) the values of 2, /, /', given bj (5) and («), we have 



« 



=s wiM, 



4-1.2^ 






+ 2.8^, 



— 2^, 

— 1.2ila 
+ 3.4 ^, 



/t • • • • 



*• 



} (*^ 



• • • • 



• * • • 



• • • 



• • • • 



— n ^ 

— (n — 1) 11 ^n 

+ (n+l)(n+2)^,+. 

m which each of the coefficients of the powers of k must be zero. To discover the 
aw which governs these coefficients, it will suffice to examine that of the general 
i<erm, or the coefficient of Af*, which is 

K-n*) ^,+ (n+ 1) (n+ 2) A^ «0 
whence 



An^ = — 



wi* — n* 



(» + l)(» + 2) 



* See the published memoir, '* Reeherches eur V Analyse des Sections AngvlaireSn* 
^aris, 1825 
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80 that flrcm the first coefficient, ^«, we find by making n = 0, 2, 4, 6, ko^ 



m* 



_ m* — 2* . «t*(f»« — 2«) 

^ 8^4~~ "*• =" 1-2-8-4 "*• 

m* — 4* _ w,*(wi« — 2*) (m« — 4«) 

"*•— 6^6~^* 1-2-8-4-6-6 ^ 

&o. 

and from the second coefficient, A^t we find by making n ss 1, 8, 6, &c 

_ i»>-8^ K-1«)K^8*) 

^» 4^6" ^•~ MTB "*' 

^'"^ 67"" •** 2-8-4-6-6-7 ^' 

&c. 

Therefore, if we put 

2'8 ^ 2-8-4-6 

the equation (5) becomes 

and it only remains to find A^ and A^. In (a), (5), (c) and (e), put k=s 0; we find 
Therefore we haye, finally, 



8 = (A:+^A*— 1)- s= (\/— ir ^+ (\/ — 1)"^ «»^' (^^) 



285. To develcp (^ 1 — A* + A ^ — 1)"* m a teriei of ateendinff powers ofh. We 
naye 



therefore by (458), exchanging k for A, 



(^1 — A« + A^ — 1)-=: (^— 1)«[(^— !)"• jr+ {^_ l)-^* mJI'] 

in which J7 and i7' are what K and iT' become when h is put for k. Combining 
the imaginary factors in the second member, obserying that 

(^-1)-X(^. ir = (^ !)«• = (1)T 
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fwMcli most not be put equal to unitj, since m ma.j be a fraction, and unity has 
imaginarj roots,) and also that 



we bare 

(^1-A*+A^— 1)-=(1)« Jr+^ — 1(1) • mS' (469) 

in whioh 

TO« _ 1« (m« — 1») {«• — 8») .. . 
^'-* 2^8-*+^ aib ^A'-&c. 

286. To develop the eine and eoeine of the muUipU angU in a eeries of cucending powere 
of the eoeme of the simple angle. 
When in is an integer, this problem requires us simply to deyelop sin mz and 

cos mz in a series of powers of cos x ; but when m is a fraction =s ~, the Angle mx 

has q yalues which have the same sine and cosine, (Art. 222), if we consider x to 
represent all the angles which have the same sine and cosine as the simple angle. 
We shall therefore employ Moiyre's Formula in its general form (442), or 

(cos as 4- \/ — 1 sin «)"• ^ cos wi (2 n a- + x) + %/ — 1 sin wi (2 n jt + *) 

Putting A s=: cos z we have by (458) and (446), 



(cosa: + ^— 1 sin x)- = (* + v^ A*— l)-» 

=a (^— l)m ^4. (^_ l)m-, ^ ^/ 

= cos(-(%+^)-).ir+^^isin(-(^-';+^)-Vir 

' +cos((!!illlHi^ 

Comparing the real and imaginary terms of these two values of (cos x -^v^ — ^ ^^ ^)*^» 
we have 

/« . ^ /'»(4n'+l)a-\ -. . /(m — l)(4n' + l)T\ 

' /o • N • / wi(4n^ +l)^\ J- , . /(wi— l)(4n'+l)T\ ^ 

p 
If f» is a fraction sa ^, each member of these equations receives a values by 

9 

taking successively for n, or n\ the numbers of the series 0, 1, 2, 8, . . . q — 1 ; but 

we are now to show what values of n and n' correspond to each other in the ^wo 

members. Let z =s •^, then k =s 0, K sss 1, K' sss 0, and we have 

i»(4n+l)jr w(4n'+l)»- 

COB — ^ ^ ^— SB COS — 2^^ ^ i- 

. wi(4n+ l)9r . in(4n'+l)jr 

Bin - ■ — ^' -J— a=s sin — ^ — ^ — -' - 

18 v2 
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therefore these two angles can onlj dilSer bj some multiple oi 2 r, or ire must 
haye 

2 2 h-^w »• 

whence m {n — n') =s n" 

p 
but fn being a fraction ^, and n, n' numbers of the series 0, 1, 2, . • , q — 1, w« 

eannot haye m {n — n') equal to an integer n", unless it is zero ;* therefore 

n — n' SB 0, n =s n' 

and the above doTelopments are 

oosm(2n,+ x)=co8 (!!i(i^^tI)T).ir+co8 ( (!!^=1I(*JL±IL').^ (4C0) 

in which 

K' B cos X H-^ — cos" «+ ^ 0-5-7-E cos* « — &o. 

It hence appears that, in general, it requires the combination of two series to ex- 
press the cosine and sine of a multiple angle in powers of the cosine of the simple 
angle, when m is fractional. 

237. When m is an integer, one of the terms of (460) and (461) will always become 
zero, and we shall have but a single series to express the function of the multiple 
angle. The first members become in all cases 

cos (2 mn 9r -}- mx) =s cos mx 
sin {2 mnvr •\- mx) as sin mx 

and the second members yary according to the form of m. In (460), if 

m s 4 m', cos mx ^ K 

m 1= 4 m' -}- 1, cos mx = mK' 
971 =s 4 m' 4" 2» cos mx ss — K 
m ss 4km' -{- Sf cos mx ^ — mK' 

and since when m is even, the series K terminates, and when m is odd, the series K' 
terminates, these four equations are all finite expressions, and will give the equationf 
of Art. 76, bj making m = 1, 2, 8, &c. 

In (461), if 
m = 4 m', sin ma; sa — mK' 

m SB 4 fn' -}- 1, sin mx ^ JT 

m=34m'4-2» sininzas mK' 

f»Bs4 97t'4-Sf sinfnxBs — JT 

P 
* Since — is supposed to be reduced to its lowest terms, p and q are prime to each 

" p (fi fi'\ 

other , tnerefore, if ^-^ ^ is not zero, q must divide n — n' ; which is impowiible^ 

since the greatest value of either n orn' is g — 1. 



. (462) 
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In these fcrmulse, howeyer, the series do not termiz,aie, but by differ entiating 
( 102) we find for 

m sa 4kfn'f sin mz =s — m sin x (cos x — — ^^ cos* x + &o.) 



(468) 



M SB 4 m' -}- 1, sin mz as sin x (1 — — cos* x + &o.) 

m ss 4 m'-}- 2, sin mx =a m sin z (cos x ^ — cos" x + &c.) 

wi* — 1* f 

M as 4 m' 4- 8> sin wi« = — sin z (1 — — cos* z + &c.) 

•11 of which terminate and give the equations of Art. 75. 

288. To develop the sine and cosine of the multiple angle in a series of ascending powerM 
yf the sine of the simple angle. 

We take as before ^ 

(cos « + \/ — 1 Bin z)** ^ cos wi (2 na- + z)+ y/ — Isin wi (2 njr + «) 
Patting A ss sin z, we have, by (459) and (444), 
(o«iz + ^— Isinz)"* = (^TZl* + A ^ — 1)« 



= (1)» 5-+^ — 1 (1) * mH' 

= cos mn'v . -Er4- %/ — 1 sin winV . H 

•\-\/ — Icos (wi — l)n'7r.mff' — sin (m — l)n'<r. mil 

Comparing the real and imaginary terms of these equations, 

cos wi (2 nar + z) SB cos mn'yr , H — sin (m — 1) nV . mH' 
sin wj (2 11^ + z) = sin wj n' jr . 5"+ cos (wi — 1) n'v , mH' 

and to find what values of n and n' correspond, let z = 0, then A= sin z s= 0, i7 ss 1, 
£r' ^ 0, and we have 

cos 2 m n r SB cos mn'v 
sin 2 m n9r s= sin m n'v 

from which we infer that 2 mnr = mn'yr, or 2 n = n', and hence 

cos m (2nT + z) = cos 2 mnir . JT — sin 2 (m — 1) nT • iMjET' (464) 

sin m (2 na* + z) = sin 2 mn t . J5r+ cos 2 (wi — 1) ntr . wi-ff' (466) 

in which m being a fraction =s — , n is any number of the series 0, 1, 2, 3, ... ^ — 1 ; 
and ^ 



T2 



sin* z4" 



m* (m* --- 2*) . ^ 



1-2-3-4 



sin* z — &c. 



i7' =: sin z — 



m*— r 
2-8 



sin'z 



+ "--ar-''' -^—'- 



289. When mis an integer, the first members of (464) and (465) become cos ms 
and sin mx ; and the coefficients of the second members contain only multiples of 
2»-; therefore we have 

eos mx ^ n sin mz SB mH' 



But the series H terminates only when m is eyen, and the series H' only when m U 
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odd, and we must also employ the derivatiyes of these equations to obtain HaitM 
pressions in all cases ; thus we have also 



sin mx :s 



dff 

mdx 



cos mx 



dW 
dx 



Therefore differentiating the series H and H\ we shall have, when 



m = 2 fn', 



cos mx 



m^ 



1 — —^ sin* X + &c. 



f» ss 2 m' -(- If cos «ii« =a cosx(l Y^ — sin* x + &o.) 



- (466) 



m =s 2 m', 



f»* — 2* 
sin mx ss f» cos x (sin x jr-x — sin* x -f- &c.) 



HI* — 1* 

f» =a 2 f»' 4- 1) sin «ii« = w (sin x ^^ — sin* x + &c.) 



(467) 



all of which terminate, and giye the equations of Arts. 77 and 78. 

240. To develop the sine and eoeme of the multiple angle in a eeriee of ascending p ow tn 
of the tangent of the simple angle, 

Tte have 

COB m (2 nr 4- 2) 4~ \/ — 1 sin w (2 nw + a;) = (cos a: + ^ — 1 sin «)* 

^ cos"* as (1 4- \/ — 1 tan «)"* 
Expanding by the Binomial Theorem, and putting 

_ , m(m — 1) , . , m(m — 1) (w — 2) («• — 8) . . . 



m, 1. «! (Wl — 1) (Wl 2) . - , « 

2^' sss f» tan x ^ —^ tan* x + &c. 



we have 

cos wi (2 njr+ z) + ^ — 1 sin wi (2 njr + a:) = cos*** (r+ ^ — 1 T') 

But the imaginary and real quantities are not yet distinctiy separated in the 
cond member, for m being fractional cos*" x has a number of imaginary yalues. If 
we designate its real value by cos"* z, all its values are included in the expression 

cos"* X (l)*" ^ cos"* X (cos 2 mn'fr 4" %/ — 1 sin 2 mn'w) 
which, substituted above for cos"* x gives 

C08wi(2n«-4-a;)4-\/ — lsinin(2nT4- z) =cos"»z (cos2 iwiV . T — sin2 mn'r. T') 

4- y/ — 1 cos"* z (sin 2 mn'tr ,T-\-QOfi% mn'w, T*) 

Comparing the real and imaginary terms, we now have 

cos m (2njr 4- a;) =» cos"* z (cos 2 mn'w . T — sin 2 mniit . T') 
sin wi (2 njT 4- *) = cos"* z (sin 2 mn'w . ^4- cos 2 nm'w . T') 

•nd U is shown as in the preceding problems that n ^ n', whence 

cos i» (2 nr 4- as) = cos** z (cos 2mnw , T — sin 2 mnsr . T') (468) 

Bin f» (2 nsr -)- z) s cos"* z (sin 2 mnv . ^4" <^b 2 mnx* . 2^0 (^69) 



IfULTIPLE ANGLES. 141 

In which m being a fraction ss -^^ n is any number of the series, ), 1, 2, . . . j^ — > 1 ; 

9 

and cos* x denotes onlj the real value of ^(cos zy, 

241. By the division of (469) by (468) 

/o . X tan2mn»r. r+ r' ,._., 

tan «i (2nr + x) = •= r — 5 -1-^ (470) 

^ ' ^ T — tan2mnir. T' ^ ' 

242. When mis an integer, both the series T and T' terminate, and in all oases 
008 2 nM «• =a 1, sin 2 mn «r ss ; and (468), (469) and (470) give 

cos mx = cos"* z . T (471) 

sin mz = cos" z . T' (472) 

tan wiz = — (478) 

ifhich last expression embraces all the equations of Art. 79.* 

248. Before the memoir of Poinsot, developments were given for the multiple arcs 
in series of descending powers of the sine or cosine of the simple arc ; but he has 
shown that these developments are impossible, except when m is integral, and in this 
ease the series are the same as the preceding, with the terms written in inverse 
order. 

244. To devdop any power of the cosine of the simple angle in a series of sines or cosines 
of the muUipU angles, the cosine of the simple angle being positive. 

If y ss cos 2 4" \/ — 1 sin z, we have, by (434) and the Binomial Theorem, 

(2 cos z)- = (y f sr*)"* = y"* + w^r-* + ^i^^^H^ sT"* + &c 

and by Moivre's Formula, 

y« ^ cos w (2 fiT + a?) + %/ — 1 sin w (2 nr + z) 
uiy*-* SB m cos (m — 2) (2nar+z)4- w»\/ — lsin(wi — 2){2nT^z) 

&c. &c. 

Therefore, if we put 

P%n n^ = cos Wl (2 flT +.Z) + Wl COS (wi — 2) (2 11 T + z) + &0. 
•P •nir+se = siu Wl (2 fl a* + z) + Wl siu (wi — 2) (2 n TT + «) + &c. 

we have 

(2 cos Z)m = P.„,^ + %/ - 1 P\nn^ (a) 

Now m being a fraction (2 cos z)*" has imaginary values, but when cos z is positive, 
it will have at least one real positive value, and then (2 cos z)*" being understood to 
lenote only this real value, all the values are included in the formula 

(2 cos z)"« X (!)"• = (2 cos z)« (cos 2 mn'vr + ^ — 1 sin 2 wm'r) 



♦ Although the formulas for multiple angles require, in general, the combination ot 
two series when m is not an integer, yet there are certain cases, even when m is a 
fraction, in which one or the other of the series will disappear. See the memoir of 
?«nfot, cited at the beginning of this chapter. 
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Therefore we haTe 

(2 cos «)"• (cos 2 wMi' ?r+ \/ — 1 sin 2 mv! n) =« P%nM\9 + v^ -~ ^ •'%««4« 

(jcmparmp the real and imaginarj terms, 

(2 cos x)*" cos 2win'jr =» i»fi»+« 
(2 cos «)"• sin 2 wn'r = P'.^ ,r^., 

and to find the corresponding yalnes of n and n\ let a; ^ 0, then (2 oos x)"* ^ 2*"t 
and t^e series become 

P,„, e= cos 2 ww» jr (1 + m -| ^ ^ + &c.) 

= COS 2 ini»«- (1 + 1)"* 

Bs 2*"coB 2t7m«r 
and in the same way 

P'an V ss 2 *>* sin 2 fnnir 
Therefore our formulad become 

2"* cos 2 mnlv ss 2"* cos 2 nifi sr 
2^ sin 2 mn'v = 2^ sin 2 mnft 

and as in former cases, it is shown that n ss n\ so that we have finally 

(2 cos xY = ^V^+' (474) 

* ' cos2 9Rn9r ^ ' 

(2cosx)'»= .^V"^'- (476) 



^ 



From this it appears that the real and positiye yalne of (2 cos z)*maj be expressed 
either bj a series of cosines or by one of sines of the multiple angles, and by 
comparing (474) and (476), we have the following constant relation between these 
series. 

^»wir.H, _. 8in2inny 
•^•nir-i-a COS 2 fTtflir 

245. If n = 0, (474) gives 

(2 cos x)^=:Pjg = COS ??ia; + wi cos (m — 2) z ^ i— g ^ cos (wi — 4) jc + &«• (476) 

which may be employed as the general deyelopment of the real yalue of (2 ooa «)«*, 
when a; < ■^. 

246. The same supposition of n s=s 0, j^yes sin 2 nm r ss 0, and (476) giyas 
therefore, 

= P', ==sin wig+msin(m — 2)g+ ^^"*~ ^ sin(ro~4)g + &c. (477) 

p remarkable property of this series of sines of multiple arcs, which holds for all 
values of m, provided x < -^. 

247. To develop any power of the cosine of the Htnple angle m a eeriee of emee or 
of the multiple angles^ the cosine of the simple angle being negative. 



/ 
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If the denominator of n is eyen, there is no real yalae of (2 eos x)"* when eo0 9 
18 negatiye ; but we may put 

(2 COS «)« = ( - 2 cos x)'" (— !)"» 

= ( — 2co8a;)"'[cosw(2n'+l)»' + ^ — lBinin(2n'+l)r] 

i^Mch, substituted in equation (a) of Art. 244, gives 

( — 2 cos x)"^ cos w (2 n' + 1) «• =s P^n^+x 

( — 2 cos x)*" sin wi (2 n' 4- 1) «■ = JP'%nw+m 

Making % «= ir, cos x s= — 1, ( — 2 cos x)*" =s 2*", and the series become, by the 
process tihsmn in Art. 244, 

^(«n+j)« = 2«cos wi (2n+ !)«• 
i*c««+o» =2«8inm(2n+l)«' 
iind we ha>« 

2'»cosm(2»'+ l)jr = 2'«cosm(2n + 1)t 
^"•sin w(2n'+ !)»• = 2"«8inwi(2n+ l)3r 

whence, as before, n =a n', and our formulas are 

(— 2 cos x)« = Yo' '-*r-iT- (478) 

^ ' cos wi (2 n + 1) »• ^ ' 

(- 2 cos x)- « -^ ^r'V',, ^ (479) 

^ '' sin m (2 n 4" 1) «• 

bj which it appears that the real yalue of ( — 2 cos x)*" is also expressed either by 
a series of cosines or of sines of multiple arcs, which series haye the constant re- 
lation 

P'^nw^ ^ sin wi (2 n + 1) y 

-P.nr+a COS Wl (2 n + 1) T 

248. If n = 0, (478) and (479) giye 

P 1 

(— 2 cos x)*** ss — 2^ =s (cos wix 4- HI COS (m— . 2) X + &c.) (480) 

^ ' coswa- coswiar ^ / i / \ / 

( — 2 cos x)*»» = -; — — =s -; (sin mx 4- »" sin (wi — ^) x 4- &c.) (481) 

sin 971 T sin 971 TT 

In this case sin m 9r is not zero, unless m is an integer, so that the series P^ does 
not become zero when x > -^, and both (480) and (481) maybe employed as the true 

deyelopments of ( — 2 cos x)"*. 

249. When m is an integer, the series (476) and (480) always terminate at the 
(m 4- l)th term ; and, since in (480) cos m^r = :i= 1, according as m is eyen or odd, 
and ( — 2 cos x)^ 3= it: (2 cos x)"* in the same cases, both (476) and (480) beconsv 

(2 cos x)™ =s cos mx 4- w cos (m — 2) x 4- ^' ^ ^ cos (wi — 4) x 4- &c. (482) 

But the series (481) becomes zero, so that (482) is the only series by which 
(2 cos x)** can be deyeloped in functions of the multiple area, when m is integraL 
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260. To develop any power of the nne of the simple angUy in a eeriee ofeinee or eonnet 
of the multiple anglee. 
If y sas cos X + v/ — 1 sin z, we have, by (485) and the Binomial Theorem, 

(v/ — l)*" (2 sin z)"* = (y — y— )- 

. , m (m — 1) . a. 

a= y"» — f»y«-*-) ^— g y*""* — &0. 

in which y™, y*"~*, &c. have the same values as in Art. 244, but the signs of the 
coefficients are alternately -|- and — , so that if we put 

^anir-fx == COS W (2 fl jr + *) — W» COS (wi — 2) (2 n T + 3^) + &o« 
Q^^nw^a = sin wi (2 n w + x) — w sin (wi — 2) (2 n 9r + ^) + &<)• 
we have 

(v/— ir(2sinx)'»= &«» + ,+ v/ — l ^.n»+, 

Substituting the value of (v/ — 1)*" by (446), and comparing the real and imaginary 
terms, we find 



/o • N« w(4n'+ l)ir - 

(2 sin x)« cos — i — ^ — ^ = &„r+. 

/ft . X , w (4 fi' 4-1) ir ^, 

(2 sin z)*" sin —i J ^ =» e««r + » 



«• 



and if we make z = -^, we shall find by the process frequently employed above, 
that n ss n' ; whence 

SO that the real value of (2 sin z)"* may be developed in either the cosines or sines 
of the multiples. The two series have the constant relation 

y»n>.}.» _ sin } w (4n+ l)y 

C«nir + « C08j»l<4n+ 1) W 

251. If n = in (483) and (484), 

Q 1 

(2 sin z)*" = — — r--— = i (cos mz— in cos (m— 2) z+ &c.) (486) 

^ * cos ^ mTT cos }wi?r ^ '' /\/ 

0' 1 
(2 sin z)"» = -r-?-^ — = -r— 1 (sin mz — in sin (wi— 2) z + &c.) (486) 

both of which series are applicable when m is fractional. 

252. When mie an integer^ one or the other of the series (485), (486), will always 
be zero, according to the form of m, and there will be but one series to express 
(2 sin z)*". 

If w = 4 m', (2 sin z)«» = cos wz — m cos (m — 2) z + &c. (487) 

wi = 4 wi' 4" 1» (2 sin z)"» = sin i»z — m sin (m — 2) z + &c. (488} 

in = 4 w' + 2, (2 sin z)"* =s — (cos mx — m cos (m — 2) z 4- &c.) (489) 

»n=:4TO'4-3, (2 8inz)"»= — (sinwiz — TOsin (m— 2)z4-&c.) (490) 



MULTIPLE ANGLE& 146 

268. The series (485) and (486) become zero when m is an integer, as follows : 

If m ■■ 2 m', ^ sin mz — m sin (m — 2) x -f- &c. (^^^) 

fn =s 2 f»' -f- 1> =s cos mx — m cos (m — 2) x 4" ^^* (492) 

The reason why these series are zero is obvioas, since thej terminate ai» the 
(m -f- l)th term, the terms equally distant from the first and last are equal with 
opposite signs, and the middle term of (491) is zero. 

254. Oiven the equation 

tan X sss p tan y (498) 

to expreee xdtzy ina aeriea of multiples of y. 
SnbsUtating the yalnes of tan x and tan y giyen by (481) 

^«/-« — 1 c'y^'-* — 1 

P 



whence 

^./-. « (;>+i)^'>^-»-(i>-i) 
■" i?+i — (jp — i) ««»»'-» 

or flitting 



^ = 7+1 • (*»^> 



1 — gr^yy-* 



Taking the Naperian logarithms of both members, 

2 (x — y) ^ — 1 = log (1 — grc-'fV-*) — log (1 — j(j«»V-t) 

and deyeloping the second member by the formula 

log (1 — n) =s — n — J n* — J n* — &c. 
we have 

2(x — y)v'— 1= — je-**^-* — } ?* «-*»>'-» — Jgri^-iyV-t _ ^ 

+ gr^yv-t +jj«c*vV-« 4.j5r«gi»y-« 4.&0. 

Substituting in the second member by (430), 

X — y s= ^ sin 2y 4- } ^ sin 4y -}- I jT* ^in 6y -f &o. (b) 

The equation (a) might have been put under the form 

1 
1 _ — e»y>^— 1 

«*(«+y) V-* «8 ? 



2 



from which, by taking the logarithms and substituting as before, 

sin2y sin4y sin6y ,. 

'+v r^-- 2?^-- sF"*"- ^'^ 

In this investigation, we have, in effect, used Moivre's formula, in its limited or 
less general form ; but the requisite generality may be given to our results, by ob- 
serving, that (498) would hold if we were to substitute tan x = tan (nV+x), tany 
r^tan (n'V4-J/)f and therefore we may substitute for the first member of (6), 
\9 W 
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nV + jc — (nV -^y) ssx — y — (n" — n') t = x — y — njr, n being (like n and n"j aL 
arbitrary integer or zero. Hence, the required general deyelopment of z — y in 
series is 

z — yssfir-f-S' sin 2 y 4" J^'sin 4y+ Jj^ sin 6y4" &c. (496) 

In like manner, since tan x = tan (x — nV), tan p = tan (y — «V), we may substi- 
tute in the first member of (c), z — n'jr-\-y — »"«•!= z + y — ntr, and the general de- 
velopment of r -)- y in series is 

sin2y sin4y sin6y 
x + y = nr ^^ ^^5 S^" + *<^- (^^^^ 

In these formulas z and y are supposed to be expressed in arc, and to obtaio 
X qp y in seconds, the terms of the series must be divided by sin 1". 

255. The preceding problem is particularly useful in finding z when p and y are 
given, and z is nearly equal to y ; in which case p is nearly equal to unity, either 

7 or — is a small fraction, and one of the series (495), (496) converges rapidly. 

Examples. 

1. Given y = 5(y» and^ = 1-00065, to find z from (493). 

Taking only the first term of the series (495), and assuming n =s 0, 

2 y =: 100® log sin 2 y 9-99885 

^ = T000-65 ^^«^ ^-^^^^^ 

ar CO log sin 1" 6-81448 
« — y =a 65"-995 log (x — y) 1-81952 

X = 50O 1' 6"-995 

2. Given y = 50®, and j» =s — 1-00065, to find z from (498). In this case 

_ 2-00065 
^ *" -00065 
and the computation by (496), if we assume n = 0, is 

2 y = 100® log sin 2 y 9-99885 

1 -00065 



log^— 1^—6-51174 



q 2-00065 ° \ q 

ar CO log sin 1" 6-81443 
X -I- y — __ 65"-995 log (z -I- y) — 1-81952 

X = — y — 65"-995 = -- 50® 1' 5"-995 
or, itn = l,x== 180® — 50® 1' 5".996 = 129® 58' 64".005. 

In general, (493) is to be solved by (495) when p is positive, and by (496) whntp 
Is negative. 

256. CHven the equation 

sin (« 4. z) = fn sin 2 (497) 

io espresa z in a series of multiples of a. 
We deduce as in Art. 168, 

tan(«4.}*) = ^^tan}* 
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which is reduced to (49Z) by pa{ting 

m + 1 

whence q e= — r— =• = — 

and (495) becomes 

, sinee , 8in2fle , sinSee , . /Aaa% 

which is to be employed when m > 1 ; and (496) becomes 

i?+ * = ««•— wisin* — }m*8in2*— Jm^sinS* — &0. (499) 

which is to be employed when m •< 1, fi being any integer or lero. 

257. Cfiven the equation 

m sin dt /Kiuw 

tan z = , . (600) 

1 + wt cos It ^ • 

to express z in a series of multiples of ±. 
This equation in the form 

sin z m sin et 





_^ 




1 
m 


P 




m — 1 


9 


m + 1 



cos z 1 -|- m cos flt 

giyes sin 2 4" ''^ Bin 2 cos et ss m cos « nn « 

sin 2 =: m sin (ee — z) 

tan (z — let) ^ — r— =- tan A « 
' m+ 1 

which Is reduced to (493) by substituting 

X =s g — } a 

whence 

and the series (495) and (496) become 

sin « , sin 2 a sin 3 at , . r»*%«* 

,_.==«,___+ ______ +&<, (601) 

2 = nir-fm sin dt — }f7i*sin2ei-]-}f7i*sin3fle — &o. (502) 

258. Oiven the equation 

m sin It /KAo\ 

tan z ^ = " (508) 

1 — mcostf ^ ' 

to express zin a series of multiples of a. 

The •quation (500) becomes (503) by changing the signs of both m and « : the 
tame changes in (501) and (502) give 

, sin A sin 2 * sin 3 « - ,-. .. 

z + A=znir —-^ -—5 &0. (604) 

m 2 m* 3 m' ^ 

z = n T-^- m sin « ^ } m* sin 2 dt 4- i fT*' Bin 8 « 4" ^^ (^^ 
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269 In aplane triangle A B C^ given a, b and 0, tofindAorBhy aHrtMofmMfim 

By (260) 

y sin C 



1 r-C08 C 





which, compared with (608), gives, by (606), 

. fl . _ , a* Bin 2 C , fl8 sin 8 C , ^ 
^ = y8in(7+^.-y-+^._g-..+ &0. (606) 

n being necessarily :b in this case. B is found by the same series, interchanging 
a and b, 

260. In a plane triangle, ABC, given a, b and 0, to find ebya teriee of muU^Ua cf O. 

We have 

c» = a« + &• — 2 oi cos (7 (607) 

-_.= _. cos (7+1 



by(461) = ri.-«(cos(7+^— l8in(7)l 

X [A- (cos (7-^-1 Bin C)] 

1 = fl — £. (cos (7 + v^ — 1 sin (7)1 X [l — y (cos (7— -v/ — 1 sin (7) J 






Taking the common logarithms, employing in the second member the formula 

log (1 — n) =s ^M{ri. + } n*+ J n»+ &o.) 

and applying Moivre's Formula (440) in expressing the powers of cos(7 =1: v^ — 1 sin C^ 
we have 

2 log e — 2 log 5 a 

— iffy (cosC+v/— lsin(7) + ^ (cos2(7+v/— lBin2(7) + &o.] 

-.if r^ (cos (7-- v^--l sin (7) +~ (cos 2 (7— v^--l 8in2 C) + fto.! 

1 , . %rf ^ ^ . «* cob2(7 , fl* 008 8(7 , ^ \ ,«^o. 

log c = logd — if (^ — cos (7 + ^5- . — ^— + gj. . — g— 4- &o. j (608) 

This series was first given by Legendre. The series (496) and (496), npon which 
are based those of the subsequent articles, (Arts. 266, 267, 268 and 269), are due 
to Lagrange. 
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SPHERICAL TRIGONOMETRY. 



CHAPTER L 



GENERAL FOBMUUB. 



1. Spherical Trigonometrt treats of the methods of computing 
the unknown from the known parts of a spherical triangle. 

It is shown in geometry,'*' that a spherical triangle may, in gene- 
ral, be constructed when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be computed. 

We shall at first confine our attention to such triangles only as 
are treated of in geometry, namely, those whose sides are each less 
than a semicircumference, and whose angles are each less than two 
right angles ; that is, those in which every part is less than 180°. 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle ; but, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those angles ; 
dnd the angles which those sides form with each other are regarded 

* The stadent is her« supposed to be acquainted with Spherical Geometry, 9* 

least so much of it as is to be found in Legendre's treatise, or in that of Prof. Peir 

•f Barrard University. 

n2 149 



150 SPHERICAL TRIGONOMETRY, 

as identical with the angles of inclination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in. 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations in question ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formulae from a direct con« 
sideration of the solid angle itself. 

3. In a spherical triangle^ the sines of the sides are proportional 
to the sines of the opposite angles. 

Let AB 0^ Fig. 1, be a spherical 
triangle, the center of the sphere. 
The angles' of the triangle are the 
inclinations of the planes AOBj 
AO and BO Oy to each other, and 
will be designated by Ay B and (7; 
their opposite sides respectively will 
be designated by a, b and {?, as in 
plane triangles. The trigonometric 
functions of these sides will be the same as those of the angles 
BO Cj AO Cj AO By which they subtend at the center of the sphere. 
(PL Trig. Art. 20.) 

From any point B' in 05, let fall J5'P perpendicular to the plane 
AOC\ and through B'P let the planes B'PA\ B'PC he drawn 
perpendicular to OA and 0(7, intersecting the plane OAO in. the 
lines FA\ PC\ and the planes AOBj BQO in the lines A'B\ B'C. 
The plane triangles A'P B\ B*P C are right angled at P ; and 
OA'B', OC'B' are right angled at A' and C The angle B'A'Pj 
being formed by two lines perpendicular to 0-4., is the measure of 
the inclination of the planes AO B^ AO C^ or oi the angle A\ and 
B C'P is the measure of the angle (7. 
We have therefore, by PL Trig. Art. 15, 

sm A = sin B'A!P = -rr^rn 

BA' 

sinO=sin5'0'P=^'^ 




BC 



whence 



sin J. B'P BC _ JffG[ 

sin "" B'A' ^ BP "" BA! t«) 
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Again, 



Bin a = sin ^0(7'= 



B'O 



sin c = sin B'O A' = 



B'A' 
B'O 



whence 



sin a 
sine 



B'O' 



B'O ^ B'A' B'A' 



B'O' B'O 

X 



(») 



Comparing (m) and (w), 



sin a 
sine? 



sinJl 
sin O 



(1) 



which in the form of a proportion is 

sin a : sin (? = sin J. : sin 



which is the theorem that was to be proved, 

4. In Fig. 1, Aj a, and c, are each less than 90°, but the con* 
Btruction would not vary if any of these parts were greater than 90°, 
except that the points A' and (7' might be found in the lines A 0, (70, 
proditced through 0; and one or more of the right triangles A'B^P, 
&c., would contain the supplements of A, a, (7, or c instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PI. Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

6. In a spherical triangle^ the cosine of any side is .equal to the 
product of the cosines of the other two sides, plus the continued pro- 
duct of the sines of those sides and the cosine of the included angle. 

Let the plane B'AV, Fig. 2, be 
drawn perp. to JL, intersecting the 
planes -IOjB, BO Ca^ndAOO, in the 
]ines A'B\ B'O' &niA'0\ Then the 
angle B'A'O' == A, and B'OO' = a, 
and by PI. Trig. Art. 119, in the tri- 
angles A'B'0\ 0B'0\ we have 

B'O'^ = A'B'^ + AV^ - 2 A'B' . A'O' cos A 

B'C^-^ 0B'^+ 00'^--2 0B' . 0(7' cos a 
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Subtracting the first of these equations from the second, and ob« 
serving that in the right triangles OA'S", OA'Q\ 

OB'* -MB^^ OA^, OC^-A'C*- OA'* 
we have 

= 2 OA'* + '!LA!B. A'C wiA -20JB' . 00' eoaa 

OA'.OA' . A'B'.A'G' 
whence cosa - ^^,-^^, + ^^,^^, cosA 

SubBtituting the trigonometric functions derived from the right tr^ 
angles OA'B\ 0A'0\ 

cos a » cos b cos c + sinb sin c cos A (2) 

which is the theorem to be proved. It may be regarded as the fun- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred deducing 
the two theorems from independent constructions. 

6. In the construction of Fig. 2, both ( and c are supposed less 
than 90°, while no restriction is placed upon A and a ; but the equa- 
tion (2) is no less applicable to all the other cases if the principle of 
PI. Trig. Art. 49 be granted. As that principle may not be suflS- 
Fig. 8. ciently evident to the student unacquainted with analyti- 
cal geometry, we shall verify it in this case, as follows.* 
Ist. In the triangle ABO, (Fig. 8), let b < 90° and 
[O <^'> 90°. Produce BA, BO to meet in -B', forming the 
lune BB'] then AB'=- 180° — c, and b are both < 90°, 
and the preceding demonstration would apply to the 
triangle A B'O. Therefore, applying (2) to A RG, we 
have 

cos(180°— a) = cos6cos(180°-c)+sinisin(180°-(?)co8(180°— -A) 

or by PI. Trig. (64), 

— cos a = — cos b cos c — sin 6 sin c cos A 
and changing all the signs 

cos a = cos i cos c + sin 6 sin c cos A 

the same result that would have been found by applying (2) directly 
to ABO. 




* Hymer'g Spherical Trigonometry. Cambridge, 1841. 
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2d. In the triangle ABC, Fig. 4, let b > 90°, c > 90^ ; 
produce AB and AC to meet in A' ; then A'B andJ.'(7 
being both less than 90°, the formula (2) is applicable to 
A'BC. Therefore 

cos a « cos (180° — h) cos (180° — c) 

+ sin (180° - b) sin (180° - c) cos A 
« (— cos 6) (— cose) + sinJ sin e ao^A 
= cos6 cos e + sini sine cos J. 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of the triangle, give the two following 
groups: 

sin a sin J? = sin i sin A 

sin 6 sin (7 = sin c sin -B I (3) 

sin e sin ^ » sin a sin (7 

cos a = cos b cos c + sin i sin c cos A 

cos 6 = cos {? cos a + sin {? sin a cos £ I (4) 

cos c = cos a cos i + sin a sin b cos C 

8, Let A'B'C'y Fig. 5, be the polar triangle 
of ABC J and designate its angles and sides by 
A\ B\ C\ a\ V and c . Then, by geometry, 

A' « 180° - a, a' = 180° - A 

B = 180° - 6, y = 180° - B 

(7' = 180°-(?, e' = 180°-(r B 
and applying the first equation of (4) to A'B'C\ 

cos a! =» cos 6' cos c' + sin 6' sin c' cos -4. 
or by PI. Trig. (64), 

— cos ^ = (— COS JB) (— cos (7) + sin P sin C (— cos a) 

— cos ^ = cos 5 cos (7 — sin B sin (7 cos a 

Changing the signs of this, we have the first of the JToUowing group : 

cos -4. = — cos jB cos (7 + sin jB sin C cos a ^ 

cos J? = — cos C cos -4. + sin (7 sin A cos h \ (5) 

cos (7 =« — cos -4 cos 5 + sin J. sin JS cos tf J 

20 
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It 18 tlius that, by means of the polar triangle, any formula of a 
spherical triangle may be immediately transformed into another, in 
which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formulas are 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied by cos c is 

cos a cose = cos b cos^ c + sin i sine cos e cos A 
and the second of (4) is the same as 

cos a cose + sin a sin c cos B ss cos b 
the difference of which is 

sina sine cos JB = (1 — cos^c) cos i — sin 6 sine cos e cos A 
Since 1 — cos^ c = sin^e, this may be divided by sine, and gives 

sina cosB = sin e cos b — cos e sin i cos A ^ 

whence sin b cos (7 = sin a cos e — cos a sin e cos B > (6j 

sin e cos -4 = sin J cos a — cos b sin a cos O J 

If we interchange B and (7, and therefore also b and e/ the group 
becomes 



sin a cos (7 = sin J cos e — cos i sin e cos^ 
sini cos JL = sine cos a — cos e sin acosJS 
sin e cos B = sma cos b — cos a sin J cos (7 



(7) 



10. If (6) and (7) are applied to the polar triangle, they give, 
after changing the signs of all the terms. 



sin Acosb = sin O cosB + cos (7 sin B cos a 
sin J9 cos e = sin JL cos 0+ cos J. sin cos6 
sin (7 cos a = sin5 cos A+ cosB sin A cos e 



(8) 



and 



sin^ cos e = sin J? cos 0+ coaBsinO cosa 
sin JS cosa == sin cosA + cos (7 sin J. cos 5 
sin (7 cos i = sin -4. cos B + cos A un JS cose 

11. Dividing the first of (6) by the following derived from (8), 



(9) 



sina sinJS 
sin J. 



sin b 
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we find the first of the following group 

sin JL cot J5 = sine cotJ — cose cos -4 

sin J5 cot (7 = sin a cot c — cos a cos £ ^ (10) 

sin (7 cot J. = sin b cota — cos b cos C 

and in the same way from (7), or by interchanging the letters B and 
Oj b and c in (10), we find 

sin JL cot (7= sin J cote — cosi cos JL 

sin J5 cot JL = sin e cot a — cos c cos B \ (11) 

sin QOiB = sin a cot 6 — cosa cos Q 

If (10) are applied to the polar triangle, we find (11), so that no 
new relations are elicited. 

12. The preceding formulae are sufficient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the first of (4) substitute, by PI. Trig. (139), 

cos J. = 1 — 2 sin^ J A 

we find, by PI. Trig. (39), 

cos a = cos ( J — c) — 2 sin b sin c sin^ J A (12) 

and we have similar expressions for cos b and cos c. 
If we substitute in (4), by PI. Trig. (138), 

cos J. = — 1 + 2 cos* \A 

we find, by PI. Trig. (38), 

cos a = cos (6 + c) + 2 sin b sin c cos* J A (18) 

and, of course, similar expressions for cos b and cos c. 
18. Substituting in (5) 

cos a = 1 — 2 sin* J a = — 1 + 2 cos* J a 

we find by the same process 

cos J. = — cos(-B + (7) — 2 sin J5 sin (7 sin* \ a (14) 
cos^ = -cos(5-(7) + 2sin5sin(7coaP* (16) 

which might have been obtained by applying f^"*^^ i 

polar triangle. 
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14. If ill (12) we substltate cos a sa 1 — 2 sin*} a, cos (6 — c) ^ 1 -~2 sin*} (6— «), 
we obtain the first of the following equations ; and the others are obtained by a 
similar process from (12), (18), (14) and (15). 

sin* ia sss sin* i (b — e)-t-Bin6sine sin* } A (16) 

sin* } a ^ sin* }(&+ ^) — sin 6 sin e cos* } A (17) 

cos* i a ^ cos* i (b — e) — sindsine sin* } A (18) 

cos* } a sss cos* }(&+ e)4-8ui6sine cos*} A (10) 

sin* iA == cos*} (JB+ C)+ sin ^ sin (7 sin* } a (20) 

Bin*}-4 =a cos*} (-5^(7) — sin-Bsin(7cos*}a (21) 

cos*}^ B sin* } {B+ (7)-- sin ^ sin (7 sin* } a (22) 

cos*}^ == sin*} (^— C)+ mBmnOoo^ia (28) 

16. By PL Trig, we have 

1 s: cos* } '^ + ^^* i '^ 
cos A B3 cos* i A — sin* } A 
whence 

COS i cos e =s cos i cos e cos* } ^ 4* ^'^b b cos e sin* } A 
idn i sin e cos ^ sss sin i sin e cos* } ^ ^ sin 6 sin e sin* } A 

the sum of which is, by (4), 

cos a BBS cos (5 — e) cos* ^ A + ooa (b-^- e) sin* } A (24) 

and sabstitnting 1 — 2 sin* } a, &c., for cos a, &c. 

sin*}a=ssin*}(6 — c)cos*}^ + sin*}(6+c)Bin*}^ (25) 

cos*} a = cos*} (fi — c) cos* }-4 + cos*} (6+ c) sin* }-i (26) 

In the same manner we deduce from (5) 

oos-ies— cos(-B — (7)sin*}a — cos (B+ (7)co«^}a (27) 

sin* }^ =a cos* } (-B— C) sin* } a+ cos* i(JB+C) cos*}a (28) 

008*}-i s= sin*} (-B— C) sin*}a+ sin*} (.5+ 0) cos*} a (29) 

It is hardly necessary to add that each of the equations (12 to 29) gives a group 
of three, by applying it successively to the three sides or three angles of the triangle. 

16. From (12) we find 

* 2 sm 6 sm e 

If, in PI, Trig. (108), we mi i / ,^nj v . .V.nv I ' C^- ^ 

whence 

i(^ + y)=-i(« + »-^), J(a?-y) = J(a-J + ^) 

we find 

cos (i — (?) — cos a = 2 sin J (a — J + (?) sin J (a + J — e) 

which, substituted in the above equation, gives ' 

3in»x^,«i^M«-^ + y°K« + ^-'^) (80) 

^ sin sin c ^ 
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Let % denote the half Bum of the sides, that is, let 

a+6+(? = 2«, J(a + 6 + c) — t 

ihen 

a — 6 + (? = a + J + c — 26«2« — 2J=«2(« — i) 
a + 6 — tf«a + J + tf — 2{? = 2« — 2{?«2(« — tf) 

which Bubstitated in (30) give 



^ Bin sm c 

, , - 21 i> Bin (« — c?) sin (« — a) 
whence also sin* J 5 = ^ — ; — ^ . ^ 



sin c sin a 



^^^^8m(«-a)am(«-6) 

Bin a Bin 



> (81) 



17. From (18) we find 

, , . cos a — COB (6 + c) 

cos* ♦ -A = o~= — ir~' 

* 2 sm 6 Bin c 

and from PI. Trig. (108), by making 

i(^ + y) = i(« + J+^), i(a?-y) = i(J + ^-«) 

we find 

COB a — COB (J + {?)=» 2 sin J (a + 6 + (?) sin J (6 + {? — a) 
which, substituted above, gives 

coB«M- "^*^^ + ^t'')".°*(^ + '^-^) (32) 

* sm sm c ^ -^ 

Introducing, as in the preceding article, « =» J (a + J + c), 

. , . sin « sin (s — a) 

cos' i -4. =» ; — r^ ' 

^ sm 6 sm c 

, , ^ sin « sin (a — 6) ,-o\ 

COB* J J? = ; ^ ^ > (88) 

* sm c sm a f v / 

^ sin « sin (s — c) 

COB* i (7« : \ , ^ 

* sm a sin 6 . 



ym 
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18. The quotient of (31) divided by (33) gives 

„ , ^ sin (« — b) sin (« — c) 

tan« i ^ = ^^^ /—T-^ — r-^ 

^ Bin s sm (8 — a) 

sin (« — c) sin (« — a) 
tan'i^ = 8in«8in(«-6) 

. ^ ^ sin (« — a) sin (« — 6) 
tan* i (7 = — ^^ ' / \ 

2 gin g gin ^^ ._ ^^ 

19. From (14) we find 

. , , cos A + COS (B + Cf) 

sm* * a = cr~' — »~^ — Tt — 

^ 2 sm -B sm (7 

from which, by PI. Trig. (107), we deduce 

"''*''" sin 5 sin C ^**^ 



and if we put 



i{A + B+€f) = S 



8in» J b = r^£!^os (^-S) 

sm C^sm^ 



. ,- _ — cosAycos(Ay— (7) 

sm j^ C ; -j ; _r 

sm A sm B 



(86) 



The first member of each of these equations being a square, the 
second member must be essentially positive, although its algebraic 
sign is negative ; in fact, since by geometry 2aS> 180®, /S> 90®, 
cos S is negative, and — cos Sis positive. 
. 20. From (15) we find 



cos* 



_ cos A + cos{B-' 0) 
*^"" 2sinJ5sin(7 



from which we deduce, by a process similar to the preceding, 

''^^ * " - sin 5 sin ^®^^ 
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^ sm B sin ij 

* Sin C sm ^ 



\m 



cos* J {? 



COS (a? — ^) COS (/? - JB) 



sin A sin JS 



21, Frcm (36) and (38) 



tan'^a 



— cos A? cos {S — A) 
cos {S — B) cos {S - 0) 



tan* i i - -~ cos /g c os (/g-^) 
i,an t c^ - ^^g ^^ _ -^^ ^^g ^^ _ ^j 

, — COS *S'cos(a8'— (7) 

**^ *'^"'cos(5^-^)cos(Ay-5) 



(39) 



We might have deduced (36), (38), (39), by applying (31), (33), 
(34) to the polar triangle. 

22. Napier's Analogies, Dividing the 1st of (34) by the 2d, we 
find 

tan \A ^sm{B — h) 
tan J 5 *" sin (« — a) 

Regarding this as a proportion, we have, by composition and division, 



tan \A + tan \ B ^ sin (« — J) + sin (« — a) 
tan J -4 — tan ^B "~ sin (« — i) — sin {a — a) 

In PI. Trig. (109), if we put rF=« — J, y=»« — a, whence 

rr + y = 2« — a — 6 = <? 
X — y = a — i 
we have 

sin (« — J) + sin (« — a) tan 1 c 

sin (« — J) — sin (« — a) "" tan J (fit — 6) 

and by PI. Trig. (126), 

tan^^ + tan^jg _ ^inj {A + B) 
tan J ^ — tan J J? "" "smj (^ — B) 



{m) 



160 SPHERICAL TRIGONOMETBT. 

Tlierefore (m) becomes 

sin ^{A + B) ^ tanjc 

sin i{A-B) " tan J (a -i) }► (40) 

or sin J (J. + jB): sini(^ — -B)«=tan J(? : tan|(a— h) 

which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (34) giyes 

. . 4 . 1 T> sin (« — tf) 

tan i J. tan i J? B ^i ' 

sin « 

or 1 : tan ^ A tan } £ » sin « : sin (« — 0) 

whence, by composition and division, • 

1 — tan| ^ tan ^B _ sing — sin (< — g) 

1 + tan J J. tan J J? "" sin « + sin {s — c) W 

By PL Trig. (109), if rr « «, y « « — g, we have 

sin < — sin (< — g) tan|g 

Bin« + sm(«— g) tan J (a + 6) 

and by PI. Trig. (127), 

1 — tan|^tan|JB co9^{A+B) 
l + tanJ-4tanJjB *" cos J ( J. — J5) 

Therefore (n) becomes 

cos|(J. +B) tan Jg 



cosJ(^-i?) tanJ(a + 6) } (41) 

or cosJ(J.+J5):cosJ(J. — J5)=tan Jg: tanj(a +b) 

which is the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we shafi find 

sinJ(a + 6) cot J (7 

sin J (a - b) "" tanJ(i-JB) \ (42) 

or sin J (a + 6): sin} (a —6) *« cot}(7:tan}(J.— -B) 

cos i{(i + h) cot } (7 

cosi(a-6) "" tan}(-^ + J?) } (48) 

or cos}(a + 6):cos}(a — 6) «=■ cot}(7:tan}(J. + jB) 

which are the third and fourth of Napier's Analogies. 
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XL Omu^M Tksoreat. If 

psseoaieeani(A + B) P = cos J C cos J (a — b) 

9 =3 cos } e COB } (^ -|~ '^) Q = sin } ^ cos } (a 4- ^) 

r s sin } e Bin^ (^ — J?) 22 = cos } C sin J (a — 6) 

9 =ianieeoai{A^B) ^=ssm}(78m}(a+6) 

then the produett pX9,P Xr,p X 9, gXr, q X'f r X 9, are respectwdy equal to the 
wrodueUPx Qf ^X R, P X S, Q X R, QX S, Rx S, 

Fkret. From (3) we have 

sin c (sin Adtiwm B) ^ sin (7 (sin a =b sin 5) 
which, by PL Trig. (106), (106) and (186), are reduced to . 

sin } e cos } e sin j^ (^ 4' '^) <^obH'^ ~~:'^) ^^ ^ } ^^^ i ^^^ H^ 4" ^) oos \{a — h) 
sin } e cos } e cos } (^ + '^} Bin } (^ — B) =s sin } (7cos } (7cos } (a 4' ^} Bin } (a — M 

or 

pe = PS and ^r = QJS 

Secmd. From (6) and (7) 

sin e (cos B do. cos ^1) s=s (1 qp cos O) mn (a db5) 
which, by PI. Trig, are reduced to 

sin } e cos } e cos } (.^ 4- ^) <^ob i (^ — R) = sin } (7 An } Csin } (a4- ft) cos } (a |- h) 
sin } cos } e sin } (il 4' '^) Bin } (^ — j?) &= cos} (7cos } (7 sin } (a — 5) cos } (ff — 6) 

or 

qe ss QS und y^^s PR 

Third. From (8) and (9) 

(1 db cose) sin (^ db J?) s= sin (7 (cos b =t: cos a) 

which, by PI. Trig, are reduced to 

cos } e cos} esin } (A-\'B) cos } (^ -|~ ^) = Bin } Ooob^C cos } (a -|- ft) oos } (a— 6) 
sin } e sin } e sin} (A — j?) cos } (^ — j?) => sin } (7 cos } (7 sin } (a 4- ft) sin } (a — b) 

or 

pq=sPQ and rt SB RS 

26. The notation of ike preceding artide being etiU employed^ the qtumOtiee j;^, g*, r*, jP, 
are reepeetivefy equal to P*, §*, iZ*, S\ 
We haye 

pqXprz=,PQxPR 



and 


qr^QR 






the quotient of which is 










>*=3P* 


whence 


p=.:izP 


and in the same way 


s-^e* 




q^dtzQ 




f* = i2* 




r^:±zM 




•• = 5« 




t»=t:5 


21 


o2 







(44) 
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27. In these Uut equations, the positive sign must be used in all the ieeond memben, or 
the negative sign in all of them. For if we take 

p=^ + P 
the eqaations 

pq = PQ, pr ■= PR, ps =« P8 

being diyided by this, give 

^ = 4-9, r = + /?. # = + 5 
and if we take 

the same equations, divided by this, give 

fl' = -e, »• = — i2, # = — >Sf 

We have therefore the following, which are generally cited as Gauss's Equations. 

cos J c sin J (-4 + JB) = cos J C cos J (a — b) 
cos } e cos } (^ ~|- J9) = sin } C7 cos J (a + 6) 
sin i c Bin ^ (A — -5) ^ cos J C7 sin J (a — b) 

sin J c cos J (-4 — JB) = sin J C7 sin J (a + 6) 
or 

cos J c sin J (-4 + -S) = — cos } C7 cos } (a — 6) 
cos J c cos J (-4 + -S) = — sin J C7 cos i (a -{- b) 
sin J c sin J (^ — B) =s — cos J C7 sin J (a — 6) 
sin J c cos J (-4 — -S) = — sin J C7 sin J (a + 6) 

If, however, we consider only those triangles whose parts are all less than 180°, the 
first of these groups, (44), is alone applicable, for we must then have /? = -|- P : since 
cos } c, sin ^ (A-^- B)f cos i C, cos i (a — b) are then all positive quantities. The use 
of (45) will be seen in the chapter on the solution of the general spherical triangle. 

Napier's Analogies, (40), (41), (42) and (43) can be deduced directly from (44). 

Additional Formula. 

28. We shall here add some formulas which, though not so frequently used as the 
preceding, are either remarkable for their elegance and symmetry, or of importance 
in certain inquiries of astronomy and geodesy. 

29. The product of (30) and (32) gives 

Bin* A = ^ sin s sin (s ^ a) sin (s — b) sin (s -^ c) 

sin* b sin* c 



(45) 



Put 



»• = sin » sin (» — a) sin (» — b) sin (s — e) (47) 

2n 



tAen pin -4 = — . . . 

sm b sin e 

and in the same manner 



sm B =s 



sin a sin c 



the quotient of which is 



(48) 



6m A ^^ sin a 
sin B sin 6 



which is our first theorem, Art. 3. As (48) was obtained from (80) and (82), ana 
these from (4) without the aid of (3), we may consider the whole fabric of spherical 
trigonometry as resting upon the fundamental formulsB (4). 
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]63 



30 We have also from (35) and (37) 



and if 



. , _ —4 COS Scos (S—A) cos (S — B) cos (5— O) 
Bin a ______ 

JV* == — cos S cos (S-^A) cos (S—B) cos (5— C) 

2JV 



sm a = 



sin jS sin (7 



From (48) and (61), 



n siu a sin 6 sin e 

N sin ^ sin jB sin (7 



(60) 
(51) 

(62) 



81. If we derelop (47) and (50) by PI. Trig. (178) and (174) 

4 «? =1 — cos* a — cos* b — cos* e + 2 cos a cos b cos e 
4 IT* =1 — cos* .4 — cos* 5 — cos* — 2 cos .4 cos .Boos 

82. The following simple results are easily deduced from the equations (31 



(58) 
(54) 

to 88) 



COS ^ A COS ^ Ja 


sin« 


sin J C 


sine 


cos ^AsiniB 
cos J C 


sin (» — a) 
sin c 


sin ^ ^ cos } ^ 
cos i C 


sin (« — b) 
sin c 


sin } ^ sin ^ ^ 
sin J 


sin (« — c) 

sm c 


sin } a sin ^ 5 
cos i e 


— cos 5 
sin C 


sin } a cos ^ 6 
sin i c 


cos (5^ — A) 
sin (7 


cos j^ a sin ^ 5 
sin }c 


_ cos (5^ — B) 
sin C 


cos ^ a cos ^ £ 


_ cos (5— C) 



■ (66) 



(56) 



COS } e sin (7 

88. By means of (55) and (56) we can deduce expressions for the functions of 
t, « — a, &c., in terms of the angles, or of S, S — A, &o., in terms of the sides 
We have, from (51), 

. 2iV ^ y 

sin ^ sin ^ 2 sin } ^ cos }^ sin j^ ^ cos } J? 

which, substituted in (55), gives 

sin « = 



JV^ 



sin (» — c) = 



2 sin j^ v4 sin } ^ sin j^ (7 



2 cos i A cos } J? sin } (7 
whence, by interchanging the letters, we have also sin (« — a) and sin (« — b), 



(67) 



(58> 
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Again, we have 

8in(« — «) s=8iii«oo8 0— -oosfiintf 

whence 

sin « 008 6 — - sin («-—«) 

oos« = ; ^ 1 

Bine 

wMoh, by (56), is rednoed to 

cos ^ ^ cos ^ J? cos e — sin ^ ^ sin 1 J? ..a% 

cos « = i 2 , ^ i a — (69) 

' and from the equation 

cos (« — - e) sa cos « 008 6 -|- sin « sin 

we find, by substituting (55) and (59), 

, . — sin i ^ sin 1 J9 cos c + cos i ^ 008 1 J? .^^^ 

(»-«) = 2^ %iniC/ ^^ ^ <*>' 

To oliminate e from the second members of (59) and (60), we haye^ by (5)» 

cos (7 4- cos ^ cos B 

cos e r= / . . — 5 

sm ^ sin ^ 



cos 



whence 

ii , „ cos C + cos ^ cos B 

A cos * J9 cos c = — ..'-.. — - - ■ 
' 4 sm } ^ sin } J? 

.,..-„ cos C7 + cos -4 cos B 

Bin * ^ sin ^ J9 cos e = —2 *-=— ^i , „ ■ 

' ' 4 cos } J. cos } J? 

which, substituted in (59) and (60), give 

— COS ^ + cos ^ 4- cos C7 — 1 _ 1 — sin* jA^ sin* j B^ sin' j^ CT ^^^^ 
008 » — 4 gin } ^ sin } i? sirjlT" ~ 2 sin } ^ sin J ^ sin J (7 ^^^ 

, . cos A + COS B — cos (7 + 1 cos* } ^ + cos* } ^ — cos* ^ ( 7 .^^. 

cos (» ^'i — 4 cos } ^ cos } i? sin } (7 — 2 cos } ^ cos ^ J? sin } (7 ^^^ 

From the preceding we easily deduce 

. 2 iV sin c .^. 

"^ cos J. + cos B + cos O — 1 cos e — tan } A tan } iff * ' 

. , ___^ 2 iV sin c ^^^ 

**^ ^* "" ^^ "- cos ^ + cos ^ — cos (7+ 1 "~ cot } ^ cos i J^ — 008 ™^ 

84. The equations (57 to 64) applied to the polar triangle, giTd, 

— cos /Sf s= ^5 = i-jT =- f65) 

2 cos } a cos } cos } e ^ ^ 

(cos 5 — (7) = s^-^ r^TT: r— (^) 

^ ' 2 sin } a sm i^ 6 cos \e ^ ' 

. c, sin A a sin } 6 cos (7 4- cos A a cos 1 6 .^_. 

cos J c ^ ' 
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. ^ 1 + cos g + 008 ft + cos c ooe* ia + cos* ^ 6 + cos* f c — 1 .^. 
'^ 4 008 ^ a COB ^ 6 cos } e ^^ 2 cos ^ a cos ^ b cos ^ e ^ ^ 

^ ' oos^e ^ ' 

■In /^— . ^ — 1 ^" cos <* *— cos ^ + cos c sin* ^ a + sin* ^6 — sin' \ e ,-^. 

^ ^ ^sin^asin^ftcos^e 2Bin^asin^6 oos ^ c ^ ' 

- cot iS s — ss Bin C^ ^yjx 

1 4- ooB a 4- cos 6 4- cos e cos C7 + cot ^ a cot } 6 ^ ' 

oot (5— 0) = T ^^— r-r = ^ . f^f , ,. (72) 

^ ' 1 — 008 a — oos 6 4- cos e cob C+ tan ^ a tan ^ o ^ ' 

86. From (78) we find 

- . « 2 cos i a cos 1 6 cos I e — cos* J a — cos* A 6 — oos* i e 4- 1 /»r«\ 
1 — Bm5s= « 2 ^ — a^ ^ — 2 » '^ (78) 

2 cos } a cos ^ cos ^ c ^ * 

- , . ^ 2 cos f g COB } ft cos ^ c 4- cos* ^ a 4* cos* ^ & 4* cos* ^ g — 1 

•" 2 cos } a cos ^ ft cos J c ^ ' 

the numerators of which may be reduced by PL Trig. (178) and (174), by making 

sa}a,ya}ft, 2a}c, whenco » = }(« 4" * + = J «> "^ — « = J (* — «)f 
&o.: therefore, 

1 flin^m. ^^"^^*^"^^^*'"^) sinK*--ft)sin JC — c) /ycv 

cos i a cos } ft COS } c ^ ^ 

1+ ring,2'">«i*<'<>»H*-'')<">8H»-&)0OB|(«-«) 

^^ COS J fl COS J ft COS J c ^ ' 

The product of these equations reproduces (65) ; their quotient is, by PL Trig. (164), 
tan* (46*> — J /S^) tas tan J # tan J (# — . g) tan J (# — ft) tan J (« — c) (77) 

88. CagnolCi Equation, — Multiplying the first equation of (4) by cos A, we find 
cos g cos A Bi cos ft cos e cos A 4- Bin ft sin e — sin ft sin c sin* A 
and from (6) in a similar manner, 

008 g cos A ss — cos B oos C oos g 4- sin i? sin (7 — sin J9 sin C sin* a 
Obserring that by (8) we haye sin ft sin c sin* ^ es sin J9 sin (7 sin* g, 

these two equations give, 

sin ft sin e 4" cos ft cos e cos ^ == sin ^ sin (7 — cos B cos C cos a (78) 

a relation between the six parts of the triangle, first given by Caqnoli. It is a 
property of this equation that eithp' member is a function which has the same value in a 
given spherical triangle and its polar triangle. Thus, if we distinguish the bides and 
angles of the polar triangle by accents, we have* 

sin ft sin c 4- cos ft cos e cos J. as sin ft^ sin e^ 4* cos ft^ cos e^ oos A^ 

^ See Matbematical Monthly, (Cambridge, MacMU,) toL L*> ^.^^ 
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57. To dettu^ the formula of plane triangles from those of spherical triangles. 

The analogy of many of the preceding formulse with those of plane triangles is 
sufficiently obtious. We can, in fact, deduce the plane formulsa from those of this 
chapter, by regarding the plane triangle as described upon a sphere whose radius ia m- 
finite, the triangle being an infinitely small portion of the sphere^ The quantities a, h and 
Cy must, in this case, express the absolute lengths of the sides ; and the angles which 

a b e 
they subtend at the center of the sphere, expressed in arc, will be — , — , — ^^ r b» 

r r r 
a b e 
ing the radius of the sphere. When r is very large, — , — , — , are yery small^ and we 

r r T 
a a 

may express the yalues of sin — , cos — , &c. approximately, by one or two terms of 

r T 

their expansions in series, PI. Trig. (405) and (406), and if their values be substi- 
tuted in our spherical formulae, we shall obtain approximate relations between the 
sides and angles of the triangle. If we then make r infinite we shall obtain exact 
relations between the sides and angles of a plane triangle. 
Thus we have 

a a a* 

. . sin — ft-STT -h &c- ^ — 

sm^ r r 2.3 r" "^ 



sin^ b b i* , « 

sin — o o -« "T «'<^* 

and making r infinite, we find the formula of PI. Trig. 

sin^ a 



a — 


2.8 r« 


+ &c. 


6 — 


6* 

O 9^ 


- + &0. 



sin ^ b 



In the same manner 



cos 
008^ s= — 



__oos-cos- l__ + &c.-(^l-_-_+__&c.) 



b e 

sin — sin — 



-- _ 

2 6c — —-.— Ac. 
8r* 

and making r infinite, we have the formula of PL Trig. 

^^"^ = — 2ir- 

Formulas that involve only the sines or tangents of the sides may be reduced ini> 
mediately to the plane formulas by substituting a, 6, &c., for sin a, tan a, &o. ThoSu 
(31 to 34) give the corresponding formulas of PI. Trig, by omitting the symbol «m. ; 
and (40)« (41), by omitting the symbol tan. when these symbols are prefixed to sides. 
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CHAPTER II. 

SOLUTION OF SPHERICAL RIGHT TRL^GLES. 

88. When one of the angles of a spherical triangle is a right 
angle, the general formulae of the preceding chapter assume forms 
that are remarkably analogous to the relations established for tho 
solution of plane right triangles, and equally simple in their appli- 
cation. 

39. Let = 90°, Fig. 6. From (3) we 
have 

. sina . 

sin ^ = sm (J 

sine 

but since (7= 90°, sin (7= 1 ; therefore, 



Fig. 6. 




. sm a 
sm ^ = — 



sin(? 



and, in the same manner. 



sin 6 

sm B = -: — 
sm(? 



> (80) 



J 



that is, the sine of either oblique angle of a spherical right triangle 
is equal to the quotient of the sine of the opposite side divided by the 
sine of the hypotenuse. Compare PL Trig. (1). 
40. From (11), we find 



cos J. = 



sin 6 cote — sin ^ cot 
cosb 



but if C « 90°, cot (7 = ; therefore, 



. sm J cot c , , 

cos A =3 i — == tan 6 cot e 



or 



cos J. = 



tan b 
tan e 



_ tana 

cos JB = r~-^ 
tan e 



(sr 
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that is, the cosine of either angle is equal to the tangent of the adjct' 
cent sidcj divided by the tangent of the hypoten%LBe. Compare 
PL Trig. (1). 

41. From (10), we have, 

. sin 6 cot a — cos h cos O 

cot A =» : — 7= 

sin G 

which, when C ■■ 90®, becomes 

cot ji =3 sin6 cot a ■■ r 

tana 

or, taking the reciprocals, 

A t*'^^ m, *ai^^ /Oft* 

tanJ.=-T— i, tanjB = -^= (82) 

sm 6 sin a ^ ' 

that is, the tangent of either angle is equal to the tangent of the ap- 
posite sidcy divided by the sine of the adjacent side. Compare 
PL Trig. (1). 

42. From (6), we find, 

. . cos jB+cos cos A 

8inA = J—. — 7j 

cos b sm G 

and if (7= 90°, 

. . COSjB . _ COS J. ,^^^ 

smA = r sinjB = (88) 

COS b cos a ^ ^ 

that is, the cosine of either anglcj divided by the cosine of its opposite 
sidCj is equal to the sine of the other angle. In PL Trig, we have 
sin -4. = cos jB. 

43. From (4), we have, 

cos c = cos a cos J + sin a sin b cos G 

or, when G = 90°, 

cos (? = cos a cos b (84) 

that is, the cosine of the hypotenuse is equal to the product of the fio- 
sines of the two sides. In PL Trig. (?^ = a* + 6*. 

44. From (5), 

cos (7 + COS j1 cos B 

cos C "*~ • 1 • T% 

sin^sm^ 

or, when G = 90°, 

cos -4 cos -B ^ T> /0.-X 

cos <? « - . — 7 — : — n = cot A cot B (85 J 

sin A sin JS ^ 
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hat 18, the cosine of the hypotenuse is equal to the product of the eo^ 
tangents of the two angles. In PL Trig., 1 «* cot A cot B. 

45. No diflSculty will be found in remembering the preceding for- 
mulae for spherical right triangles, if they are associated with the 
corresponding ones for plane triangles : thus. 



In plane right triangles. 



sin -4.== — 
c 



sin^Bs — 
c 



cos -4. = — 



6 
e 



cos J8 = 



a 



tan J. 



a 
T 



tanjB = — 
a 



flin J. =s cos -B, sin jB = cos A 

(j> = a» + J» 
1 = cot J.cot-B 



In spherical right triangles* 

. . sin a . _ sin b 
sm^sas-^ — sinjB = -; — 



cos J. 



sm G 



tan b 
tan c 



ainc 



cosjB = 



tana 
tan c 



. tana 

tan A = -: — r 
sin 



_ ' tan 6 
tan-a=-v^ 



sin a 



sinJ.== 



cqbB 



sinjB = 



cos^ 



cos 6 cos a 

cos c = cos a cos b 

COS(? = COtjl cotjB 



46. Napier's Rules, By putting these ten equations under a different form, Napier 
iKintrived to express them all in two rules, which, though artificial, are very gene- 
rally employed as aids to the memory. 

In these rules, the complements of the hypotenuse and of the two oblique angles 
are employed instead of the hypotenuse and the angles themselves. The right angle 
not entering into the formulsa, they express the relations of five parts, but in the 
rules the five parts considered are a, b, co. c, co. A and co. B. Any one of these 
parts being called a middle part, the two immediately a(\jacent may be called adfa- 
cent parU^ and the remaining two, opposite parts. The right angle not being considered, 
the two sides including it are regarded as adjacent parts. The rules are : 

I. 7^e sine of the middle part is equal to the product of the tangents of the adjacent 
parts. 

II. The sine of the middle part is equal to the product of the cosines of the opposite parts. 
The correctness of these rules will be shown by taking each of the five parts as 

middle part, and comparing the equationis thus found with those already demon- 
strated. 

Ist. Let CO. e be the middle part; then co. A and co. B are the adjacent parts, 
a and b the opposite parts, and the rules give 



sin (co. c) =s tan (co. A) tan (co. B) 
sin (co. e) ss cos a cos b 



or cos e = cot J. cot^ 
cos e ^ cos a cos b 



which are (85) and (84). 

2d. Let CO. A be the middle part ; then co. c and b are the adjacent parts, co. B 
%xid a the opposite parts, and the rules give 



ain (co. A) =s tan (co. c) tan b 

sin (co. A) 8=s cos (co. B) cos a 
22 



or oos A s= cot e tan b 
cos AsBsmBeoaa 
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In the fiamo maimer, if oo. B is taken as the middle part, 

sin (co. B) = tan (co. c) tan a or cos B = cot c tan a 

sin (co. B) ^ cos (co. A) cos b cos B s= sin A co? & 

and these four equations are the same as (81) and (83). 

8d. Lrt a be the middle part ; then co. B and b are the acyacent partSi co. A 
ftnd CO. e the opposite parts, and the rules give, 

sin a = tan (co. B) tan b or sin a =s cot B tan b 

sin a s=s cos (co. ^) cos (co. c) sin a ^ sin ^ sin e 

In the same manner, if b is taken as the middle part, 

sin b = tan (co. A) tan a or sin b s= cot A tan a 

siu 6 = cos (co. ^) cos (co. c) sin 6 s= sin J9 sin e 

and these four equations are the same as (80) and (82). 

It appears, therefore, that these rules include all the ton equations previously 
proved ; and they include no others, since we have taken each part successively as 
tne middle part. 

In the application of these rules, it is unnecessary to use the notation co. A, co. B, 
00. e, since we may write down at once sin A for cos (co. A), &c.* 

47. In order to solve a spherical right triangle, two parts most 
be given, and from the equations of Art. 45, that equation must bo 
selected which expresses the relation between these two parts and 
the required part. 

When Napier's Rules are employed, it is only necessary to determine which of the 
three parts — the two given and the one required — is to be taken as the middle part. 
'* These three parts are either all adjacent to each other, in which case the middle 
one is taken as the middle part, and the other two are a(\jacent parts ; or one is 
separated from the other two, and then the part which stands by itself is the mid* 
die part, and the other two are opposite parts, "f 

48. In order to distinguish the functions of parts less than 90® 
from those greater than 90°, it will be necessary carefully to observe 
their algebraic signs, according to PI. Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguity 
is removed by either of the following principles. 

* If we employ as the five parts, the hypotenuse, the two angles, and the oomple- 
mentfl of the two sides including the right angle, these parts will be the complements 
of those used in Napier's Rules, and we shall have 

Mauduit's Rules. — I. The cosine of the middle part is equal to the product of the eO' 
tangents of the adjacent parts. 

II. T%e cosine of the middle part is equal to the product of the sines of the opposite parti. 

With a little attention at the commencement, however, and by observing the ana* 
logy exhibited in Art. 45, the student will find that he will have little use for either 
of these artificial rules. 

f Peirco's Spherical Trigonometry. 
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49. In a right spherical triangle^ an angle and its opposite side 
are always in the same quadrant^ that is, either both less or both 
greater than 90°. For, by (83), 

cos B 



ainA = 



cos b 



in which, since sin A is always positive, {A < 180°), cos B and 
cos b must have the same sign; that is, B and b must be either both 
less or both greater than 90°. 

50. When the two sides including the right angle are in the same 
quadrant, the hypotenuse is less than 90°, and when the two sides 
are in different quadrants, the hypotenuse is greater than 90°. 
For, by (84), 

cos (? = COS a cos b 

in which, if a and b are in the same quadrant, cos a and cos b have 
like signs, and cos c is positive, that is, (? < 90° ; but if a and b 
are in different quadrants, cos a and cos b have different signs, and 
cos c is negative, that is, (? > 90°. 

We proceed now to the solution of the several cases. 

61. Case I. Given the hypotenuse and one angle, or c and Ay 
Fig. 6. 

To find a. The relation among the three ^^' ^' 

parts, c. A, and a, (as in PL Trig, with the 
same data), is given by the sine of A ; and 
by Art. 45, 

. . sin a 

BmA = - — 

sm c 

from which we find* 

sin a = sine win A (86; 

There will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as A. 

To find b. The relation among the three parts, c. A, and 6, (as 
in PI. Trig, with the same data), is given by the cosine of A^ or, 

. tan 6 

cos A = 7— — 
tan G 

from whichf tan b = tan c cos A (87) 




* This equation would be found by Napier's Rules, taking a as the middle part, 
f We find the same result by Napier's Rules, taking oo. A as the middle part 
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To find B. We have, by (85),* 

cos (? = cot -4 cot B 

from which cot B = . = cos c tan A (88) 

cot J. ^ ^ 

The quadrants in which ( and B are to be taken, will be deter- 
mined by means of the signs of tan b and cot J3, according to PL 
Trig. Art. 40. 

Chech. To gaard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methods. In many cases, however, we may test the accuracy of 
several operations by a single formula, which may be called the 
check. In the present instance, when the three parts, a, 6, and B^ 
have been found, we should have, by (82), the relation 

sin a = tan b cot B 

so that if the work is correct, we shall find 

log sin a = log tan b + log cot B 

Examples. 

1. Given c = 110° 46' 20", A = 80° 10' 30", to solve the triangle. 

By (86). By (87). By (88). 

c, log sin 9.9708106 log tan - 04210061 log cos - 9-6498045 

4, log sin 9.9935833 log cos + 9-2320794 log tan + 0.7615088 

log sin a 9.9643939 log tan b — 9-6530855 log cot B — 0.3113083 

log tan b — 9.6530855 

Chech, log sin a +~9.'9643938 

Am. a = 67° 6'52".7, b = 155°46'42".7, B = 153° 58'24".5 

2. Given c = 120°, A = 120° ; solve the triangle. 

Am. a = 131° 24' 34".7 6 = 40° 53' 36".2 B = 49° 6' 23 '-8 

62. If A = 90°, we must also have, by (85), c = 90°, and then 

„ 

tan =sz-rr tan j» = -jr 

to that h and B are both indeterminate; that is, there is an indefinite number of 
triangles which satisfy the given values of e and A ; but since 

cos B ^ cos h sin A ^ cos b 
we always have J9 s=s £ ; and since 

sin a ai sin e sin ^ =s 1 
we have a = 90°, and all the parts of the triangle are equal to 90°, except b and B 
If only c is given = 90°, all the parts of the triangle are equal to li0°, except A 
.and a ; and we have A s=s a. 



* Or by Napier's Rules, taking co. c as the middle part. 
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58. Case II. Q-iven the hypotenuse and a 9%de^ or c and a. 
To find A. We have by (80), 

sin -a = -: — s= cosec <?-8m a (o9) 

sin {? ^ ' 



To find B. By (81), 

tan a ^ . 

cos £ =5 ; = cot c tan a (90) 

tan c 

To find b. By (84), ^ 

cos c = COS a cos 5 

cos c 

from which cos 6 » = cos <? sec a (91) 

cos a ^ ' 

Chech. We have between J., jS, and 5, the relation 

cos -B «3 sin A cos b 

Examples. 

1. Given e «= 140**, a = 20° ; solve the triangle. 

By (89). By (90). By (91). 

tfjlog cosec 0.1919325 log cot — 0-0761865 log cos — 9-8842540 
a, log sin 9-5340517 log tan + 9-5610659 log sec + 0-0270142 

■■ ■ I ■ - - — .^— ^1^^^^ ^m^^^m^^^^^^i^^^^^^^^^^^^^^^^ "^i^^-^»i"— ^■^■i^fc^^— ^rtfc^^i^^^^» 

log sin A 9-7259842 log cos B — 9-6372624 log cos h — 9-9112682 

log sin A + 9-7259842 

Chech, log cos B — 9-6372624 

Ans. A= 32" 8'48"-l 

5 = 115°42'23"-8 

5 = 144°36'28"-4 

2. Given e = lOl" 16' 16".7, b = 115" 42' 38"-6 ; find A. 

Am. ^ = 65« 32' 56".4 

54. When a ss c and consequently both ass 90°, sin ^ as 1, ^ «= 90°, and 



008 B^s-r- COS 5 = -7- COS B SSE COS h 

BO that ^ sss £, bnt both are indeterminate as in Art 52. 

p2 
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65. Case III. Q-iven one angle and its opposite side^ or A and a. 
We shall have 



sin J. = - 



sin a 



sine? 



whence sin c = cosec A sin a 



(92) 



tan J. 



tan a 
sin 6 



sin ( = cot J. tan a 



(93) 



sin-B = 



cos JL 
cos a 



sin B^co&A sec a 
Checlc. sin J = sin (? sin B 



(94) 



In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ambiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

If AB and AC he produced to meet in A\ ABA' and 
AC A' are semicircumferences and A^= A' \ the triangles 
ABC and A'BC both contain the given parts A and a, 
but c\ V and B' are respectively the supplements of c, 
I and jB. It must not be inferred that in every case all 
the required parts are less than 90° in one triangle, and 
greater than 90° in the other ; but the proper values for 
each triangle must be selected by Arts. 49 and 50. 




Examples. 

1. Given A = 100°, a = 112° ; solve the triangle. 

Ans. (?= 70°18'10".2 ) ( c = 109°4r49".8 

6 = 154° 7'26".5 ^ or < 6= 25°52'33".5 

5 = 152° 23' 1".3 J ( .5= 27°36'58".7 

2. Given A = 80°, a = 68° ; solve the triangle. 

An9. c-= 70°18'10".2 ) ( (? = 109°4r49".8 

6= 25°52'33".5 ^ or < 6=154° 7'26".5 

5= 27°36'58".7 ) I 5 = 152° 23' V'-S 

8. Given B = 150°, h = 160° ; solve the triangle. 

Ans. (? = 136°50'23".3 ") r (?= 43° 9'36".7 

a= 39° 4'50".7 f or < a = 140° 55' 9".3 

A^ 67° 9'42".7 ) t ^ = 112°50'17"-8 
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66. Case IV. Given one angle and its adjacent sidej or A and 6. 
We shall find the required parts by the equations 

cos jB = sin J. cos b (95) 

tan a = tan A sin b (96) 

cot c = cos ^ cot b (97) 

Chech, cos B = tan a cot c 

Examples. 

1. Given A = 80^ 10' 30", b = 155° 46' 42".7 ; solve the triangle. 

An9. 5 = 153° 58' 24".5 
a= 67° 6'52".6 
(? = 110°46'20".0 

2. Given B = 152° 23' 1".3, a = 112° 0' 0" ; solve the triangle. 

An9. A = 100° 

6 = 154° 7'26".5 
(?= 70°18'10".2 

57. Case V. Given the two sides, a and b. 
We find the required parts by the equations 

cos c = cos a cos b (98) 

cot A = cot a sin b (99) 

cot £ = sin a cot 6 (100) 

Check, cos (? = cotA cot -B 

Example. 

Given a = 116^, 6 == 16° ; solve the triangle. 

Ans. c = 114° 55' 20' 4 
A= 97°39'24".4 
5= 17°41'39".9 

58. Case VI. Given the two angles, A and B. 
The required parts are found by the formulae 

cos c = cotA cot B (101) 

cos a = cos A cosec B (102) 

cos 6 «= cosec A cos jB (103) 
Check, cos (? = cos a cos 6 
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Example. 

Given A = 60^ 47' 24".3, B = 67° 16' 20".2; solve the triangle. 

Ans. c = 68^ 56' 28".9 
a = 64° 32' 32".l 
I = 61° 43' 36".l 

Additional Fobmul^ fob the Solution of Spaxbioal Right Tbianqlbs. 

59. As in plane trigonometry, cases occur in which particular solutions of greater 
accuracy than the ordinary ones are required. (PL Trig. Art. 112.) 

. tJO. From (89) we find 

1 — sin ^ sin e — sin a 
l-if ^m. A sin c -l~ Bin a 

which by PL Trig. (164) and (109) is reduced to 

w(45»-j^)=*^t(:---:) (104) 

which will give a more accurate result than (89), when A is nearly 90^. 

61. From (91) we find 

1 — cos h cos a — cos e 
1 + cos b cos a + cos c 

or tan* } 5 ^ tan ^{c-^- a) tan } (e — a) (106) 

which may be employed instead of (91) when h is small, or nearly 180®. 

62. From (90) we find 

1 — 008 B tan c — tan a 
1 + cos B tan c 4* tan a 

. • , T> sin (f — a) _ _ ^. 

tan* J jB = . ; . ; (106) 

* sin (c + a) ^ ' 

which may be fmployed instead of (90) when B is small, or nearly 180®. 
68. By similar transformations the formulsa (101), (102) and (103) become 

— cos (A 4- B) 

tan* } c = rAjyi (107) 

* cos {A — B) ^ ' 

tan* } a = tan [J {A + B) — 46<'] tan [45« + } (^ — B)] (108) 

tan* J 6 = tan [} (^ + jB) — 46°] tan [45° — J (4 — B)} (109) 

We have also, by (14), 

o;«« 1 . — cos (^ + i?) — cos C 
sm f c ss 

which, when C s= 90°, becomes 

"!"* i « = T.rr.:Tr - (110) 

and from (15), in the same manner, 

cos** } c = — " V- -/ n J JJ 

'^ 2 sm J. sin ^ ^ ' 



2 


sin A sin J9 


— cos 


(-4+5) 


2 sin 


-4 sin B 


cos (A - 


-B) 
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of which (110) may be used when c is small, and (111) when c is nearly 180^, in- 
stead of (101). 

64. The equations (92), (08), and (94), of Case IIL give 

tan.(46'.-J6) = |i^M=±) (118) 

tan* (45« — } ^) = tan j (^ — a) tan i {A + a) (114) 

The roots of these equations having the double sign, we may take the angles 
46° — ^ c, etc. either with the positive or negative sign, whence the two solutions 
of the problem, as in Art. 55. 

65. Some of the solutions may be adapted for computation by the table of natU" 
ral Bines. Thus from (86), (95)» and (98), 

sin o = J [cos (c — A) — cos (c + A)"] 0-^^) 

cos^ = J [sin (b + A)-^ sin (b — A)} (116) 

cos c = } [cos (a + ^) + <^os (a — ft)] O-^'H 

66. The following relations are occasionally useful : 
From (88) we have 

sin ^ cos ^ sin 2^ /iiq\ 

(llo) 



From (80) and (88), 



From (80) and (84), 



cos a 


cos b 


sin 


JS 


sin 


e 


sin 


A 



sin B COB B sin 2 J? 
sin A cos A s in 2 A 

—z =5S — ; fi (liy) 

sm a cos a sin J a ^ ' 

sin a cos a sin 2 a 



COS sm c cos c sm 2e 

67. Various relations may be deduced from the general formulsd of the preceding 
chapter by making C = 90°. The following are easily obtained : 

sin (e — a) = cos e tan b tan ^B sss cos a sin b tan } B 

sin {€-{• a) sss cos e tan b cot ^ B =s cos a sin b cot } B 

cos {e — a) =: cos b -\' Bin a sin b tan ^ B 

cos (€-{• a) = cos b — sin a sin b cot ^ ^ 

sin (a — 6) =s 2 sin c sin J (-4 + -B) sin J (^ — J?) 

sin (a 4- ^) »= 2 sin c cos ^ (A-^- B) cos 1^ {A — B) 

• cy ^^^ } ^ ^^^ i ^ a sin } a sin A 6 

Bin S = 5 cos S = i 

cos ^ e COS ^ e 

tan 5 s= — cot } a cot } 6 (121) 

QUADBANTAL AND ISOSOELES TbIANOLES. 

68. The polar triangle of the right triangle is a quadrantal triangle, one nde (the 
side opposite the angle 0) being equal to 90°. The solution of such triangles is as 
simple as that of right triangles, the formulae for the purpose being obtained from 
the preceding, by the process of Art. 8. It is unnecessary to produce them here, as 
quadrantal triangles are generally avoided in practice, and when unavoidable are 
▼eadily solved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right triangles by a 
oerpendicular from the angle included by the equal sides. 

28 
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CHAPTER IIL 

SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 

69. In the solution of spherical oblique triangles, a required part 
may sometimes be found by its sine^ in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the fol- 
lowing principles, some of which are demonstrated in geometry. We 
still consider only those triangles each of whose parts is less than 180®. 
I. The greater side is opposite the greater angle, and conversely. 
II. Hach side is less than the sum of the other two, 

III. The sum of the sides is less than 360°. 

IV. The sum of the angles is greater than 180°. 

V. Hach angle is greater than the difference between 180® and 
the sum of the other two angles. 

For, by IV., A + B + 0> 180° 

whence, A > 180° - {B + 0) 

But i{B + (7> 1 80®, we have, in the polar 
triangle, A'B'C, Fig. 8, by II., 

a' < y + c' 

180° -A< 180° -B + 180® - O 

-^<180°-(5 + (7) 

A>{B+ (7) -180® 

VL A side which differs more from 90° than another side^ is in 
the same qtiadrant as its opposite angle. 
For, by (4), we have 

. cos a — cos b cos c 

cos A = r~T— . 

sm sin c 
in whifih the denominator is always positive. If, then, a differs 
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more from 90° than b or than c, we have, (neglecting the signs for 
a moment), 

cos a > cos 6 or > cos c 

and still more cos a > cos b cos c 

Hence cos a being numerically greater than cos b cos t?, the sign of 
the whole numerator, and therefore the sign of cos -4, is the same 
as that of cos a ; that is, A and a are in the same quadrant. 

VIL An angle which differs more from 90° than another angle^ 
18 in the same quadrant as its opposite side. For, by (5), 

cos A + cos B cos C 

cos a = : Tn~~' — n 

sin JO sin U 

in which, if A differs more from 90° than B, or than (7, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIIL In every spherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VI. and VII. 

IX. The sum of two sides is greater than^ equal to, or less than^ 
180°, according as the sum of the two opposite angles is greater than^ 
equal to, or less than, 180°. In other words, the half sum of two 
sides is in the same quadrant as the half sum of the opposite angles. 
For, by (41), 

tan J (a + J) co8^{A + B) = tan J t? cos J (J. — B) 

the second member of which is always positive, so that tan J (a -^ b) 
and cos ^{A + B) must have the same sign. 

70. Case I. Griven two sides and the in- Fig.9. 

eluded angle, or 6, c and A. (Fig. 9.) 

First Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts b, c, A and the required part a is ex- 
pressed by the first equation of (4), 

cos a = cos c cos b + sin c sin b cos A (m) 

by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a ; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by the table of log. sines exclusively, we employ the pro<?ess of 
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PI. Trig., Arts. 174, 175. Thus, let X; be a number and ^ an aux- 
iliary angle such that 

Arsin^ = sin( cos J. ^ 

A cos (p = cos 6 J ^ ' 

then (m) becomes 

cos a = ft (cos c cos ^ + sin <? sin ^) 

= k cos ((? — ^) (m^ 

so that ft and ^ being found from (wi) we may find a by (my But we 

may eliminate ft by dividing the first equation of (m) by the second, 

cos b 

and substituting in mf the value of ft = , whence we have, for 

cos^ 

finding a, 

tan (p = tan b cos A ^ 

cos (c — (p) cos J > (122) 

cos a = — ^^ 

coscp J 

which are the formulae commonly employed.* 

To find B. The relation between 6, (?, -4. and jB, is, by the first 
equation of (10), 

^ sin (? cot 6 — cos c cos -4 , ^ 

cot J5 = : 1 (N) 

This may be adapted for logarithms by the process above em- 
ployed, but to assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin 6, whence 

cot jB = ®^ ^ ^^® ^ *" ^^^ ^ ®^^ ^ ^^® ^ 

sin 5 sin A 



which by (m) becomes 



_ ft sin (<? — $) 
cotjg= . ; . 7 (n) 

sin h ftin >1 V / 



or substitutmg the value of ft = — ; , the formulae for find- 

T> sm ' 

mg B are ^ 

tan ^ = tan b cos A 



cot B = si°(<^-f)cot^ j- (128) 

sincp 



I 



^ We might have assumed A; sin = cos b, ^ cos ^ = sin 6 00s ^y which would 
have reduced (m) to cos a = A; sin (c + 0). In this way all the solutions that follow 
may be varied. 
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In the use of these formulae, as indeed of all that follow, the 
fiigns of all the functions must be carefully observed, according to 
PL Trig. Arts. 37 and 40. 

We may take (p between and 180°, less or greater than 90®, 
according as the sign of its tangent is positive or negative ; or we 
may take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (PL Trig. Arts. 37 
and 174). 

Check. The quotient of {n) divided by (mf) is 

cot B tan (c — 9) 
cos a ""sin 6 sin J. 

which multiplied by the following, from (3), 

sin a sin J9 = sin b sin A 

gives tan a cos J5 = tan (<? — ^) (124) 

by which the values of a and J5, found by (122) and (123), may be 
verified. 

71. If a and O were required, the solution would evidently be 
similar, only interchanging b and t?, B and O. By the fundamental 
formulae we should have 



cos a =» cos b cos t? + sin 6 sin (? cos A 
sin b cos c — cos b sin c cos A 



cot (7 



sin c sin A 



1 



(0) 



and denoting the auxiliary angle in this case by ;^, the logarithmic 
solution would be 

tan ^ = tan c cos A 



cos (b — ;t) cos c 

cos a = ^^ 

cos;^ 

sin {b — z) cot A 

cot U = ^ :; 

sm;^ 
Check, tan a cos (7 » tan (J — ^) 



. (126) 
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Examples. 

1. Given J = 120° 30' 30", c = 70° 20' 20", ^ = 60° 10' 10"; 
find a and B. 

By (122). 
h =- 120° 30' 30" log tan 6 - 0-2297071 
A = 60° 10' 10" log C08 A + 9-8065322 

<p = 132° 36' 44"-2* log tan (p - 0-0362393 
e = 70° 20' 20"-0 
<._^=_ 62°16'24"-2 

By (122). By (123). By (124). 

Iogco8(e—»)+ 9-6676898 log sin («—#) — 9-9470804 logtan(e—#)— 0-2798410 

■r eo log cos » — 0-1693898 arco log sin f-|- 01381505 log tana + 0-4291648 

logcosi— 9-7055761 log cot ^ + 9-9212088 logoos^— 9-8501762 

log cos a -f- 9-6426552 log cot £—0 0013847 Cheeks —0-2793410 

a = 69<> 34' 55"-9 £ = 135''5'28"-8 

2. Given J = 120° 30' 30", « = 70° 20' 20", ^ = 60° 10' 10"; 
find a and O. 

An8. a = 69° 34' 55".9 
(7= 50° 30' 8".4 

3. Given h = 99° 40' 48", o = 100° 49' 30", A = 65° 33' 10" ; 
find a and B. 

Ans. a = 64° 23' 15".0 
5 = 95° 38' 4".0 

, 4. Given J = 99° 40' 48", e = 100° 49' 30", A = 65° 33' 10" ; 
find a and O. 

Ans. a = 64° 23' 15":0 
C = 97° 26' 29''.1 

6. Given 6 - 98° 2' 20", e = 80° 35' 40", A = 10*' 16' 80" ; 
find a and O. 

Ans. a = 20° 13' 30".l 
(7=30°36'66".7 

72. If B, and a were all required, we might find a and by 
(125), and then B by Art. 3, which gives 

sin a : sin 5 = sin ^ : sin B 

sin b sin A 



or BinB 



sin a 



*Wc may also take » = — 47° 23' 1 5 "8, whence e — » = 117'> 48' 85' 8, Tliieb 
will give the same values of a and JJ as found in the text 
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Of the two values of B less than 180° given by this formula, the 
proper one may generally be selected by the principles of Art. 69. 
There are cases, however, in which all the conditions there given are 
satisfied by both values of J?,* and on this account it is preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case I. Given 6, c and A. Second Solution ; when the two 
remaining angles are required, or when the three unknown parts are 
all required. 

We have, by Napier's Analogies, (42) and (43), 

sin \(b + c): sin J (6 — c) = cot J J. : tan J (-B — (7) 

cos J (J + t?) : cos J (6 — (?) = cot J J. : tan J (-B + (7) 
whence 

tanH5-C) = :-||f^jcotM (126) 

which determine J (J? — (7) and \[B + C); then the half difference 
added to the half sum gives the greater angle, and the half differ- 
ence subtracted from the half sum gives the less angle. 

If c > 6, we may write c — 6, (7— jB, in the place of 6 — c, J? — (7. 

We may now find a by either of Napier's Analogies, (40), (41), 
which givef 

smi(B+ 0) 

cos J (J? +(7) ,, , ,,^^, 

*^^ * ^ == cos HjB -^ 0) *^" i (* + ^) (129) 

* By Art. 69, YI., if b differs more from 90^* than c, B is in the same quadrant 
ad b, and all ambiguity is removed. If e differs more from 90° than b, we may fina 
a and i? by (122) and (123), and then C by the formula 

. _ sin c sin A 

sin C7 ss= : 

sin a 

C being taken in the same quadrant as e, 

f We may also find a from any one of Gauss's Equations (44), which become, in 
the present case, 

cos } a sin } ( J? -|- C) =s cos i A cos i(b — e) 

COS i a cos i (B -{• C) 1= sm i A cos i {b -\' e) 

sin J a sin ^ (B — C) = cos } ^ sin } (5 — c) 

sin } a cos } (^ — C) =s sin } ^ sin i (b -\' e) 



(84 
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Examples. 

1. Given b = 120° 30' 30", c = 70° 20' 20'', A « 50° 10' 1(K'; 
find By Q and a. We have 

J (J + c) = 96° 25' 25" 

J (6 - (?) = 25° 5' 5" 

J^ = 25° 5' 5" 

By (126). By (127). 

w CO log Bin l{h + c) + 0-0019487 ar co log cos J (i + (?) - 1-0244829 

logsin I (6 - c) + 9-6273228 log cos i(h-c) + 9-9569757 

log cot J u4 + 0.3296529 log cot J J. + 0-3296529 



log tan \{B^0) + 9-9589244 
J (J? - (7) = 42° 17' 40".2 
5=135° 5'28".8 

By (128). 

ar CO log sin |(jB- 0) + 0-1720227 
log sin ^{B+ (7)+ 9-9994824 
logtan|(6-c)+9.6703471 

logtanJa + 9-8418522 
J a = 34° 47' 28"-0 



log tan \{B+ 0)- 1-3111115 
\{B + C)^ 92° 47' 48".6 
a =50° 30' 8"4 

By (129). 

ar CO log cos J(J?- (7)4-0.1309469 
log cosJ(^+ (7)- 8-6883709 
logtan J(6 + (?)- 1-0225342 

log tan J a + 9-8418520 



Am. B = 135° 5' 28".8 
C = 50° 30' 8".4 
a = 69° 34' 56".0 

2. Given h = 99° 40' 48", c = 100° 49' 30", A = 65° 33' 10" ; 
find J3, (7 and a. « 

AnB. B = 95° 38' 4".0 
(7 = 97° 26' 29".l 
a = 64° 23' 15".l 

74. It may be remarked with regard to (128) and (129) that, when h and c (and 
consequently B and C) are nearly equal, a small error in the preyious determina- 
tion of the small angle ^{B — C) may produce a large one in log sin \ (B — (7), and 
consequently in log tan J a found by (128). In that case, therefore, (129) must be pre- 
ferred. 

In like manner, if }(6 + ^)> ^^^ consequently i{B -{• C), are nearly equal to 
90°, (129) will become inaccurate, and then (128) is to be preferred. 

Formula (128) would fail entirely if 5 = C7, and formula (129) would fail if 
i (B -{• C) =sz 90°, since the second members in these cases would assume the inde- 
terminate form —. 

75. Case I. Giren 6, c and A. Third Solution. When the 
third side is alone required, the computation by (122) is inmost cases 
as convenient as any other ; but thei e are various other methods 
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derived from the formulae of the preceding chapter, which hav« been 
employed with advantage in particular applications. Among the 
most convenient are the following, from (12) and (13) : 

cos a = cos (6 — (?) — 2 sin b sin c sin^ J A (1^0) 

cos a = cos (6 + (?) + 2 sin b sin e cos* ^ A (131) 

The computation of these requires the use of natural cosines and 
numbers, the signs of which must be carefully observed. 

Example. 

Given b = 99^ 40' 48'', <? = 100^ 49' 30", A = 65« 33' 10" ; 
find a. 

By (130).* 

J ^ = 32^ 46' 35" log sin* J u4 = 2 log sin J ^ 94669752 
J - t? = — 1° 8' 42" log sin c 9-9922023 

log sin b 9.9937722 
log 2 0.3010300 

log 9.7539797 



- 2 sin J sin c sin* J J. =- - 0-5675181 
nat cos (6 — (?) = + 0.9998003 

nat cos (35 = + 0.4322822 

By (131). 



a = 64^ 23' 15" 



i ^ = 32« 46' 35" 
6 + (? = 200° 30' 18" 



log cos* J^ = 2 log cos J J. 9-8493748 

log sin c 9.9922023 

log sin b 9.9937722 

log 2 0.3010300 



+ 2 sin 6 sin (? cos* J J. = + 1-3689240 
nat cos (6 + (?) = — 0.9366416 

nat cos (35 = + 0.4322824 



log 0.1363793 



a = 64° 23' 16" 



76. In Art. 14, ve have deduced several formulsD by vhieh } a may be computed 
We may adapt (17) and (18) for logarithmic computation, as follows : 

sin* s= sin 6 sin c cos* i A 
Bin*Ja = 8in*J(i + c) — sin»0 |- (182) 

sin* s= sin 5 sin sin* } A 
cos*}a = co8*J(6 — c) — 8in*0 |- (188) 

=s cos [J (b — c) + 1>1 cos [} (6 — e) — 0] 
of vhich (182) is to be preferred when J a < 46°, and (133) when J a > 45°. 

* The computation of (130) is facilitated by the use of a special table (given in 
many treatises on navigation), from which, with the argument A is taken the loga* 
rithm of 2 sin* } ^ = versin A. [PL Trig. (4) and (139)]. 
24 gi2 
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Pig.9. ^ 77. Casp] II. Q-iven two angles and the 

included side, or A, C and b, (Fig. 9). 

First Solution ; when the third angle and 
one of the remaining sides are required. 
•B To find B. The relation between A, (7, b 
"T"^ and B, is, by (5), 

cos J5 = — cos (7 cos A + sin (7 sin A cos b (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 

A sin 9-= cos J. 1 

A cos 9- == sin J. cos 6 C ^ ^ 

then (m) becomes 

cos J5 = h (sin (7 cos 9- — cos (7 sin 9-) 

= A sin ((7- 9-) (m') 

or, eliminating h = -; — ^> the formulae for finding B are 

cot 9* = tan A cos 6 ^ 

^^^j^_ sm{0-^)coBA i (184) 

sin 9- J 

To find a. From the third equation of (10), we find, 

sin OcotA + cos (7 cos 6 



cota = 



sin 6 
sin OcosA + cos OainA cos J 



sin J. sin b 
which, by (w), becomes 



(») 



Acos((7-9-) . , . 

cot a = — .^ — A ' z (n) 

T . . T sinJ.cos6 , ^ ^ ,. 

or, eliminating h = r; — > we have, for finding a, 

cot 9- = tan J. cos J ^ 

^^^ ^ _ cos^C^-&)jcoa I (186) 

cos 9- J 

As in the preceding case, we may either take 9* always betwetm 
and 180°, less or greater than 90° according as its tangent is posi- 
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tive or negative ; or we may take 9- numerically less than 90^ m ail 
cases, positive or negative, according to the sign of its tangent. 
(PI. Trig. Art. 174.) 

Qhech. The quotient of (w) by (m') is 

cot a cot ((7 — 9-) 
cosjB "~ sin -4 sin J 

which, multiplied by 



sin J? sin a = sin^l sin b 



gives 



tan J? cos a = cot ((7 — 9-) (136) 

by which the values of B and a, found by (134) and (135), may be 
verified. 

78. If B and c were required, the solution would be similar, only 
interchanging a and e?, A and (7. By the fundamental formulae, we 
should have, 

cos J? = — cos A cos C + sin j4 sin (7cos6 ^ 

sin A cos C + cos A sin C cos h > 

Sin U sm 6 



(0) 



and denoting the auxiliary angle by ^, the logarithmic solution 
would be 

cot ^= tan O^cosJ 

_ sin (A — ^) cos 



cote = 



sin^ 
cos {A — ^) cot b 



(137) 



cos^ 
Check, tan jB cos (? = cot {A — ^) 

Examples. 

1. Given A = 135° 6' 28''.8, (7= 50*^ 30' 8M, 6 = 69° 34' 65^9; 
find B and a. 

By (134). 
^= 135° 5'28"-8 log tanJ.- 9-9986154 

b = 69° 34' 55"-9 log cos b + 9-5426553 

9- = 109° 10' 31".0* log cot 9- - 9-5412707 

(7= 50° 30' 8''.4 
(7- 9- = - 58° 40' 22' .6 



* We may also take^ = — TO'' 49^ 29" -0, whence C—^ = 121o 19' 87"4, which 
will eTidently give the same results as those obtained in the text. 
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By (134). By (135). By (136). 

logBm(C—^) — 9 9816664 logoo8(C—^) + 9-7169386 logcot((7— 3-) — 9-7848722 

ar CO log sin d-4- 0-0247897 ar co log cos d-— 0-4836187 log tan ^+ 0-0787962 

logcos u4~9-8601762 logcotft 4.9-6708362 log cos a —9-7066757 

log cos ^+9-8066828 log cot a— 9-7702926 Check. —9-7843719 

J?= 60»10'10"-0 a=120»80'29"-9 

An%.B-^ 50°10'10"-0 
a = 120° 30' 29''-9 

2. Given^ = 135° 6'28''-8, (7=60°30'8"-4, J=:69°34'55"-9; 
find B and c. 

An9.B^ 60° 10' 10"^ 

<?= 70°20'20''-0 

3. Given A = 65°33'W, (7= 96° 88' 4'', h = 100° 49' SO''; 
find B and a. 

An%.B^ 97° 26' 29" 

a= 64° 23' 15" 

4. Given A = 97° 26' 29", = 95° 38' 4", 5 = 64° 23' 15"; 
find B and a. 

AnB.B-=- 65° 33' 10" 

a = 100° 49' 30' 

79. If a, c and J? were all required, we might find B and c by 
(137), and then a by Art. 3, which gives, 

Bin B : sin J. = sin ( : sin a 

sin -4 sin 6 ^ ^-.. 

sm a = — . p (188) 

Of the two values of a given by this equation, the proper one is to 
be selected, if possible, by the principles of Art. 69.* But as cases 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



* By Art. 69, VII., vhen A differs more from 90° than C, a must be taken in the 
same quadrant with A^ and all ambiguity is removed. If, then, by A ve always 
denote that angle which differs more from 90° than the other given angle, we may 
always solve this case by means of (187) and (138), without meeting with any diffi- 
culty in determining the quadrant in which a is to be taken. 
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80. Case II. Given -4, (7 and J. Second SoltUion; when the two 
remaining sides, or when the three unknown parts are all required. 
We have, by Napier's Analogies, (40) and (41), 

sin ^ {A + 0) : ain^ {A — 0) =^ tan ^ b : tan J (a — t?) 

cos j^{A+ 0): cos J ( J. — (7) = tan J b : tan J (a + t?) 
whence 



n / \ &ini(A — O) ^ , - 

tanH^-^)- ,i^^(^^+g)^ tanii 

, , . coaiiA— 0) : , - 

tan J (a + (?) == 1/ a ^ n\ tan J 6 

^ ^ ^ cos J (ud. + U) 



(139) 



which determine J (a — c) and J (a + (?) ; then the half difiFerence 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the less side. If (7> J., we may 
write (7 — -4, c — a in the place of j4 — (7, a — e?. 

We may now find £ by either of Napier's Analogies, (42) and 
(43), which give* 

cot J5 = '!" \ ^l" '^ "l tan J (^ - (7) (140) 

' sin I (a — c) ^ ' ^ ' 



ootJ5 = 2^ii(i±i)tanJ(^+0') 
* cos J (a — c) '^^ ' 



(141) 



Examples. 

1. Given A = 135° 5' 28".6, C = 60° 30' 8''.6, b = 69° 34' 66".2 ; 
find a, c and jS. 
We have J (A + (7) = 92° 47' 48".6 

J(A-(7) = 42°17'40".0 

J6 = 34°4r28".l 
Then, by (139), 

arcologsinJ(^+(7)+0.0005176 arcologcosJ(^+(7)-1.3116286 
log sin J \a- (7)+ 9.8279768 log cos J(^- (7)+ 9-8690535 



log tan J 6 +9-8418527 

log tan J (a — (?) + 9-6703471 

J(a-(?)= 25° 5' 5"-0 

a = 120°30'30".0 



log tan J 6 +9-8418527 

logtanJ(a + 6) —1-0225348 

J (a + e?) = 95° 25' 25".0 

c = 70°20'20".0 



* We may also fiDid B by any one of Gauss's Equations, (44), interchanging B 
«nd (7, h and e. 
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By (140). • By (141). 

arcolog8in§(a — c) + 0-3726772 arcologcosJ( a — e) + 0-0430243 

log sin J( a + e) + 9-9980523 log cos J( a + <?) — 8-9755171 

logtanJ(A-C)+ 9-9589234 logtanJ(J.+ 0) - 1-3111110 

log cot i B + 0-32C6529 *log cot J B + 0-3296524 

J5 = 25°,V6"-0 

Am. a = 120° 30' SO" 

c= 70° 20' 20" 

B= 50° 10' 10" 

2. Given A = 95^ 38' 4", (7 = 97^ 26' 29", b = 64° 23' 15" ; 
find a, c and B. 

Arts. a= 99° 40' 48" 

c = 100° 49' 30" 

5= 65° 33' 10" 

81. Case II. Given A^ C and 6. Third Sobition. When the 
third atigle B is cdone requi'^edy the computation by (134) is in most 
cases as convenient as i*ny ^ther, but there are other methods (cor- 
responding to those given \h Art. 75 for finding a) which inay occa- 
sionally be serviceable. By |14) and (15) we have 

cos 5 = - cos (4 + (7) - 2 sin A sin sin^ J h (142) 

cos 5 = — cos (4 — (7) + 2 sin A sin cos^ J b (143) 

the computation of which is similar to that of (130) and (131). 

Example. 

Given A = 95° 38' 4", (7 = 97° 26' 29", b = 64° 23' 15" ; 
find 5. 

By (142). 

J 6 = 32° 11' 37".5 log sin^ J 6 = 2 log sin J 6 94531022 

4 + (7 = 193° 4' 33" log sin A 9-9978967 

log sin C 9.9963268 

log 2 0.3010300 

- 2 sin 4 sin C^sin^ J 6 = - 0-5602162 log 9.7483557 

— nat cos {A+a) = + 0-9740715 

nat coa^S = +"04138553 B = 65° 33' 9".y 



* For the reasons giren in Art. 74, (141) is, in this example, not bo aceurat^ 
as (140)- 
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' (1^) 



(146) 



82 In Art. 14, several formulae are given, by which J B may be oomputed Bj 
^21) and (22) we have 

sin* } j5 =s cos* i {A — C) — sin A sin C cos* J b 
cos* } J? = sin* i{A+ C) — sin A sin (7 sin* J 6 

which may be adapted for logarithms, thus : 

sin* ^ == sin -4 sin C cos* J b 
sin* } J? = cos* i{A — C) — sin* ^ 

= cos [J (A—C) + 0] cos [} (^ — (7) — ^] ^ 

sin* (^ = sin ^ sin (7 sin* J 6 
cos* J i? = sin* i{A+ C) — sin* ^ 

= sin [J {A+C) + 0] sin [} (A + C) - 0] 

of which (144) is to be preferred when i B< 45°, and (145) when J J? > 45®. 

83. Case II. might have been reduced to Case I. by means of the polar triangle, 
Art. 8 ; for there will be known in the polar triangle, two sides and an angle oppo- 
site one of them, being the supplements of the given angles and side of the pro- 
posed triangle. The polar triangle being solved, therefore, by Case I., and its two 
remaining angles and third side found, the supplements of these parts would be the 
two sides and third angle required in the proposed triangle. It is easily seen, also, 
that all the formu'pB above given for this case might have been obtained by these 
considerations. 

84. Case III. Given two sides and an 
angle opposite one of them ; or a, i, and A. 
Fig. 9. 

First S^'lution, in which each required 
part is 'i^educed directly from fundamental 
formu^^r independently of the other two parts. 



Fig. 9. 




37) find c. We have, by (4),* 

cos c cos 6 + sin {? sin h cos A = cos a 
t? wive which, let 

A sin ^ = sin I cos A 

h cos ^ = cos b 
then (m) becomes 

h cos (^ — ^) = cos a 

or putting c- — ^ = ^', 

h cos ©' == cos a 



1 



(M) 



(m) 



<? = ^ + $' 



1 



(mO 



* This formula has been already employed and adapted for logarithms in Case 1; 
but, for the sake of clearness, it is repeated. The student will remark that a sim- 
ple transform atinn of (122) gives (14C). It will also be observed that the given angle 
and the given side adjacent to it, in each of the first four cases, are denoted by A 
and 6. m order that the auxiliaries -p and d may have the same values throughout 
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The auxiliary ^ will be fully determined by (w), being taken be- 
tween and 180°, and always positive (PL Trig. Art. 174) ; but, as 
the cosine of an angle is also the cosine of the negative of that 
angle [PI. Trig. (56)], we may take ^' in hmf) either with the posi- 
tive or the negative sign, so that c = ^ db cp'. There will thus be 
two values of c answering to the same data, both of which will be ad- 
missible, except when ^ + ^' exceeds 180°, in which ease the only solu- 
tion is (? = $ — ^' ; and except when ^'exceeds $ (which would make 
c negative), in which case the only solution is <? = $ + $'. 

Therefore, eliminating A, we have for finding (?, 



tan ^ = tan h cos A 

. cos (P cos a 

cos $ = 7 — 

^ cos 



.(14S) 



C = (p zfc (P' 

To find C. We have by (10), 

cos (7 COS 6 + sin (7 cot JL = sin h cot a 

or, multiplying by sin JL, 

cos sin A cos 6 + sin (7 cos J. = sin J. sin 6 cot a (k) 

to solve whichy let 

A sin 9- = cos A 

A cos 9- = sin A cos 6 
theu (n) becomes 

h cos ((7 — 9-) = sin A sin b cot a 
or putting (7 — 9- = y, 

A cos 9' = sin A sin b cot a 

(7=9 + y 



(«) 



I M 



Here 9- will be fully determined, while 9' found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of (7 = 9 zt 9', corresponding respectively to the two values 
of c ; but, as before, values greater than 180°, and negative values, 
being excluded, there will in certain cases be but one solution. 

Eliminating A = -^ — ^ we have, then, for finding (7, 
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cot 9* = tan A cos h ^ 

cos y = cos 9- tan 6 cot a > (1*7) 

To find B. We have several methods : 1st, directly by (3), 

. 8inJ.sin6 

sm B = : (118) 

sm a ^ 

which gives two values of By supplements of each other, correspond- 
ing respectively to the two values of c and C. We shall presently 
see how to determine lyhich are the corresponding values of (?, 
O and B. 

2d. In (123), ^ has the same value as in (146), and therefore put- 
ting in (123), c — $ = ^', we have 

^ sin ^'cot J. 

cot B = T-— (149) 

sin ^ ^ ' 

which gives two values of B by the positive and negative values 
of (p'. 

3d. By (124), 

cos B = tan $' cot a (1^0) 

which also give» two values of B by the positive and negative values 

of <{)'. 

4th. In (134), d* has the same value as in (147), and therefore put 
ting in (134), (7 - & = y, 

sin y cosA 

cos B = ; — iv — (151) 

sin 9* ^ ' 

which gives two values of -B, as before. 

5th. By (136), 

cot -B = tan y cos a (152) 

which gives two values of -B, as before. 

The formula (149) shows that when $' is positive, cot B and cot A 
have the same sign, that is, B and A are in the same quadrant ; and 
that, when (p' is negative, cot B and cot A have different signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to 9-'. Hence, that value of B which is in the 
iame quadrant as Ay belongs to the triangle in which <? = $ + ^', 
(7 = 9" -f y ; and that value of B which is in a different quadrant 
from Ay belongs to the triangle in which (? = ^ — ^', (7= 9- — 9-'. 
This precept enables us to employ (148) without ambiguity. In the 
26 R 
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ase of (149), (150), (151) and (152), it is only necessary carefully to 
observe the signs of the several terms. 

Checks. Of the various formulae above given for finding B^ one or 
more may be employed for the purpose of verification. When c and G 
have been found, the most simple check is the following, from (3), 

sm (? sin a ^ ' 

which, indeed, might have been employed to find (7, after c was 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VI., if b diflFers more from 90° than a, 
B must be in the same quadrant as 6, and, since but one of the two 
values of B can satisfy this condition, there will be but one solution. 
In that case c and C will each be found to have but one admissible 
value. 

86. The problem will be altogether impossible, when a differs more 
from 90° than h^ and is yet not in the same quadrant with A. In 
such case, we should find that $ + $'> 180°, and ^ — $'<0; 

^ + y>180°, ^-y<o. 

The problem will also be impossible, when sin J. sin i > sin a, since, 
by (148), we shall then have sin -B > 1. 

Examples. 
1. Given a =40° 16', h = 47° 44', A = 52° 30'; find B. 

By (148). 

a= 40° 16' ar CO log sin a 0-1895350 

b = 47° 44' log sin b 9-8692449 

4= 52° 30' log sin A 9-8994667 

jB= 65° 16' 35" log sin jB 9-9582466 

or jB = 114° 43' 25" 

2. With the same data, find c and B. 

By (146.) 
a= 40^16' log cos a+ 9.8825499 

6= 470 44/ iQg ^^^ J +0.0414996 ar co log cos 6+0-1722547 

A^ 52° 30' log cos ^+9-7844471 

<p= 33°48'51".4 log tan (p +"9^8259467 log cos (p+ 9-9195201 

(P'=2fcl9° 30' 29".0 log cos <{)'+ 9 9743250 

/?,= 53°19'20"-4 
^= M°18'22"-4 
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By (149). Check. (150). 

<j) = 33°48'51"4ar<olog8in(t>+0-25453281ogcota+0-0720848 
<{>' =± 19° 30'29".0 log 8in<f.'±9-5236676 logtan(p'±9.5493427 

A= 52° 30' 0" log coU + 9 -8849805 ±9-6214276 

^;= 114°43'25''-l} logcot^±9-66318091ogco8S±9-6214275 

Am. c =» 53° 19' 20"-4 ) J c = 14° 18' 22"-4 
B = 65° 16' 34"-9 j ^''^ | 5 = 114° 43' 25"-l 

8. Given a = 120°, b = 70°, A = 130° ; find and B. 

By (147). 

a= 120° * log cot a -9-7614394 

h = 70° log cos h +9-5340517 log tan b +0-4389341 

A= 130° log tan J.— 0-0761865 

S- = 112° 10' 33"-6 log cot 9- -9.6102382 log cos 9—9-5768627 

9-' = d= 53°13'13".8 log cos 9-'+ 9-7772-362 

0= 165° 23'47"-4 
C,= 58°57'19"-8 

By (151). Check. (152). 

9- = 112° 10'33"-6 ar cologsm9-+0-0S33755 log cos a-9-6989700 

9-'=± 53°13'13"-8 log8in9-'±9-90360301ogtan9-'±0-1263669 

A= 130° 0' 0" log cos^— 9-8080675 :p9^8253369 

» ^ 1^3° 46' ^7" 'i 1 

5= 56°13'22"-5 J logcos^=F9-74504601ogcot5rp9-8253369 

Am. C= 165° 23' 47"-4 \ f C = 58° 57' 19"-8 

B = 123° 46' 37"-5 j *"^ \ 5 = 56° 13' 22"-5 

4. Given a - 70°, b = 120°, A = 130°; find C. 

By (147). 
0= _ 70° log cot a + 9-5610659 

I = 120° log cos b — 9-6989700 log tan b — 0-2385606 

A-= 130° log tan^- 0-0761865 

9- = 59°12'37"-0 log cot 9- + 9-7751565 logcos 9-+ 9-7091756 

y = db 108° 49' 35"-l log cos 9-' - 9-5088021 

— 168° 2 12"-1, taking 9^ with the positive sign only, since 
its negative value would render negative. 
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5. Given a = 39^ 40' 48'', I = 64° 23' 15", ^ = 96 " 38' 4" ; find 
c, (7 and B. 

Ana. c = 100° 49^80" 
(7= 97° 26' 29" 
B^ 66° 33' 10" 

6. Given a = 40° 5' 25".6, 6 = 118° 22' 7".3, -4 = 29° 42' 33".8 ; 
find Cy C and B. 

Arts. (j=163°38'42M) r ^ = 90° 5'41".0 
(7 = 160° 1'24".4 y or < (7= 60°18'56".2 
5 = 42° 37' 17".6 J I 5 = 137° 22' 42".5 

7. Given a = 69° 34' 66", b = 120° 30' 30", A = 50° 10' 10" ; 
find € and O. 

Ans. £? = 70°20'20' 
(7= 60° 30' 8"4 

8. Given a = 120° 30' 80", b = 69° 84' 56", A = 50° 10' 10" ; 
find c and (7. 

w^n«. Impossible. 

9. Given a = 40°, 6 = 60°, ^ = 60° ; solve the triangle. 

Ans. Impossible. 

87. Case III. Given a, b and A. Second Solution. We find 
B by the formula 

sin J. sin 5 

sin B = — --—- — 
sin a 

and then by Napier's Analogies, (41) and (43), 

cos ^(A + B) ^ ^. ... 

tan i <? = f-T-i ^ tan * ( a + 6 ) 

2 cos J (A — jB) 2 ^ ^ 

1^(164) 

or by (40) and (42), 

- sin i (^ + J?) - , - . 

tan i <? = -. — fT-j ^( tan * ( a — 6 ) 

^ sin J (J. — jB) ^ ^ ^ 

^ , ^ sin i ( a + 6 ) , , . ^. 

cot i (7= -.— f-) — ^^—ri tan i (-^ — ^) 
^ sin J ( a — 6 ) 2 ^ ^ 

m which we employ successively the two values of -B, and obtain 
two solutions, except when for one of these values the second mem- 
bers become negative, for J c and J being less than 90°, their 
tangents must be positive. 



^ (156) 
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IVe leave it to the student to apply these formulae to the preceding 
examples. 

88. To determine by infection of the data a, b and A, whether there are two solutione^ 
or but one. 

1st. It has already been seen, Art. 85, that when b differs more from 90® than a, 
3 most be in the same quadrant as 6, and there can be but one solution. It remainn 
to show, 

2d. That when a differs more from 90° than 6, there will necessarily be two solu 
tions. We have, by the first of (4), 

cos a — cos b cos e 

sm c = 

sin b cos A 

Two solutions exist so long as both values of e are positive, and less than 180°, that 
is, BO long as sin e is positive. Now when a differs more from 90° than 6, we have, 
(neglecting the signs for a moment), 

cos a > cos b > cos b cos c 

therefore the numerator of the above value of sin c has the sign of cos a. But by 
Art. 69, VI., a and A are in the same quadrant, and cos a and cos A have the same 
sign ; consequently also, the numerator and denominator have the same sign, and 
the value of the fraction, or of sin c, is positive, as was to be proved.* 

Hence, there ia but one solution when the side oppoeite the given angle differs less from 90° 
than the other given side, and two solutions when the side oppoeite the given angle differs 
more from 90° than the other given side. 

89. Case IV. Given two angles and a side opposite one of therriy 
or A, B and b. (Fig. 9). 

First Solution^ in which each required jHg.9. c 

part is deduced directly from the fundamen- 
tal formulae. 

To find c. We have, by (10), 

sin £? cot b — cosccosJ. = sin JL cot B 

or multiplying by sin 6, 

sin c cos b — cos c sin b cos JL = sin -4. cot B sin b (m) 

to solve which we take 

2; sin ^ = sin b cos A 

k cos (p == cos b 

* The same proposition may be otherwise proved thus. By the equations (m) 
ind (m') Art. 84, we have 

cos b . cos a - sin 6 . 

cos <p = — ; — cos 0' = —i — k ss —. — cos A 

k k sin 

from the third of which we see that k has the sign of cos A ; if then a diffe ""^ 

from 90° than 5, that is, if cos a and cos A have the same sign, cos 0' is | 
and 0' < 90°. Also since, (neglecting signs), cos a > cos 6, we have 008 ^ > 
or 0' differs more from 90° than ^ Hence 0' < ^ and #' < 180° — ^, op 
and ^ -|- ^' < 180°, or both values of e are between and V 

b2 




[m) 
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then, putting <? — ^ = $', (m) becomes 

k sin ^' = sin A cot S sin 6 

or eliminating Ar, we have, for finding c^ 

tan $ = tan b cos JL 

sin $' = sin <p tan J. cot -B }• (1^6) 

Here ^' being determined by its sine, ;<¥ill have two values, sup- 
plements of each other, which being successively added to ^, give 
two values of <?. 

When the second member of the formula 

sin ^' = sin $ tan A cot B 

is negative, sin $', and therefore <p' is negative, and the two supple- 
mental values of <p' must be successively subtracted from ^. There 
will be two solutions, then, except when one of the values of c ex- 
ceeds 180°, or when one of them is negative. 
To find a We have, by (5), 

sin C sin A cos h — cos (7 cos A = cos B (n) 

whence, if we put 

A sin 9- = cos A 

A cos 9 = sin A cos 6 

and also (7 — 3* = y, we have 

A sin y = cos B 

(7 = 9- + y 

Eliminating A, we have 

cot 9- = tan A cos h 
sin 9 cos B 



(«) 



(n*) 



sin 9-' = 



cos A 

c = 9- + y 



f (167) 



As 9' is also determined by its sine, it will have two supplemental 
values, which will both be added to or loth subtracted from 3> (ac- 
cording to the sign of sin 9',) thus giving two values of (7, except 
when one of them exceeds 180°, or when one of them is negative. 
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To find a. We have several methods : 1st, directly by (3), 
which gives 

sin 6 sin ^ ,^^^. 

sin a =s — -, — n — (158) 

sin -D ^ ^ 

2d. By (146), where $ and <p' have the same values as in this case, 

cos $' cos 6 
^^^ ^ = cos(p (1^^^» 

3d. By (150), 

cot a = cot cp' cos B (1^^) 

4th. By (147), where 9- and y have the same values as in this 
case, 

cosy cot 6 

cot a = r (161) 

cos 9- ^ ^ 

5th. By (152), 

cos a = cot y cot B (162) 

Each of the last four formulae gives two supplemental values of 
a by the two values of ^' or 9*', employed in the second members. 
From (166) we have 

cos A = tan ^ cot h 

which with (169) gives 

cos a sin h 

-——7 == cos <b' X Z-ITL 
cos A. ^ sin (p 

The sign of the second member of this equation depends upon 
ihat of cos $', since sin 6 and sin $ are always positive. Hence 
when cos <p' is positive, cos a and cos A must have like signs ; and 
when cos $' is negative, cos a and cos A must have different signs. 
A like result follows from the first of (157) and (161) with reference 
to 9-'. Hence, that value of a which is in the same quadrant with 
A belongs to the triangle in which (^' < 90°, 9-'< 90° ; and that value 
of 2, which is in a different quadrant from A belongs to the triangle 
in z^Atc'A (|)'>90®, 9'>90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162),. 
it is only necessary to observe the algebraic signs of the several terms. 

Checks, Of the various formulae above given for finding a, one or 
more may be employed for the purpose of verification. When c and 
C have been found, however, the most simple check is 
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sin C sin B 



sin c sin h 



(168) 



which might have been employed for finding after c was found, or 
reciprocally, but for the ambiguity attaching to the sines. 

90. According to Art. 69, VII., if A differs more from 90® than 
J?, a must be in the same quadrant with A. But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case c and G will each be found to have but one admissiblo 
value. 

91. The problem will be impossible when B differs more from 90® 
tnan A^ and yet is not in the same quadrant with (. In such case 
we should find both values of c (and both values of (7) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin ( sin ^ > sin JB, 
Bince by (158) we shall then have sin a > 1. 



Examples. 

1. Given A « 132° 16', B = 139° 44', h = 127° 30'; find a. 

By (168). 

B = 139° 44' 0" ar co log sin B 0-1895350 

A = 132° 16' 0" log sin A 9-8692449 

6 = 127° 30' 0" log sin h 9.8994667 

a == 65° 16' 35".l log sin a 9-9582466 

or a = 114° 43' 24".9 

2. With the same data, find and a. 

By (157). 
£= 139° 44' 0" log cos 5-9.8825499 

A = 132° 16' 0" log tan JL-0.0414996 ar co log cos A— 0-1722647 
6= 127° 30 0" log cos 6-9.7844471 

;^= 56° 11' 8".61ogcot3H-9.8259467 log sin ;^+9.919,'^-204 

y =+ 70°29'31".0 1 1 . cy . r^q^ 

y^= + 109°30'29".0 / log siny+ 9.9743250 

c\^ 126°40'39".6 
C7^= 165^41'37".6 
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« 

By (161). Check. (162). 

S- = 56° ir 8".6 ar CO log cos 9-+ 0.2545328 log cot 5-0.0720848 

y =109° 30'29"!o I ^°S C08ydb9.5236676 log cot y± 9-549342 7 
6*=127°30'0" log cot J- 9 -8849805 qi9.6214275 

a* =^66° 16'34''!9 } ^°^ ""^ «q=9.6631809 log cos a=F9.6214275 

Jn«. C=126°40'39".6 1 f (7=165° 41' 37"-6 
a = 114°43'25".l J °^ t a- 65°16'34".9 

8. Given A = 110°, B = 60°, 6 = 50° ; find e and a. 

By (156). 
B = 60° log cot5+ 9-9614394 

A = 110° logcos^-9.5340517 logtan^— 0-4389341 

6 = 50° log tan6 +0-0761865 

<Sf = 157°49'26".4 logtan<p -9-6102382 log8in({»-f9-5768627 

<p' =- 36°46'46".2 1 log sin ({.'-9-7772362 

<p',=-143°13'13"-8 j * ^ 

(?4 = 121° 2'40"-2 \ 
c, = 14°36'12"-6 J 

By (159). Check. (160). 

<{> = 157°49'26"-4 ar CO logcos(p— 0-0333755 log cos5+ 9-6989700 

t', =Il43°13'13''*8 } l°g«««<P'±9-9036030 log cot<p'=F 0-1263669 
j'= 50° 0' 0" logcos 6 +9.8080675 :f9'8253369 

a, = 123°46'37"-5 1 j g ^ q:"9-7450466 log cot a=F9-8253369 
a, = 56°13'22"-5; & -^ 6^ 

J.7W. (? = 121° 2'40"-2\ f <? = 14° 36' 12"-6 

a = 123° 46' 37"-5 J ""^ t « = 56° 13' 22"-5 

4. Given ^ = 60°, B = 110°, 6 = 50' ; find c. 

Am. <j = 11° 57' 47"-9 

5. Given ^-115° 36' 45", 5 = 80° 19' 12", 6 - 84° 21' 56" : 
find a, e and 0. 

Ans. a = 114° 26' 50" 
c= 82° 33' 31" 
C= 79° 10' 30" 

6. GivenA = 61°87'52".7, 5 = 139°54'34".4, 6=150° 17' 26"-2; 
find a, e and 0. 

Ans. a = 42° 37' 17"-5 ) f a = 137° 22' 42".5 

e = 129° 41' 4"-8 >■ or -{ c = 19° 58' 35"-6 
(7= 89°54'19"-0 ) ( (7= 26°21'17"-(f 

26 
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7. Given A = 70°, B = 120°, 6 = 80° ; solve the triangle. 

Arts. Impossible. 

8. Given A == 60°, B = 40°, 6 = 60° ; solve the triangle. 

Ana. Impossible. 

92. Case IV. Given -4., B and 6. Second Solution. We find a 
by the formula 

sin b sin A 



sin a = 



sin^ 



and then by Napier's Analogies we find c and (7, precisely as in 
Case III., Art. 87, employing successively, in (164) or (155), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 

93. Tq determine by inspection of the data At B and h, whether there are two eolutionk 
or but one. 

1st. It has already been seen, Art. 90, that when A differs more from. 90^ than^, 
a must be in the same quadrant with A, and there can be but one solution. It 
remains to show that, 

2d. When B differs more from 90° than A, there will necessarily be two solatioiis 
We have, by (6), 

. ^ cos B 4- cos A cos C 

sin C = ■ 

sin A cos b 

Two solutions exist so long as both values of C are less than 180®, and both positive, 
that is, so long as sin C is positive. Now when B differs more from 90° than A^ we 
have, (neglecting signs for a moment), 

cos B > cos A > cos A cos 

therefore the numerator of the value of sin C has the sign of cos B, But by 
Art. 69, VII., B and b are in the same quadrant, consequently the numerator and 
denominator have the same sign, and the value of the fraction, or of sin C is always 
positive, as was to be proved.* 

Hence, there is but one solution when the angle opposite the given side differs less from 
90° than the other given angle ; and two solutions when the angle opposite the given sid6 
differs more from 90° than the other given angle. 

94. Case IV. might have been reduced to Case III. by means of the polar triangle 
of Art. 8. For there will be known in the polar triangle two sides and an angle 
opposite one of them, being the supplements of the given angles and side of the 
proposed triangle. The polar triangle being solved, therefore, by Case III. , and its 
two remaining angles and third side found, the supplements of these parts will be 
the required sides and third angle of the proposed triangle. 



* It may be shown that both values of C will be admissible, by a process of rea- 
soning similar to that employed in the note on page 197, applied to the equationi 
of Art S'}. 
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rig.». (, 




. (164) 



. (165) 



95. Case V. Oiven the three sides, or a, 6 
and e. (Fig. 9.) We have three methods 
for computing the half angles : 

1st. By the sines, from (31), remembering 
that A 

« = J(a + 6+c) 

sini^= // «^^(^-:^)sin(^-g) x 
^ ^ \ sin i sin c? / 

^ >* \ Sine sma / 

2 >/ \ sm a sm 6 / 

2d. By the cosines, from (33), 

, ^ / / sin « sin (« — a) \ 

cos i -4 = J ( ,. , . ) 

^ ^ \ sin 6 sin c? / 

/ / bill rf sin (8 — h )^ 

cos i-B = J ( ; ^ ) 

2 ^ V sin c sm a / 

1 n I / sin£sin(«--c)^v 

cos * 6^ = ^/ ( ; ^^ — 7 — - ) 

^ N \ sm a sm 6 / 

8d. By the tangents, from (34), 

^ ^z \ sin s sm (« — a) / 

tan i 5 = J . gMi^^ ) f (' - «) ) 
^ ^Z V sm « sin (s — 6) / 

^ ^ Sin « sm [8 — 6*) / 

When only one of the angles is required, the simplest method will 
bo by (165), but if the required angle is less than 90°, it will be 
found more accurately by (164), for then ^ JL < 45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the leas* 
labor, since sin a, sin b, and sin (?, are not then required. 



. (166) 
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No amoiguitj can arise in these solutions, since the half angles 
must be less than 90° ; they require therefore no attention to the 
algebraic signs. 

EX&MPLBS. 

1. Given a = 100", 6 =» 60°, c = 60° ; find A. 

a = 100° 

6= 60° logoosec 0.1157460 

e = 60° log cosec 0*0624694 

2 « = 210° 

«'=105° log sin 9-9849438 

c _ a « 6° log sin 8-9402960 

2)9-1034652 

M= 69° 7'62"-7 log cos 9-5617276 
J. = 138°15'46"-4 

2. With the same data, find all the angles. 

By (166). 

«=105° 1. cosec 0-0160562 1. cosec 0-0160562 1. cosec 0-0150662 
«_a= 6° 1. cosec 1-0597040 1. sin 8-9402960 1. sin 8-9402960 
8-b=^ 66° 1. sin 9-9133645 1. cosec 00866356 1. sin 9-9133645 
,_<,„ 46° 1. sin 9-8494850 1. sin 9-8494850 1. cosec 0-1605150 

2)0-8376097 2)8-8914727 2)9-0192317 

1. tan 0-4188049 1. tan 9-4467364 1. tan 9-5096169 

J J. = 69° 7' 62"-7 J£= 15° 36'37"-0 JC= 17° 54'69".l 

Ant. -i=»138°16'46"-4 2?=31°ll'14"-0 (7= 36° 49'68"-2 

8. Given a = 10°, 6 = 7°, « = 4° ; find the angles. 

^»«.^ = 128°44'46"-1 
B= 33°ll'12"-0 
0= 18°15'31"-1 

96. The method by (166), may be pat under the following conyenient form. Let 

// sin (a — a) sin {a — b) sin (a — e) \ 

N \ 8in« / 

then I (167) 

P P P 

^ Bin (« — ay ^ sin (« — by ^ sin {a — e) 

which are similar to the formulsB of PL Trig. Art. 146, and are computed in the same 
manner. 
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97. Case V. Giyen a, h and e. Second Solution, If the whole angle is reqoir^d 
directly,* we haye 

. cos a — cos b cos e 

cos A = .—. . 

sin sin c 

which may be adapted for logarithms by an auxiliary thus : 

cos <p = cos b cos c 



cos 



2 sin J (0 + a) sin J (0 — a) 

sin 6 sin e 



(168) 



Or thus. 



cot 'P = 



cos b cos c 



cos -4 = — 



sin a 
sin (0 — a) 



sin b sin c sin ^ 



(169) 



Fig. 9. c 




98. Case VI. GHven the three angles, or 
Aj B and (7. (Fig. 9). We have three methods 
of finding the half sid<^8 : 
1st. By the sines, \^36). 
2d. By the cosines, (38). 
3d. By the tangents, (39). 
The computations are C9nducted precisely in the same form as those 
of the preceding case. 

Example. 

Given A = 120°, B = 130°, (7 = 80° ; find c. 

Ana. e = 41° 44' 14".6 

99. The formulsB (39) may be arranged for conyenient use in the same manner at 
the corresponding formulsB of the preceding case, Art. 96. 

100. Casb VI. Giyen A, 3 and O, Second Solution. We haye, by (6), 

cos A + cos B cos O 
sin B sin O 



which may be adapted for logarithms by an auxiliary, thus : 

cos (p ss cobB cob O 

sin ^ sin C7 



(170) 



Of« 



tan0 



cos B cos O 



sin^ 



cos (A — <p) 
008 a = . p\ ^ — ^ 
sm B sm C cos <p 



(171) 



* See Note at the end of this chapter, p. 211, for the method of computing many 
of the general formuln of spherical trigonometry directly, without the aid of aux' 
iliary angles. 

S 
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Solution of Obliqxtb Spherical Tbl/inoleb bt Means or a PsBPENPiouLim. 

101. All the cases of oblique spherical triangles may be solyed by diyiding the 
triangle into two right triangles by a perpendicular from one of the yertices to the 
opposite side, and solving these partial triangles by the methods of the preceding 
chapter. Bowditch has given two rules, based upon Napier's Rules, (Art. 46), by 
which the application of this method is facilitated. 

102. Bowditch' 8 Rules for Oblique TriangUe, « If in a 
Fig. 10. Q spherical triangle, (Fig. 10), two right triangles are 

formed by a perpendicular let fall from one of its yer- 
tices upon the opposite side ; and if, in the two right 
triangles, the middle parts are so taken that the perpen- 
^J^ dicular is an adjacent part in both of them ; then 

The sines of the middle parts in the two triangles arepro^ 
portional to the tangenih of the adjacent parts. 
But if the perpendicular is an opposite part in both the triangles, then 
The sines of the middle parts are proportional to the cosines of the opposite parts. 
To prove which rules, let M denote the middle part in one of the right triangles, 
A an adjacent part, and an opposite part. Also, let m denote the middle part in 
the other triangle, a an adjacent part, and o an opposite part ; and let j9 denote the 
perpendicular. 

First. If the perpendicular is an adjacent part in both triangles, we haye, by 
Nfcpier's Rules, (Art. 46,) 

sin M = tan A tan p 
sin m = tan a tan p 
whence 

sin M tan A tan p tan A 

sin wi tan a tan p '• tan a 

or sin M : sin m = tan A : tan a 

Secondly. If the perpendicular is an opposite part in both triangles, we haye, 1^ 
Napier's Rules 

sin M = cos cos p 



whence 



sin m =s cos o cosp 

sin M cos cos p <;os 
sin m cos o cosp cos o 

or sin M : sin m = cos : cos o" * 

We proceed to solve the six cases of sphericaV triangles with the aid of a perpen- 
iicular. It will be seen, however, that Bowditch's Rules are applicable but in the 
Qrst four cases. 



* Peirce's Spherical Trigonometry, Art. 44. 
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103. Case L Giyen b, e and A. Let the perpendicular C P, Fig. 10, be drawn 
from Cy (that is, in such a manner as to put two giyen parts in one of the right 
triangles). Then the right triangle A C P gives, by Napier's Rules, if we put 

tan 3= tan b cos A (^72) 

then taking co. b and co. a as middle parts in the two triangles, A Pssa } and 
£ Pz= c — * are the opposite parts, whence, by Bowditch's Rules, 

cos <p : cos (e —<p) = cos b : cos a 
whence 

cos (c — <b) cos b ., -,- - 

cos a = ^ '-^ (178) 

cos <p ^ ' 

Again, taking A P and PB as middle parts, co. A and co. B are adjacent parts, 
whence, by Bowditch's Rules, 

sin : sin (e — <p) = cot A : cot B 
whence 

Bin(c_*)lcot^ 

sin ^ ' 

and the formulae (172), (173), (174), agree entirely with (122) and (123). 
The triangle B C P gives as a check 

tan a cos B = tan (c — 0) (176) 

which agrees with (124). 

By drawing the perpendicular from By we may in the same manner obtain the 
formulas (125). 
The angle C may be found by the proportion 

sin a : sin e= sin A : sin C 

or if O has been found by means of a perpendicular from B, B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 

104. Case II. Given A, C and 6. Let the perpendicular be drawn as before, 
Fig. 10, and let 

then, by Napier's Rules, 

cot ^ = tan A cos b (176) 

and by Bow(fltch's Rules, taking co. A and co. B as middle parts, and therefore 
CO. A C P and co. BOP as opposite parts, 

sin ^ : sin (C — ^) = cos A : cos B 
whence 

_ sin (C — ^) cos A „__^ 

cos B s= — ^ — . J^ (177) 

sm ^ ^ ' 



* If ^ 7* should exceed A By (that is, if the perpendicular should fall without 
the triangle), B P would be equal to ^ P — A B = — c, and the solution could 
be modified accordingly. IJut the true results will always be obtained by regarding 
B P 0,3 negative; that is, by still taking B P = c — and attending to the signs of 
all the terms as already exemplified, p. 182. 

t UACr>ACBy B C P =z C—A C P will become negative, but the truo 
results are still found by attending to the signs, as already shown, p. 187. 
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Again, taking co. A C P&nd go. B CPb.b middle parts, and therefore co. b and oow 
«8 adjacent parts, Bowditch's Rules give 

cos ^ : cos (0 — ^) ss cot 6 : cot a 
whence 

cos {O -— ^) cot t 



cot a 



cos 3 



(178) 



and (176), (177), (178), agree entirely with (134) and (186). 
The triangle B C P gives 

tan ^ cos a = cot (C — 5) (179) 

which agrees with (186). 

By drawing the perpendicular from Aj we may in the same manner obtain the 
formulae (137). 

The side e may be found from the proportion 

sin A : sin (7 = sin a : sin e 



Fig. 10. a 



and Art. 69 ; or e being found by means of a perpendicular from A^ we may find a 
by a similar proportion. 

105. Case III. Giyen a, h and A, Let the per« 
pendicular be drawn from C, Fig 10, as in the preced- 
ing cases, and let ^ P sss ^, B Ps=0' ; then, by Na- 
pier's Rules, 

tan =s tan h cos A (^80) 

and, by Bowditch's Rules, 

cos b : cos a ^ cos ^ : cos / 




cos 0' =s 



cos cos a 
cos b 



(181) 



and then 



Fig. 11. 



C = + 0' 

In Art. 84, we haye found, from analytical considerations, that this case admits 
of two solutions, and that the general expression for c is 

c = ± 0' (182) 

In fact, let us attempt to construct the triangle with the data a, b and A. Haying 
constructed A equal to the giyen angle, and b equal to the a<^acent side, Fig. 11, lot 

a small circle be described about C as a 
pole, with a (circular) radius =ss a ; this cir- 
cle intersects the great circle AB in two 
points, B and B^ and both triangles, ACB 
and ACB' contain the same data a, b and A, 
If the perpendicular CP is drawn, we haye 
BP = B'P, so that in one of the triangles, 
the side e = AB ^ AP '\- PJ? s + 0^, 
and in the other, c = AB ^ AP -- BP = — 0'. If both points of intersection, 
B and B\ fall on the same side of A, and within 180® of -4, both nolutions will b« 
admissible. 




To find C, let ACPr=z^, and BCP = y, then by Napier's Rules, 

cot ^ =s tan A cos b 



a«) 



SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 209 

and by Bowditoh's Rules, 

oot b : cot a = cos ^ : cos ^ 
whence 

cos ^ SSI cos ^ tan 6 cot a (^^) 

and since in Fig. 11, - 

C » ACB =z ACP+ BCP = ^ + y, or (7 = ACB s= ACP-- BOP =■ 3 — y, 

we have 

C = » It y (186) 

and the formulae (180), (181), (182), (188), (184), (186), agree entirely with (146) 
and (147). 
After c was found, we might have found C from the proportion 

sin a : sin e = sin ^ : sin C7 (136> 

and B is found from the proportion 

sin a : sin 6 s= sin ^4 : sin ^ (1^7) 

The two yalues of B determined by (187), are both admissible when ehas two yalues 
OS above. It is also evident, from Fig. 11, that the two values of B are supplementaL 
To determine the corresponding values of c and B, we observe that, by Art. 49, the 
perpendicular CP is in the same quadrant with A and with GBP and GBP, and 
therefore GBA is in a different quadrant from A, Hence, that value of B which ia in 
the same quadrant as A corresponds to the value o/ e ^ 4* ^'» ^^ ^^^^ value of B 
which is in a different quadrant from A corresponds to the value of e ss <p — ^'; which 
agrees with what is shown in Art. 84. 

In computing (186), the two values of c must be employed successively, and the 
formula computed twice. At each computation we shall have two values of G found 
from the sine, one of which must be selected by Art. 69. But as the application of 
the principles of Art. 69 is tedious and embarrassing, it is better to find G by (184) 
and (186). 

The formulsB (149), (160), (161), (162), for finding B, may easily be deiuced by 
Napier's and Bowditch's Rules. 

106. Case IY. Given A, B and h. Let the perpendicular be drawn as before, 
Fig. 10, and let AP s=s ^, BP a= ^', then as before, 

tan s= tan b cos A (188J 

and by Bowditch's Rules, 



} (189) 



cot A : ooi B zsi An <p : sin 0' 

whence 

sin ^' =s sin tan A cot B 

c = + 0' 

which agree with (166). But 0' having two supplemental values determined by the 
sine, e has two values, as already explained in Art. 89. 

To show the same geometrically, let BF^ 
Fig. 12, be the acute value of ^, and about 
C as a pole, let a small circle be described 
passing through B, and intersecting the ^'\ 
great circle AB again in B". Let B"G be 
drawn, and produced to meet AB again in 
B, forming the lune B'B, Then we have 

B s=B' =r GBA 
27 8 2 





210 SPHERICAL TRIGONOMETRY. 

Fig. 12. 80 that in both triangles, ACB and ACB , 

the value of the angle opposite the side h 
,Bf is the same, that is, both triangles contain 
the same data, Ay B and 6. Now 

180° = B'B = ^"P+ BP r= ^P 4- B'P, 

80 that BP and BP are suppleicints of 
each other. 
In the triangle ACB we have 

C =5^-1-0' =^P+ J?P 

and in the triangle ACB we haye 

c = + 0' = ^P + J?'P 

and hence the two values of c are found by giving ^' its acute and obtuse yaluea 
successively, as already shown analytically. 

By Art. 49, CP must be in the same quadrant with A ; hence, if B is in the same 
quadrant with A^ P falls between A and J5, as in the figure, and for the same reason, 
between A and B. But if ^ and ^ were in different quadrants, both points, 
B and J?, might fall between A and P. The two values of e would then be found 
by the formula 

c = — 0' 

^ taking, successively, its acute and obtuse values. In that case, tan A and cot B 
would have opposite signs in (189), sin ^' would be negative, which would make 0' 
negative, so that the true results will be obtained, without reference to a diagram, 
by attending to the signs of the several terms, as already fully exemplified, p. 201. 
To find C, let ACP = ^ BCP = y, then we have, as before, 

cot ^ = tan -4 cos b (190) 

and by Bowditch's Rules 

cos A : cos i? =s sin ^ : sin ^ 
■whence 

. -, sin ^ cos B I 

'^^^ ^^^J— i (191) 

(7 = 3+y J 

which agree with (157). It is evident from Fig. 12, that BCP and BCP, are sup- 
plemental, and that the remarks above made with reference to <p' apply also to ^. 
After c was found, we might have found C by the proportion 

sin 6 : sin c = sin B : sin C (^^^j 

and a is found by the proportion 

sin' ^ : sin ^ s: sin 6 : sin a (^^^) 

The twj values of a found by (193) are both admissible when c has two values. 
From Art. 50, it follows that when BP is acute, a must be in the same quadrant 
with CP, that is, (Art. 49), in the same quadrant with A ; and when BP is obtuse, 
a must be in a different quadrant from A. That is, that value of a which it in the satM 
quadrant with A, belongs to the triangle in which 0' < 90°, and that value of a whk^h is in 
a different quadrant from A, belongs to the triangle in which 0' > 90° ; which agrees with 
Art. 89. 

The formulae (159), (160), (161), and (162), for finding a may easily be deduced 
•ly Napier's and Bowditch's Rules. 
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107. Case V. Given a, b and c. The perpendicular ng.u. 
oannol bd drawn, in this case, so that two of the given 
parts shallbe in one triangle; nevertheless the case can 
be solved by means of a perpendicular. Let the perp. 
be drawn from any angle, as (7, Fig. 13, and as before, 
put AP = 0, BF = 0' ; then by Bowditch's Rules, 

COS : cos 0' = cos b : cos a 

, cos <p' — cos <p cos a — cos b 

whence ;— ; = ; = 

cos -\- cos cos a -f- cos 6 

or, by PI. Trig. (110), 

tan } (*+ ^') **^ i (^-~ ^')=**^ J (*+ <*) tan} (6— a) 
whence, since -)- 0' = c, 

tan } (0 — 0') = tan }(&+«) tan J (6 — a) cot } e 
} (0 + 0') = } c 

which determine } (0 — 0') and J (0 -)- 0') whence and 0'. The angles A and B 
are then determined by Napier's Rules. 

108. Casb VI. Given A, B and C. In Fig. 18, let -4CP = ^ BCP = y ; then, 

by Bowditch's Rules, 

sin ^ : sin y = cos A : cos B 
whence 

sin ^ — sin 5' cos A — cos B 



} (iw) 



sin ^ 4~ B^ ^ <3os A -\- cos B 
or, by PI. Trig. (109) and (110), 

^i|i^ = t«ni(^+^)tani(i»-^) 

srhenoe, since ^ + y = C, 

tan } (^ — y) = tan } (jB + -4) tan } (J? 4) tan } ^ 1 ^j^^. 

which determine J (^ — y) and } (^ 4~ ^') <^<^ therefore ^ and y. The sides a and & 
are then found by Napier's Rules. 



Note eeferred to on page 205. 
Computation of Spherical Formula by the Oaiunan Table, 

The Oaussian Table is a table, first suggested by Gauss, for readily computing the 
logarithm of the sum or difference of two quantities, when the logarithms of theso 
quantities are given. 

If p and q are the two numbers whose logarithms are given, p being the greater 
Qxunber, (or logp the greater logarithm), we have, in the first place 

j'+? = j(i + f)=i'(i+f) 

If, then, we put x = — , we have 

log X = log^ -— log q 
log (j» + ?) = log 9 + log (1 + «) 

log (f 4- ^) = logi»+ log (1 + — 



or 
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Downe>/s Table XXII., with the argument log z, the difference of tfi. I giyen logar- 
ithms, gives log (1 4- ^)y which being added to log g, the less logarithm, giyes the 
required log. sum, or log (p 4- g)* Table XXIII., with the argument log x, giyei 

log ( 1 H ) which, being added to log />, the greater logarithm, giyes the required 

log. sum. Either table may, in general, be employed, but one or the other may b« 
found more conyenient in a particular application, and therefore both are giyeo. 
Again, we haye 



(•-1) 



p 
80 that, putting, as before, z cs ■£-, we haye 

9 

logx = log/» — log J 
log (p — q)= logp + log (1 —— ) 

Downes*s Table XXIV., with the argument, log x, ^yes log ll ) which, being 

added to the greater logarithm, giyes the required log. difference, or log (p — q). 

With these tables, then, we may readily compute any of the preceding formuln 
which contain two terms in the second member, without the aid of auxiliary angles 

Examples. 

1. Giyen b = 120<» 80' 80", e = 70« 20^ 20", A = 60<» lO' 10" ; find a. (Sam« 
as Ex. 1. p. 182). 
The formula is 

cos a = cos b cos c 4- sin & sin e cos A 

which will be thus computed : 

log COB b — 9-70667 
log cos e + 9-62693 

log q — 9-28260 

log sin b + 9-98629 
log sin e + 9-97891 
log cos ^ 4- 9-80664 

logj» 4- 9-71674 

log^ — log s' = log X — 0-48324 

The terms p and q haye opposite signs, and although, by the formula, they are to bt 
added (algebraically), an arithmetical difference is required. By marking the sigiifl 
of all the quantities, as aboye, we shall always know whether a sum or difference 
is required by the sign before log z. In this case this sign being negatiye, we are 
to find a difference, and therefore, by Table XXIV., we take 

log^l — I") 9-82694 

logp + 9-71674 

log cos a 4- 9-64268 
a = 690 34' 62" 
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2. With the same data, find B, The formula is 

^ _ sin e cot 6 — cos e cos A 
cot B = ! — 5 

whieh must here be put under the form 

^ _ sineootd ^ . 

cot B =» — -, — 7— — eoB e cot ^ 

and is thus computed: 

log sin e -f 9-97891 

log cot h — 9-77029 

ar CO log sln^ 4~ ^'^^^67 

log p — 9-85887 

log (— cos c) — . 9-52698 
log cot^ + 9-92121 

log q — 9-44814 
logp — log g 3= log X + 0-41078 

irhere the sign before log x being positive, the tables for log. sum must be used. By 

Table XXII., we have 

log (1 + x) 0-55326 

(which is to be added to the less log.) log q — 9-44814 

log cot B — 0-00189 
or, by Table XXIII., we have 

log (l + i-\ 0-14252 

(which xa to be added to the greater log.) log p — 9-85887 

log cot B — 000189 
J9==185o 5' 81" 

t 

In these isolated examples, the labor of computation is very little less than with 
the use of an auxiliary angle, as on p. 182 ; but the Gaussian Table has greatly the 
advantage when the same formula is to be repeatedly computed with successive 
values of one of the data while the others remain constant. Thus, in the first of 
the preceding examples, if successive values of a are to be found corresponding to 
successive values of A, while b and c are constant, log q will be constant, and log x 
will take successive values, corresponding to those of log cos A, so that after the 
first value of a is found the succeeding ones are rapidly obtained. On the other hand, 
as the auxiliary in the formulas (122), depends upon Ay the whole process would 
have to be repeated in finding each value of a. 

For other forms of the Gaussian Table, see the original table, (to five places of 
decimals), by Gauss, published in Zach's Monatliehe OorrespondenZf Nov. 1812 ; Mat- 
thiessen's, (to seven places), Altona, 1817 ; in Vega's Sammlung mathematischer Ta^ 
fduy (five places), Leipzig, 1840; Zech, (seven places), Leipzig, 1849; Shortrede*s 
Collection of Tables, (seven places), Edinburgh, 1849 ; Gray's Tables for the Compu* 
tatwn of Life Contingencies, (six places), London, 1849 , Schumacher's Hulfstafeln^ 
new ed. (four places). 
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CHAPTEli IV. 



SOLUTION OP THE GENERAL SPHERICAL TRIANGLE. 

109. Wb have thus far, following the usual course, considered those sphericaJ 
triangles only whose sides and angles are less than 180®. In the applications of this 
subject in astronomy, however, it is often necessary to consider triangles whose 
sides or angles exceed 180°. (For example, the right avscension of a heavenly body, 
admitting of all values from 0° to 360°, may be one part of such a triangle). We 
may, it is true, in such cases, always substitute another triangle whose parts are the 
supplements to 180° or 360° of those of the proposed triangle ; but this moder 
although very generally regarded as the simplest, is not really so in the case9 
alluded to. The construction of figures for discovering the supplemental triangles 
is often embarrassing and liable to mistake, while the solutions, when obtained, are 
mostly deficient in generality, and can only be regarded as solutions of the particular 
cases of a general problem. But if we proceed by a method that is as applicabl« 
when the parts of the triangle exceed as when they are less than 180°, we may in- 
vestigate a problem under the simplest supposition of the values of these parts, and 
rely upon the generality of the method to cover all the particular cases. 

110. We shall first endeavor, in an elementary manner, to give the student a con* 

ception of the nature of the general spherical triangle. 
Fig. 14. 

Let ABCf Fig. 14, be any spherical triangle whose pari/ 
are all less than 180° ; then the remainder or complement 
of the sphere is also a spherical triangle whose sides are 
(7, h and c, and whose angles are 360° — -4, 360° — B 
and 360° — C. We shall distinguish these triangles from 
each other by means of accents, Vriting the letters within 
the triangle to which they respectively belong, as ip 
Fig. 14. The sides are common, but when referred to af 
sides of A'B'C, they will be denoted by a', h' and c'. 
Again, one of the sides may exceed 180°, as the side a of the triangle ABCy 

Pig. 15. In this triangle, it is evident that we must have A > 180°, so long as Bt 

Cy h and c are each < 180°. In the triangle ABC we have A' < 180°, while 

B > 180°, C > 180°. 

Fig. 16 






If we next suppose two of the sides to exceed 180°, as a and b, Hg 16, these sidei 
intersecting in two points whose distance is 180°, the figure ceases to present the 
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triangle as an enclosed surface, but it will presently appear that such triangles are 
Bolved by the same general methods that apply in other cases. To form a just con- 
ception of the triangle in this case, we may conceiTe Fig. 16 to be obtained fron 
Fig. 15 by carrying the point A along the ^rc CA produced until it crosses the side a 
the points A and ^ may then be joined either by an arc less than 180°, as in Fig. 16, 
or by its supplement to 360°, as in Fig. 17, in 
which last case every side exceeds 180°. In 
these figures, to avoid confusion, the point A 
is not placed in its true position according to 
parspective. 

In each figure we have two triangles, whose 
sides are common, and whose angles are sup- 
plements to 360°. It will be easy to trace the 
two triangles signified by ABC and A'B'C\ by 
remarking that the letters in each case are all 
on the same side of the p«»rimeter of the triangle. 

We may go farther, ana suppose the arc joining A and J? to be a circumference 
-f- the arc ABy or any number of circumferences + AB; and similarly the angles 
may be supposed to be altogether unlimited ; but since the relative positions of any 
three points of the sphere must be fully determined by arcs and angles less than 
860°, nothing is gained by passing beyond this limit. 

111. All the formulcB of Chapter I. are applicable to the general spherical triangle. 

This proposition might be considered as established by the principle of PI. Trig. 
Art. 49, but it is also very easily established by a continuation of the process of 
Spher. Trig. Art. 6, where the fundamental equation was shown to apply to all 
triangles whose parts are less than 180°. 

It was proved in Art. 29, that all the equations of Chap. I. may be deduced from 
the fundamental one, 

cos a =z cos b cos e -\' Bin b sin c eos A (m) 

We have then only to provp the generality of this single equation. 

1st. Let all the sides be < 180, but ^'>180°, Fig. 14. The formula being true for 
the triangle ABCy we have 

cos a = cos b cos c + sin 6 sin c cos (360° — A') 

or in the triangle A'B'C\ by PI. Trig. (76), 

cos a' = cos b' cos c' 4" sin b' sin c' cos A' 

2d. Let a>180°, Fig. 15, and produce a to complete the great circle. The triangles 
ABC and A'BC are respectively the diflference and sum of a hemisphere and the 
triangle Aih^ all of whose parts are < 180°. In the triangle A'ik we have, in terms' 
of the parts of ABC^ 

cos (360° — a) = cos b cos c + sin 6 sin c cos (360° — A) 

and in terms of the parts of A'B'C\ 

cos (360° — a') = cos b' cos c! •\- sin b' sin d cos A' 

both of which reduce to the form (m). But it is here necessary to show that the 

formula may also be applied to each of the other angles : thus the triangle A'ik 

gives 

cos b = cos (360° — a) cos c + sin (360" — - a) sin c cos (180° — B) 

cos 6'= cos (360° —a') cos c'+ sin (360° —a') sin c'oos (^ — 180°) 
both of which reduce to the form (m). 
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8d Let a > 180<», 6>180^ Fig. 18: these arcs intersect at i, and the triaa^ 

A'B'%%vrw 

Fig.18. c 




008 (a — 180«) = cos (6 — 180°) cos c + sin (b — 180») sin e cos (860<> — A) 
cos (flf— 180®) =3 cos (6' — 180°) cos d + sin {b' — 180o) sin c' cos ^' 

which reduce to the form (m) ; and in the same way the formula applies to the an- 
gle B. We haye also 

cos e =s cos (a — 180°) cos {h — 180°) + sin (a — 180°) sin (ft — 180°) cos • 

and since cos t =s cos (7 s=s cos (860° — C) s= cos C\ this also reduces to the form 
(m) for both ABCfkn^A' B C. 

4th. Let a > 180°, ft > 180°, c > 180°, Fig. 19 ; the side c being produced to 
oomplete the circle, the triangle ikl gives 




008 (a — 180°) = cos (ft — 180°) cos (360°— c) + sin (ft — 180°) sin (860° — c) cos / 

and since cos I s=s cos (180° — A) == — cos -4 == cos {A' — 180°) ss — cos -4', this 
reduces to the form (m) for both ABC and A B C'\ and in the same way the for- 
mula applies to the angle B. We have also 

cos (860° — c) = cos (a — 180°) cos (ft — 180°) + sin (a — 180°) sin (ft — 180°) cos i, 

and since cos % = cos s= cos (7', this reduces to the form (m) for both ABO 
and A' B C. 

The cases in which the angles or sides exceed 860° are included in the preceding, 
in consequence of PI. Trig. Art. 46. 

112. The preceding demonstration, though tedious, has the advantage of giving a 
definite conception of the figures which our formulsB represent. But perhaps the 
most satisfactory (as it is the most elegant) method, is to rest the demonstra- 
tion of our fundamental equations themselves upon the principles of analytical 
geometry, and, for the sake of those who are acquainted with that subject, we add 
the following investigation : 

Any point of the sphere may be referred by rectangular co-ordinates to three 
planes passing through th^ centre of the sphere at right angles to each other. Let 
O be the centre of the sphere, Fig. 20, and AB C ^ spherical triangle upon its 
surface. Let one of the co-ordinate planes, as X F, coincide wi^ the gr«at cir- 
^<tAB^ and let the axis of X pass through B. If CP be drawn perpendicular 
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U Uie plane XF, and GP* and PP' to the axis OX^ the oo-ordinat«'8 uf the 
petnt O are 

X = OF, y rs PP', Z^OP 

Fig. 20. Fig. 2L 





the yalues of which {OQ being takeor s=s 1) are 

X 2= cos a 

y s= sin a cos B 

;; = sin a sin B 

If now the axis of X be made to pass through A^ Fig. 21, without changing 

the position of the plane X F we shall haye for t!^ y\ 2^, the co-ordinates of (7 referred 

to the new axes, 

7! as cos h 

y' sas — sin b cos A 

2^ SB sin 6 sin A 

The axis of 2 being unchanged, the relations between z', y', and 2;, y, are expressed 
simply by the formulsB for the transformation of co-ordinates in a plane ; the in- 
clination of the new axes to the first is here expressed by e, and the formula of 

transformation are therefore 

z S3 x' cos e — ^ sin 

y = z' sin e -{- y' cos e 

substituting the values of the co-ordinates, we haye at once the three following 
'mdamental equations : 

cos a s=s cos e cos 6 -f- sin <^ sin b qoS'A 
sin a cos ^ = sin e cos b — cos c sin b cos A (h) 

sin a sin B = sin b sin A 

which are identical with (4), (6), and (8). 

118. Having established the complete generality of our fundamental equations, 
we may now employ for the solution of the general triangle any of those deduced 
from them in Chap. I. 

As a single trigonometric function is not sufficient to determine an unlimited 
angle or arc, (PI. Trig. Art. 58), it becomes necessary in most cases to deduce ex- 
pressions for both the sine and cosine of the required part. 

It will be found that all the six cases of the general triangle admit of two solutions^ 
but that they all become determinate, when^ in addition to the other data, the sign of 
the sine cr 'iosine of one of the required parts is given. In the practical applications in 
astronomy, 't mostly happens tliat the conditions of the problem supply this sign. 
28 T 
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114. Case I. GiTen 6, c and A, First Solution; when* one of the remaining 
gles, as Bf and the third side a are required. The relations between the given and 
required parts are 

cos a SB cos c cos b 4- sin c sin b cos A 
sin a cos B = sin c cos 6 — cos c sin 6 cos A •■ (1^6) 

sin a sin ^ = sin 6 sin ^ 

The signs of the second members will be known from their computed numerical 
values ; the sign of cos a is therefore known. If the sign of sin a is also 
given, the quadrant in which a must be taken will be known ; the second and third 
equations will determine the sign of the sine and cosine of B, and therefore the 
quadrant in which J3 is to be taken. 

In like manner, if the sign of either cos ^ or sin ^ is given, that of sin a becomes 
known, and the problem is determinate. If no conditions are atttached to the re- 
quired parts, there must be two solutions. 

The numerical solution will be conducted as follows : The values of the second 
members (or simply their logarithms) are to be separately computed, and their 
signs carefully noted ; then the quotient of the 8d by the 2d (or the difference 
of their logs.) will give tan B^ and hence B^ which will be taken in the quadrant 
indicated by the signs of the sine and cosine. Then the 8d divided by sin Bf 
or the 2d by cos B, will give sin a, which, agreeing with the value from the 
1st equation, will serve to verify the correctness of the whole process. 

This solution may be adapted for logarithms by the methods employed in the pre- 
ceding chapter. 

1st. Let k and <p be determined by the equations 

A; sin ^ = sin b cos A 
k cos <j> = cos b 



k being a positive number (PL Trig. Art. 174) ; then 

cos a =s k cos (c — <p) 
sin a cos B = k sin (c — (j>) 
sin a sin ^ = sin 6 sin A 



(197) 



2d. Eliminating k, and taking < 180'', (PI. Trig. Art 174), 

tan ^ =s tan 6 cos A (^ < 180^) 

cos b , . 

cos a = cos (c — <!>) 

cos <P 

_ cosb . , 

Bin a 008 B = sin (e — <b) 

cos fp ^ ^^ 

Em a ^ B =s anb Bin A 



' (1^) 



8d jy iks quadrant m which a is to be taken is ffiven, we may give the preceding 
equadoDB the following form : 



tan0 s= 
tan a 008 ^ = 

tan aBmB s=z 



tan b cos A 
tan (c — 0) 

sin ^ tan A 
008 ( c — ♦) 



(^ < 180°) 



I 

J 



(iw; 
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4th. If both a and b are less than 180^, as not unfrequentl} happens in the appU- 
cations of this problem, let 



tA 



sin b 






sin a 



then m tnd n are both positiye numbers {k being positiTe) and (197) giT^ 

m sin = cos A 
m cos <p = cot b 
n sin B = sin <p tan A 
ft cos jB = sin (c — <p) 
cot a =s cot (c — 0) cos jB 



(200) 



CAecife. We find 



sin (e — <p) sin a cos j? tan A 

sin sin b cos -4 tan -S 

cos (c — 0) cos a 

cos ^ cos 6 



I 

J 



(201) 



besides which we may employ, in connection with (200), the equation sin a sin B 
ss sin b sin A; or in connection with (197) or (198) the equation tan a cos B =3 
tan (c — ^). Or when (197) and (198) are employed, we may find a both by its 
sine and its cosine. 

115. The angle C may be found in the same manner as B, interchanging B and Of 
b and c, in the preceding formulae. But when B and C are both required, the Se- 
cond Solution to be giTen presently is preferable. 

Example. 

Given A == 261° 16' b = 46o 54', c = 138° 32', and a < ISO*; to find a and B. 

We shall first employ (197). The first column of the following computation, con 

tdining the symbols expressing the operations to be performed, should be prepared 

before opening the tables : 

A 2610 16' 

b 45° 64' 

e 138° 82' 



log cos b 
log sin b cos A 



log sin A 

log cos A 

log sin b 

log k cos 

log A; sin ^ 

log tan <p 

log cos <p 

log* 



— 9-9949362 

— 9-1818744 
+ 9-8562008 
4- 9-8425548 

— 9-0875752 

— 91950204 
+ 9-9947886 
4- 9-8478212 



^ 361« 6'42"-6 
*c — ^ 147<» 26' 17"-4 



* As > <?, we take c s 188*> 32' + 360*>, so that c — ^ may be a positiye angle ; 
hut it would be equally convenient to take c — - ^ = — 212° 38'42"-6 
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logiin(c-^^) +9-780a6U 

log cos (c — ^) ^ 9-9267808 

logii; 008 (e — ^) &s log oos a — 9*7785616 

a 126« 26' 6"-6 

(1) log Bin 6 sin ul as log lin a sill ^ — 9-8611860 
logii; ain (0 — ^) a log tin a 001 ^ -f 9*6787726 

log tan jB ^0*2728684 

B 298« 6' 26"*8 

log sin a -f 9*9066861 

log sin jB —9*9466009 

(1) Cheek, log sin a sin jB —.9*8611860 

If a were not limited, we should haTe two solutions, the second being 

ss 2880 84' 63"*4, B = US* 6' 26"*8. 

We shall next give the computation by (200), which is applicable to this example, 

since both a and 6 are less than 180°. 

A 201O 16' 

b 460 64' 

e 188° 82' 

log cos ul ss log m sin — 9*1818744 

log cot b B= log m cos ^ + 9*9868640 

log tan — 9*1960204 

^ 8610 6'42"*6 
fl — ^ 147o26'17"-4 

log tan ^ + 0*8186608 

log sin —9*1897684 

log tan ^ sin ^ a= log n sin jS — 0*0088142 

log sin (e — 0) as log n cos £ + 9*7809614 

log tan jB —0*2728628 

B 298<» 6' 26"-9 

log cos jB +9*6781879 

logcot(c — ^) —0*1947789 

log cos B cot (e — 0) s= log cot a — 9*8679168 

a 126° 26' 6"*7 

116. Casi L GiTcn 5, c and A. Second Solution ; when the two angles B and C, 
•r when all the remaining ports are required. We haye, by Gauss's Equations (44), 

cos } a sin } (^ -{~ C^ = cos ^ (b — c) cos } A 
cos J a cos J (5 + (7) = cos } (6 -f" c) sin } ul 
sin J a sin J (i? — C) = sin J (6 — c) cos J A 
sin ^ a cos ^ {B — (7) = sin } (6 -f- c) sin } A 

From the first two we deduce } (j& -{~ ^) ^^^ ^^^ h ^* ^^^ ^^^ ^® second two 
} (^ — C) and sin } j, whence B, C and a. The problem becomes determinate, !■ 
before; that is, when a is limited by one of the conditions 

a < 180°, or a > ISO** 

for then the signs of both cos i a and sin } a will be known.* 

* By Art. 27, Gauss's Equations may also be taken with the negatiye sign when 
the triangle is unlimited, as in the group (46), but the same final results are ob- 
tained from either (44) or (46). See note at the end of this chapter, p. 227 • 
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EXAMPLK. 

8«me AS in Art 115. a < 180^. 

A 261« 16' 

b 46«64' 

e 1880 32* 

} (* — c) 460 ly 

J (6 + c) 92<» 13' 

i A 130O 38' 

log^^logoosK^ — <') +9*8392n9 

log « ^ log sin } (6 ~ e) — 9-8692398 

log / =s log cos } (b + e) — 8-5874694 

log y = log sin } (b +e) + 9*9996749 

log eo6 } ^ — 9-8137250 

log sin } ^ + 9-8801803 

log <f cos } ^ ss log cos ^ a sin } (jS -f C) — 9-6529969 

log/sin } ^ =3 log cos ^ a cos ^ (^ 4- ^) — 8-4676497 

log Un J (5 + (7) + 11853472 

i(B+ C) 266oi5'58"-0 

log ani{B+ C) — 9-9990771 

log cos } a + 9-6539198 

i a 630 12' 33"-3 

log e cos } ^ =s log sin } a sin } (^ — C) + 9-6729643 

* log y sin } u4 = log sin } a cos } (^ — . C^ 4- 9*8798552 

log tan J (5 — C7) + 9-7931091 

i(B^C) 310 50^ 28"-7 



I 



log sin J (^ — C) + 9-7222788 
Verificatum. •{ log sin } a -f 9*9506856 

i a 63° 12' 33"-3 



B 



= 298« 6' 26^-7 

Ant. -^ C7 = 2340 25' 29"-8 

126° 25' 6"-6 



117. If a only is required, we may find it by one of the methods of Arts. 76 and 
76 ; and if the sign of sin a is giyen, the solution is determinate. If the sign of 
Bin ^ or of sin (7 is giyen, we find that of sin a by inspecting the equation 



sin ^ sin 6 sin A sin c 
sin a SB 



sin ^ sin (7 * 

118. Casb II. Giyen A, O and b. First Solution; when the third angle B, and 
one of the remaining sides (as a) are required. 

The general relations between the giyen and required parts are 

cos B ss — cos C cos A'\-^nCBin.A cos b 
sin B cos a = sin C cos A -{- cos sin A cos b y (203) 

8inj&sma=s sinJlsind 



[(2< 



which are solyed in the same manner as (196). The problem is determinate wnen 
the sign of either sin B, cos a, or sin a is giyen. 

t2 
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Adapting (203) for logarithms, we find 
let 



2d. 



*k sin 5 = cos A 
k cos 3 = sin ^ cos 6 
cos5= A; sin (C — 5) 
sin i? cos a =s A; cos (O — d) 
sin ^ sin a ss sin ^ sin 6 

cot 5 = tan A cos h 

^ cos ul . ,^ 
*^*^^^~ smT ^^^ (^-" ^) 

sin B cos a = -: — - cos (O — S) 

sin 3 ^ ' 

sin B sin a =3 sin A sin b 

Ad. When thi quadrant in which B is to be taken is given .* 

cot 3 = tan A cos b 
tan B cos a s= cot ((7 — ^) 

tan 6 cos ^ 



{k positiye) 



K (2M) 



(3 < 180<») 



J. (205) 



(3 < 180<») 



1 



tan i? sin a r= 



sin (C — 3) 



(206) 



4tli. When A and B are both less than 180°, let 

k 



P = 



sin A 



? = 



sinjB 



then p and q are positive numbers, and we haye from (204), 

jE7 sin 3 3ZS cot A 
p cos 3 =s cos b 
^ sin a = tan 6 cos ^ 
q cos a = cos (C — 3) 
cot 5 := tan (C — 3) cos a 



Cheeks. We haye 



1 



(207) 



cos (C7 — 3) sin ^ cos a tan b 

cos 3 sin -4 cos b tan a 

sin {C — 3) cos i? 

sin 3 cos A 



I (208) 



* The same factor k is used here and in (197), although the auxiliaries ^ and 3 are 

different. To show that k has the same yalue in (197) and (204), let the squares of 

the equations 

ife sin = sin 5 cos A k cos ^ =s cos 6 

be added ; we find 

T^ (sin*^ -{- cos* 0) = Ai* = cos* b + sin* b cos* -4 =s 1 — sin* b sin* A 
and in the same manner, from the equations 

^ sin 3 = cos A ^ cos 3 s= sin ^ cos h 

we find 

Ai* = 1 — sin* b sin* A 

and therefore, in both cases. A* = ^^ (1 — sin* b sin* A) 
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besides which we may employ. w::h (207). the equation sin B sin a = sin A sin 6; 
or with (204) and (205), the equation tan ^ cos a = cot (C — ^). Also, when 
(204) or (205) is employed, we may find B both by its sine and its cosine. 

These formuhe are computed in the same manner as those of preceding case. 

119. Casb n. Given A^ C and b. Second Sol'ttion ; when the two sides, a and c^ 
or all the remaining parts, are required. We employ Gauss's Equadons in the fol- 
lowing form : 



sinl^sin}(a4-c) = cos i (A — (7) mn } 6 
sin } B cos } (a 4~ ^) = cos ^ (A '\- C) cos } b 
cos }^sin}(a — e) s= sia ^ (A — C)8in}6 
cos i B cos i (a — e) =s sin } (A •\- C) eoe } b 



(209) 



whicd are solTed in the same manner as (202). 

EZAMPLB. 

Q.i^A=z 121<» 36' 19"-8, (7 = 42^ 15' lS"-7, ft = 40° 0* 10^, and ^ > 180*. 

By (209). 

6 40« O'lO'-O 

A 121« 86' 19"-8 

C 420 15' IS"-? 

} (^ — C) S90 40' 88"-0 

1{A+C) 81«55'46"-7 

}6 20« 0' 5"0 

log d = log cos i{A'-C) + 9-8863088 

log e = log sin } (^ — (7) + 9-8051224 

log/ = log cos i{A+ C) + 9-1478326 

log^ == log sin J (^ + ^) + 9*9956775 

log sin ^ 6 + 9-5340806 

log cos J 6 + 9-9729820 

log i sin } ft = log sin } ^ sin i{a+e) + 9-4203844 

log/ cos } ft = log sin } i? cos i(a+c) + 9-1203146 

log tan J (a + c) + 0-8000698 

i{a+e) 63<> 23' 3"-8 

log sin i(a+e) + 9-9518526 

log sin } ^ + 9-4690318 

iB 162° 52' 28" -6 

»log (. - « sin J ft) = log (— cos } 5) sin } (a — c) — 9-8392080 

*log (— ^ cos J ft) = log (— cos I B) cos 1 (a — c) — 9-9686595 

log tan Wa — c) + 9-3705435 

l{a^c) 193oi2'32"-9 

' a = 256°85'36"-2 

\Ans. . c = 230° 10' 80"- 4 

B=i 325° 44' 57" -2 



* The sign of eacA of these factors is changed because B > 180°, and cos \ B\b 
negative. 

f It was necessary to increase } (a + c) by 360°, to obtain c. The correspond- 
ing value of ft would be 616° 35' 36' -2. See note at the end of this chapter, p. 227 



224 



SPHERICAL TBIGONOMETRY. 



1 20. When B only is required, we may employ the methods of Arts. 81 and 8!&, 
which are determinate when the sign of sin B is giyen ; or when that of either sin a 
or sin c is given, since we may then find that of sin B by inspecting the equations 

. - sin A sin b sin C sin h 

sin B = : =a : 

Bin a Bin e 

121. Casb III. Giyen a, h and^. Firtt Solution f when the three remaining parti 
B, 0, and e are all required. 

We find B by the equation 

. _ sin ^ Bin 5 

sm B =1 ; (210) 

Bin a \ / 

wnich ifl determinate when the sign of cos B is given. 
Then, to find C7, we have 

— cos C COS A '\- Bia O BiuA oob b k3 cob B 

sin (7 cos A -{- cos C sin A cos b =s b\xl B cos a 

which have already been employed and adapted for logarithms in Art. 118. If we 
denote the auxiliary by 3, and put C — ^ as ^, we find, flrom (204), 

A; sin ^ = cos A (k posltiTe) 

k cos 3 = sin ^ cos 6 

A; sin y = cos 5 (211) 

k cos d' = sin ^ cos a 

To find e, we have 

cos c cos b -^-sin c sin b cos A = cos a 

sin e cos b — cos e sin b cos ^ = sin a cos B 

which hare already been employed and adapted for logarithms in Art. 118. If we 
denote the auxiliary by <p, and put e — =3 ^', we find, from (197), 



Cheeks. We have 



^ sin ^ ^ sin 6 cos A 
k cos ^ = cos b 
k sin ^' =s sin a cos B 
k cos ^' a= cos a 
e = ^ + ♦' 



(k positiye) 



(212) 



sinj 
smy 

Bin <p 



COB^ 
008 B 

tB.nB 



sin 0' tan A 



cos^ 
cos^ 

cos <p 

COS0' 



tan a 
tan 6 

cos b 
cos a 



- (218) 



One of which maybe used as a check when either C or c has been alone comDiited.* 
When both C and c have been found, the obvious check is 

sin C Bin A f214\ 



sm e 



sin a 



* The following relations deserve a passing notice : 



sm^cos^' . . . D 

—-; — -- = sm sm B 

cos 9< sm ^ 



sm 4/ COB ^ • ' A 
; — - s= Bin a Bin il 

cos sm d' 



tan <p tan d> ._ .,„ » * v ^ % a 

- — 1-- — J, =» sm* a sm* B = sm* 6 sm*^ 
tan 3 tan y 

sin20 8in2y _ sin* b 
Bin23Bin2#' "" ^a 
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Example. 
Gtren a « 126o 25' 6"*6, b = ISS^ 82' (T , A =^ 261^^ 16' 0", and cos ^negaUr* 



By (210), 



Bj (211), 



a 


1260 26' 6"-6 


6 


1880 82' 0"-0 


A 


2610 16' 0"0 


log sin a 


+ 9-9056861 


log sin 6 


+ 9-8209788 


log sin^ 


— 9-9949352 


log sin B 


— 9-9102789 


B 


284«25'29"-8 


log cos h 


— 9-8746795 


log Rin A COB h = log ^ cos 3 


+ 9-8696147 


log cos A s= log k sin 3 


— 9-1818744 


log tan 3 


— 9-8117597 


» 


348«24'68"-0 



log COS a — 9-7785515 

log sin J? cos a r= log A; cos 9^ -f 9-6888804 

log 008 jB = log A sin 3' — 9-7647520 

log tan y —0-0809216 

y 809° 41' 88"-7 

5-f y = C7 298° 6'26"-7 

Bj (212), log sin 6 cos ^ = log A; sin — 9-0028582 

log COS 6 = log A: cos ^ — 9-8746795 

log tan + 9-1276787 

187°88'81"-8 

log Bin a 008 jB = log k sin 0' — 9-6708871 

log cos a sr= log k cos 0' — 9-7735515 

log tan 0' + 9-8968856 

<p' 218°15'28"-6 

+ 0' = c 45°58'69"-9 

log sin a — - 9-9455010 

log sin e + 9-8562006 
sin (7 



1^«(^) -0-0898004 

Cheek, log('?J^^ —0-0898001 
\sm a J 



In this example, both ^ 4~ ^' ^^^ 4~ ^' o^oeed 860°, and consequently we hare to 
aed^t 860° from each of them. We might have ayoided this, howcTer, by taking 
»' = — 50° 18' 26"-8, 0' = — 141° 44' 81"-4. 

122. Casb III. Giyen a, b and A, Second Solution ' ^ and e are required 

without finding B. 

We have only to eliminate B from the fourth eqtia *5 of (210). 

%nd then (omitting the third equation) determine 9^1, "vt 

to take it so that sin 3' shall haTe the sign of cob B 
given. The formul» for finding C *^ "nie 

29 
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^ sin 3 = cos A 
k COB 3 = sin ^ cos h 
cos y = cos ^ cot a tan b 
(y < ISO® with the sign of cos B) 
C7s= ^ + y 



{k positiye) 



» (215) 



To find c, we obserre that sin <p' has the sign of sin a cos B^ bo that we haye the 
following formnlsB : 

ib sin ^ ss sin 6 cos A {k positiye) *^ 

k COB ^ ^ cos 6 

cos <p cos <x 



cos 0' s= 



COS 6 



y (210) 



(0' < ISO** with the sign of sin a cob B) 

Cheek, The equation (214). 

123. Case IY. Giyen Ay B and 6. /Vr«^ Solution ; when the three remaining parts 
0, c and C7 are all required. 
We find a by the equation 



sin a as 



sin A sin b 
sin ^ 



(217^ 



which is determinate when the sign of cos a is giyen. The remainder of the solution 
is by (211) and (212). 

124. Casb IV. Giyen A^ B and b. Second Solution; when e and C are required, 
without finding a. 
We easily find, from (211), 

A; sin ^ ^ cos A {k positiye) 

k cos 3 = sin ^ cos b 

sin 9 cos B 



8in^=! 



cos A 



r (218) 



And from (212), 



(cos y and sin B cos a to haye the same sign) 



A; sin =: sin 6 cos A 
k cos s=r cos b 
sin <p' = sin <p tan A cot B 

(cos ^' and cos a to haye the same sign) 

Oheek. The equation (214) 

125. <!;abb V. Giyen a, 6 and e. The formula 

cos a — cos b cos e 



(k positiye) 



-/ 

•v 



>- (219) 



cos u4 a= 



sin 6 sin e 



(220) 



determines A when the sign of sin A is known. If the sign of sin ^ or of tin (7 if 
fj ran,, that of Bin A becomes known by the equation 



sin A 
sin a 



sin B 
sin b 



sin C 
sin e 
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The formnlsB (31), (33), (34), may be used, each of which will become detemi- 
nate when the sign of either sin A, sin ^, or sin (7 is known. 
126. Cabb VL Given A, B and C. The formula 

cos A 4- cos B cos C .am \ 

cos a = .^p . ^ (221) 

sin ^ sin (7 ^ 

determines a when the sign of sin a is given. If the sign of sin 6 or of sin e if 
given, that of sin a becomes known bj the equation 

sin a sin h sin e 



sin ^ sin ^ sin C 

The formulsB (36), (88), (39), may be used, each of which will be determinate 
when the sign of either sin a, sin 6, or sin e is known. 

NoTB UPON Gauss's Equations. 

In the unlimited spherical triangle, we may consider any part, as a, to have an 
infinite number of values, viz. a^ a-\- 360®, a + 720®, &o., expressed generally by 
the formula a -{- 2 n sr, n being any whole number or zero ; and since 

sin a = sin (a -|- 2 n n-) cos a = cos {a-^-^nw) 

all those equations of Chap. I. that involve only sin a and cos a will not be changed 
by the substitution of a -|- 2 n n* for a. A similar substitution may be made for 
each of the parts, or for all of them, at the same time, so that there is an infinite 
series of triangles to which these equations are applicable. 

But the substitution of a + 360° for a, in Gauss's Equations, (202), will change 
the sign of all of them, since 

sin } (a + 360®) = — sin J a cos J (^ + ^^^) = — cos J a 

while the substitution of a 4- 720® for a will not change their sign, since 

sin J (« + 720®) = sin } a cos J (« + 720®) = cos J a 

In general, their sign is changed by the substitution of a -{- (4 n + 2) t for a, and 
it is not changed by the substitution of a + 4 n «•. The same results follow like 
substitutions for each of the parts. It follows that these equations taken only with 
the positive sign, do not include all the triangles of the infinite series above spoken 
of, and that they are complete only when taken with the double sign, and expressed 
in two distinct groups, as (44) and (46) of Art. 27. 

InpracHcet however y we may take them with the positive sign only; for they will then 
give at least one of the triangles of the series, from which all the others, (and parti- 
cularly that whose parts are less than 360°), may be directly deduced by the appli- 
cationof 360°.* 

This will be illustrated by the example of Art. 119, p. 223 ; we there find 

i(a-\'e) =, 63° 23' 3"-8 
} (a — c) = 193® 12' 32"-9 

or rather, since J (« + c) should be greater than J (a — c), 

} (a + c) s= 423® 23' 3"-8 
^{a^e)=^ 193® 12' 32"-9 

* Gauss (Theoria Motus Corp. Ccel. Art. 54) recommends the use of the positive 
sign only, observing that any side or angle may be diminished or increased by 360®, 
as the case may require, but confines himself to the statement of this practic' 
aept, without explaining the grounds upon which it rests. 
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whence 

a = bl6o 36' 36"-2 

e = 230«» 10' 30"'4 

which is the proper solntion of the equations taken with the positiye sign* If now 
we deduct 860^ from a, and take, as on p. 223, 

a =3 256° 85' 36"-6 
c s= 230O Ky 80"-4 

we haye the solution that would haye been obtained by taking the negatiye sign in 
all the equations ; for we now haye 

^{a-^c)^^ 243° 28' 8"-8 

} (a — c) == 18° 12' 82"-9 

which, di£fering from the former yalues by 180°, must change the sign of all the 
equations. 

I haye giyen some further particulars respecting unlimited spherical tri^gles, 
and a fuller discussion of Oauss's Equations, in an essay which the reader will find 
in the AstronomicalJoumal, Vol. I., published at Cambridge, Mass. 
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CHAPTER V. 

AREA OF A SPHERICAL TRIANGLE. 

127. Given the three angles of a spherical triangle, to compute 
the area. ' 

This problem is solved in geometry, where it is proved that the 
surface of a spherical triangle is measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
is as many times the area of the tri-rectangular triangle as there are 
right angles in the excess of the sum of the angles over two right angles. 

To express this analytically, let 

r == radius of the sphere 
T = surface of the tri-rectangular triangle 
= J surface of a sphere ^ ^ tt r^ 
2S=-A + B + 
K = area of the triangle ABO. 

Also, let the angles Ay B and Q be expressed in the unit of Art. 11, 
that is, let A, J?, Q denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in the same 

unit is -^, therefore the number of right angles in 2 iS^ is 

2^^4=i^ 

and ve hare, according to the above theorem of geometry, 

^8 „s 2 r 



K 



= yx(^-2) = -^(2>y-.) 



or £' = r»(2^-5r) (222) 

and if the radius of the sphere is taken = 1 

K=2S-7e ;223j 

128. In a plane triangle the sum of the angles is equal to it, 
and in a spherical triangle the sum exceeds it by K', hence this 
quantity, K, is commonly called the spherical excets. 



2S9 



SPHERICAL TEIGONOMETBT 



129 Given the three tides, to find the area, 
By (228), we haye 



Bin J JT = Bin (8-^^) = — - cob 5^ 
COB } JT =s COB (^— y) "= ""^ '^ 



> (224) 



tan } iT sss — cot 5 



in which we hayo only to substitute the yalues of cos S, sin S, and cot S, giyen in 
Art M^ to obtain tht required solution. We find, [« s } (a + 6 -f e)], 



Bin 



, jp \/ [sin t sin (t — a) sin (a — b) sin (e — g) ] 

2 cos i a cos } b cos } e 



(225) 



eo8 } JT: 



(226) 



cos a -{~ <^0B 6 -{~ <^<>B ^ ~h ^ 
4 cos } a cos } 6 cos } e 

cos* i a+ cos* ^ 6 + cos* je — 1 
2 cos } a cos } 6 cob ^ e 

The numerator of (225) being denoted by n, we find, 

cot J Jr= ! + '">"'+ coBi+eo8« ^227) 

which is known as De Oua^s formula. 

Again, from the formuln of Art. 85, since 1 — sin 5 ^ 2 sin *\K, \-\'tasi8^B 
2 cos 'i-fiT, we find 



Bin}Jr»: v^r 



sin j^ g sin ^ (j — a) sin ^ {e — b) sin \(s — c ) 
cos } a cos } b cos } c 



] 



cos 



Peos J « cos J (« — a) cos J (« — b) cos } (» — c)"| 
* *^ ^ L cos i a cos J 6 cos J c J 



tanj^=^[tan J«tan}(» — a) tan J (« — b) tan J (« — c)] 

the last of which is known as LhuUlier'e formula. 

180. Ghen two tides and the included angle, (or a, b and C) to find the area. 
We have, from (224), by (71), 

cot } a cot } 6 -4~ <^0B G 



(228) 



OOt^JTss 



sin C 



or 



tan } a tan ^ 6 sin C7 
^ "~ 1 + tan J a tan } 6 cos G 



(M») 
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181. i^ we admit more thmn three parts of the triangle into the expression 3f JK, 
we haye by (56) and (67), 



sin A a tan. ^h . ^ 
sin } ^ = am jr^smja ^ ^ 

' COS i e 

J cos } a COS i A-|-sin }a sin } b cos O 

cos i c 



^ (280) 



the qnoLlent of which giyes (229). 

182. Since there are always two triangles npon the surface of the sphere which 
haye the same three sides, (Art. 110), the angles not being limited to yalues less than 
180^ the formulsB (225), (226), (227) should give the areas of both of them, and 
their sum should be equal to Uie surface of the sphere = 4 n*. In fact, by (225), 
sin } K may be either positiye or negatiye, while by (226) the cosine is fully deter- 
mined, so that these formulsB give two yalues of } JT whose sum is 2 sr, and therefore 
two yalues of JT, whose sum is 4 sr. 

It follows that (225) alone is not sufficiently determinate when the triangle is un- 
limited, since it giyes four solutions. The most conyenient formula is therefore 
(228), for we must always haye ^ K<7r, and the double sign of the ndical giyee 

the two Talnes of i K, one less and the other greater than -9>. 
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CHAPTER VI. 

DIFFERENCES AND DIFFERENTIALS OF SPHERICAL TRIANGLES. 

133. Two parts of a spherical triangle being constant, and a third 
receiving an increment, it is required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
(PL Trig. Chap. XII.), this will be effected by a comparison of two 
triangles having two parts in common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite differenceSj and 
give them the positive sign, (PL Trig. Art. 187). 

134. Case I. A and c constant. The parts of 
ABC\ Fig. 22, being J., c, 5, (7, a, 6, those of the 
derived triangle ABC are A,Cy B + a£, + a(7, 
a + Aa, b + Ab; and the parts of the differential 
triangle BOO' are a,a+ Aa, a6, 180° — 0, + C,0 
and aJ?. We have, then, in B00\ by (3), 

sin a6 _ sin (a + Aa) __ sin a 
sin a£ "" sin (7 "" sin [0 + aO) 

Also, in B00\ by (40), we have 

8 inj^(180Q~ 0+ 0+aO) _ tan^ At 

sinj(180°- (7- (7- A(7)""tanJ(a + Aa-a) 

srhence 




(231) 



(232) 



tan iAa_ co3{0+i AO) 
tan ^ Ab cos J aO 

By (41) we 6nd in a similar manner, 

tan_|A6 _ tan(a + jAa) (23ffJ 

smjAC' smJa+iAO) ^ ^ 



By (42), 



sin J Aa _ sin (a + J Aa) ^234") 

tan^A^ ^ tan(a+ JA(7) ^ 
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By (48), 

tan^A(7 ^ -« cos {a + j Aa) m^^) 

tan ^ AjB cos ^ Aa 

By combining (232) and (288), 

tan J A« tan (^ + J Afl) ^2^fi^ 

tanjAa"'""tan((7+iA(7) ^ ^ 

As these formulae involve the increments in the second members, 
they are to be computed by successive approximations, (See 
PL Trig. Art. 201). 

135. Casb II. . A and a constant. The given '* ^ 

triangle heing A B O^ Fig. 23, the parts of the 
derived triangle A' BO are ^, a, -B + A -B, 6 + a6, 
(7+ A(7, (? + A(?. Although the figure appears to 
show that the angle B is diminished, it is still proper ^ 
to represent the angle A'B hj B + aS, to pres'erve uniformity 
in the algebraic signs of the increments ; the essential signs being 
given by the equations of differences themselves. Hence we put 
the angle AB A' -= AB - A'B 0=- B - {B + aB) =- - ^R 
Joining A A' we have mBAA' and OAA\ by (43), 

cos {c + i Ac) : cos I Ac = — cot J a5 : tan J {A'AB + AA'B) 
cos(6 + JA6): cosJa6= cotjA(7: i^xi\{A!AO-^AA!Q) 

but since A is constant, or B AC =^ B A' 0^y(Q find that the fourth 
terms of these proportions are equal ; whence 

tan \ aB ^ _ cos {b + j a6) cos ^ Ac .^^ . 

tan J A(7 cos (c + J Ac) cos J a6 ^ ' 

In the polar triangle of JL JB (7, the constants are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 



tan ^ Ab cos {B + ^ aJ?) cos J A(7 

tan J Ac "" cos {0+ ^ A(7) cos J aB 

In AB (7 and A B Owe have 

sin a sin J3 = sin J. sin 5 

sin a sin (5 f AjB) = sin -4 sin (6 -f Af ^ 
80 u2 



(238) 
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the difference and sum of which give 

sin a cos (JB + J A-B) sin J a5 =» sin A cos (6 + J a6) sin J a6 
sin a sin (JB + J AiB) cos J ZLB = sin A sin (6 + J a6) cos J a6 

from which, by division, we find 



tan \ Ab tan (6 + J a6) 



tan J a5 tan(-B+ J a5) 

and in the same manner 

tan J Ac _ tan (<? + J Ac) 
tan'j'AC/ "" tan {0+ J A(7) 

The product of (237) and (239) gives 

sin ^ Aft sin (6 + J a6) cos J A<? 

tan J A(7 ** 

whence also* 

sin ^ Ac 



(2391 



(240) 



cos (c + J Ac) tan (-B + J aB) 



(241) 



tan ^a£ 



sin (c + J Ac) cos J a6 
cos (b + i a6) tan (C + J A(7) 



(242) 



Fig. 24. 




^ 136. Case III. 6 and c constant. The given 

(7, triangle being A B Oy Fig. 24, the parts of the 

derived triangle ABC are 6, c, a + Aa, B + aB, 

C-^ aC,A+aA. Joining C C we have in JB (7 O'j 

ty (42), 

sin (a + J Aa) : sin J Aa = cot J AJB: tan ^{BOO'—BQ'C) 
But observing that AC ^ AO, ACQ' ^ A 0% we have 

Bcc ^ Aoc - a 

BO'C -^ACa+ C+ aO 
i (B OC - B CO) =^ - {0 + i aO) 

and the above proportion gives, therefore. 



sin I Aa sin (a + 1 Aa) 

tan J aJ? "" cot((7 + jA(7) 



(243) 



* The equations (289), (240), (241), and (242), contain each two factors less tb*ii 
the corresponding equations giyen by Cagnolu 
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In the same manner we should find 



sin ^ Aa _ sin (a + ^ Aa) 
tan J A(7 ■" cot{B + ^AB) 

The quotient of (243) and (244) gives 



(244^ 



(245) 



tanJ_A5 _ tan (jg + I sB) 
taiTf^O^ "" tan ((7 + J A(7) 

In ABO 2iniAB 0\ by (4), we have 

cos a = cos 6 cos c + sin 6 sin e cos A 
cos (a + Aa) = cos 6 cos c + sin 6 sin <? cos (-4 + A-4.) 

the difference of which gives 

sin J Aa sin 6 sin c sin ( J. + J A^) fOAfW 

sin J aA sin (a + J Aa) ^ ' 

The quotient of (243) divided by (246) gives 

sin J AA sin* (fl + i Aa) tan ((7 + J A(7) /oj.'tn 

tan J AJ5 "" sin 6 sin <? sin {A + ^ aA) ^ ^ 

and from (244) and (246), in the same manner, 

sin I aA sin* (a + j Aa) tan {B + j AJg) 

tan i aO sin 6 sin e sin ( JL + i aJL) ^^^^ 

137. Case IV. B and (7 constant. The equations of the pre- 
ceding case (243 to 248), applied to the polar triangle, give 



sin ^ dJL _ sin {A + j aJL) 
tan J a6 ^ cot (<? + J Ac) 

sin i aA sin {A + ^ aA) 
tan J Ac cot (J + J Ab) 

tan J A6 __ tan (J + J Ab) 
tan J Ac tan (c + J Ac) 

sin j^ aA sin B sin (7 sin {a+ j Aa) 
rin J Aa "" sin {A + ^ aA) 



(249) 



(250) 



(251) 



(262) 



236 SPHERICAL TRIGONOMETRT. 



sin J Aa sin* (A + ^ 6A) tan (c + J A<?) 
tan I a5 sin B sin (7 sin {a + ^ Aa) 

sin ^ A^ _ 8in«(^ + j A^) tan (i + j a6) 
tan J Ac sin 5 sin sin (a + J Aa) 
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(268) 



(254) 



138. All the preceding equations are, of course, applicable to 
right triangles, or to quadrantal triangles, and in some cases they 
assume simpler forms. Thus in Case I., if the variable =» 90® 
(231) and (232) become 

sin a6 = sin (a + Aa) sin ^B 
tan J Aa = — tan J aJ tan J ^0 

and similar modifications take place in other cases. 

139. When one of the constants is 90°, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as to involve the same variables in both member Sy which is 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it will be un- 
necessary to repeat it in every case. A single example will suflSce 
to explain it. 

Let (= 90°) and b be the constants ; to find the relation of Atf 
and A By we have between the two variables and the constant i, the 
equations 

sin J? = sin 5 cosec c 
sin {B + A-B) = sin b cosec {c + Ac) 

the difference and sum of which, by PL Trig. (105), (106), (181), 
and (182), are 

o /!> 1 1 .i>\ • 1 at> 2sinJcos((? + jAc)sinjAtf 

2cos(5 + jA5)sinjAJ? = - ainA^r. Jj- A.^ — 

Bin c sm [c -r Ac) 

ft . /T> . ^ T>x n T* 2 sin J sin ((? + i A(?) cos i A(? 

2sin {B + ^aB) cos J aJ? = -. — \ /, ; , ^ 

^ ' sm (? sm [c + Ae) 



* Cagnoli gives these equations reduced so as to involye the same yariables in 
Doth members ; but in almost every instance his formules involve two factors more 
than are necessary, and are far less simple and convenient than those here given* 
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and the quotient of these is 

tan I CiB 



tan } A(? 



tan {B + \ cJS) tan (c + \ t^c) 

which gives the first equation of the following article. This process 
always eliminates the constant, and is applicable in every case. 

When the equation to be differenced involves cosines, we employ 
PL Trig. (107) and (108) ; if tangents, (115) and (116) ; if cotan- 
gents, (122); if secants, (129) and (130). The results are as 
follows : 



140. Case I. (7 = 90° and h constant. 



tan^A c 
tan JA-B 


tan((? +JA(?) 
tan(jB+jA5) 


tan J A c ^ cot( c + JA <? ) 
tanJAa cot(a +jAa) 


sin A a 
sinAA "" 


sin(2a+ Aa) 
sin(2AH-AJL) 


tanjAa 
sinAjB "" 


tan(a+jAa) 
■■sin(25+A5) 


sinAe? 
kanjA^ "" 


sin(2(?+Ac) 
cot(JL+jA^) 


tanjA-4 
tan Ja5 "" 


tan(J. + JaJ.) 


141. Case II. == 90° and c constant. 




sinA^ . 
sinAjB 


sin(2^+A^) 
"■sin(25+A5) 


tan^Aa 
tanjAft "~ 


cot(a +jAa) 
"cot(6+jA6) 


tan^Aa 
tan JaJ. ~~ 


tan(a +jAa) 
tan(JLH-jA^) 


tan^A h 
tan Ja5 ■" 


tan(6+jA6) 
tan(jB+iA5) 


sinAa 
tan JAjB " " 


sin(2a+Aa) 
"cot(5+jAjB) 


sinAi 
tan JaJ. "" " 


sin(2J+A6) 
"cot(JL+jAA) 


142. Case III. = 90° 


and A constant. 




tan|A^ 
tanjAa "" 


tan(<?+jAc) 
tan(a+jAa) 


sin A a 
tan JA 6 "" 


sin (2 a +A a) 
tan(6+jAJ) 


lan|A c 
sinAjB ~" 


cot(<? +jAc) 
sin(25+A5) 


tan^A h 
tan Ja5 "" 


cot(J+jA6) 
cot(5+jAjB) 


sin Ac 
sin A 6 "" 


sin(2(?+A(?) 
.sin(26+A6) 


tan^Aa 
tanjAjB ~" 


cot(a+jAa) 
tan(5+jAjB) 



261) 



262) 



263) 



143. If a constant side is 90", the equations of finite difiFerences 
for the triangle may be obtained by applying the preceding equations 
to the polar triangle. 



255) 



256) 



257) 



258) 



259) 



260) 
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Differential Variations of Spherical Oblique Triangles. 

144, To obtain the differential variations, we have only to make 
the increments infinitely small in the equations of finite differences, 
observing the principles of PL Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in PL Trig. Art. 192 
For example, A and j being constant, to find the relation of c2 a 
and dB, we have 

sin -4 sin (? = sin a sin O 
the differential of which is 

= 8ina(isin 0+ sin Odsina 

= sin a cos Cd + cos asm Oda 

da tan a 

dO tan 

and to find the relation o{ da and d 5, we have 

cos a = cos 6 cos c + sin J sin c cos A 

— sin a da = — sin J cose? d J + cosbaincoosAdb 
da sin J cos c — cos b sin e cos A 



or by (7), 



db sin a 



da ri 

-— - = cos C/ 

db 



results which agree with those found from (236) and (232), by making 
Aa, a6 and A(7 infinitely small. By either method then, the fol- 
lowing equations may be readily verified. 



145. Case I. A and c constant. 

d a tan a d b sin a 



dO 


tan Q 


dB'~ sin (7 


d a 
db'^ 


cos 


d b tan a 
dC sin C 


d a 

1 r» — " 


sin a 


dC 

■, n^" — COS a 



(264) 
(265) 
(266) 
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146. Case II. A and a constant. 

dB cos ( d b 



d C cos c d c 

d b tan b d c 

TB"^ taZB To 

d b sin 5 d c 



cos 


B 


cos 





tan 


c 


tan 


a 




sine? 



d cos tan B dB cos 6 tan 

147. Case III. b and c constant. 



(267) 



(268) 



(269) 



d a 
dB 


sin a tan 


d a 

do — 


sin a tan B 


dB 

d (7~" 


tanB 
tan 


d a 
dA'^ 


sin b sin 


dA 


Bin A 


dA 
d 0" 


sin J. 


dB 


sin B cos 


sin (7 cos B 



(270) 
(271) 
(272) 



148. Case IV. B and € constant. 

dA . . dA 



d 6" 


sin A tan c 


d c 


sin A tan b 


d b 
d <?"" 


tan b 
tan c 


dA 
d a'~ 


sin jB sin c 


d a 


sin a 


d a 
d c"^ 


sin a 


d 6~" 


sin & cos e 


sin c cos ( 



(273) 
(274) 



(275) 



Differential Variations of Spherical Right Triangles. 

The preceding may also be used for right triangles ; but it 
may be desirable to have the same variables in both members, as in 
the following formulae derived from those of Arts. 140, 141, and 
142: 



149. Case I. (7 = 90° and b constant. 

d € tan G d c cot c 



dB^' 


' tan B 


da cot a 


d a 


sin 2 a 


da 2 tan a 


dA" 


sin 2 A 


dB sin 2 J5 


d e 
dA ^ 


sin 2 c 
2 cot J. 


d A tan A 
d B cot 5 



(276^ 
(277) 



(278^ 
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160. Cask IL O = 90° and c constant. 

d A sin 2 JL da cot a 



d B" sin 2 5 dh cot 6 

d a tan a d h tan b 

d A "^ tan A d B "^ ism B 

da sin 2 a d b sin 2 ( 

TB "* "" 2 cot -B d~A ^~2cotJ. 

161. Case III. = 90° and A constant. 

d c tan e da sin 2 a 

d a "^ tan a d b '^ 2 tan b 

do 2 cot d b cot 5 

d'S"' sin 2B TB^ coTB 

d e sin 2 c da cot a 



(279) 



:280) 



(281) 



(282) 



. (283) 



(284) 



db sin 2 6 d B " tan 5 

162. The differential variations are often employed for approxi- 
mate results, instead of the equations of finite differences, when the 
increments are very small. The remarks of PI. Trig. Art. 203, 
apply here also, but it is not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed 
in the same unit. 

DiFFESENTIAL VaBIATIONS OF SpHERIOAL TsIANGLES WHEN ALL THE PAKTS ASB 

Variable. 
168. Let the equation 

cos a a=s cos b cos c 4- sin ^ sii^ c cos A 

be differentiated, all the parts being yariable ; we find 

Bin a da =: (sin b cos c — cos b sin c cos A) db 
4- (sin c cos b — cos c sin b cos A) de 
-\- sin b sin c sin A dA 

IHyiding by sin a, this becomes, by (7) and (3), 

da = cos Cdb -{- cos Bdc •\-' am b sin CdA (285) 
and in the same manner from the 2d and 8d equations of (4) we find 

db = cos Adc -\- cos Cda-\- sin c sin AdB (286) 

dc = cos B da-\- cos Adb •\- sva.a sin BdC (287) 

From these three equations, any three of the six diff'erentials </a, db, ^e, dA, 
d Bf dC, being given, the other three may be determined by the usual processes of 
elimination. 

If any one of the parts be supposed constant, its differential will become zero, 
and these equations will assume simpler forms. If two of the parts be supposed 
constant, we can easily deduce all the equations of Arts. 145, 146, 147 and 148. 
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CHAPTER VII. 

APPROXIMATE SOLUTION OP SPHERICAL TRIANGLES IN CERTAOT 

CASES. 

154. When some of the parts of the triangle are small, or nearly 90^, or nearly 
180^, approximate solutions may be employed with advantage. These are generally 
fonnd by means of series. 

156. In a spherical right triangle (the right angle being C), given A and e, to find b 
We have 

tan b = cos A tan e (288) 

which is of the form in PI. Trig. (498), and may therefore be developed by (495) 
and (496) by putting x as 6, y = e, je> s=s cos ^, whence 

p—1 1— cos -4 ^ %i A 

q ss , ^ = — i— i 5 = — tan* * A 

* jp+l 1 + cos^ * 

and (495) and (496) become, [taking n = in (495), and n = 1 in (496)], 

b =3 c — tan» J^ sin 2c+ J tan*J^ sin 4c— &c. (289) 

b z=^7e--c + cot* J -4 sin 2 c — J cot* J -4 sin 4 c + &c. (290) 

If A is small, cos A is nearly equal to unity, and b exceeds c by a small quantity 
which is approximately found by one or more terms of the series (289). 

If A is nearly 180°, or cos -4 nearly = — 1, 6 exceeds t — c by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see PI. Trig. Art. 255. 

.156. Although these solutions are termed approximate^ it must not be inferred that 
they are less accurate in practice than the direct solution of (288) by the tables ; for 
the logarithmic tables are themselves only approximate, and the neglect of the 
higher powers in such series as (289) and (290) may involve a less theoretical error 
than the similar neglect of the higher powers in the series by which the tables are 
computed. In the examples of PI. Trig. Art. 255, the thousandths of a second were 
found with accuracy, which could not have been effected by a direct solution with 
less than eight decimal places in the logarithms. 

These considerations lead to the frequent employment of approximate solutiont 
in astronomy. 

157. If A and b are given, to find e, we have 

tan e = sec A tan b 
which is reduced to PI. Trig. (498), by putting z s= e, y ss 6, j9 = sec.^, 

sec -4 — 1 1 — cos -4 ^ ... 

q =B ■ . ^ = :;—. 7= tan* hA 

sec ^ 4~ ^ 1 + cos ^ 

and the series will be 

e =s 64. tan*i u4 sin 2 6 + J tan«^ ^ sin 46 + &c. (291) 

e sBff— 6 — cot* } u4 sin 2 6 — } cot* i ^ sin 4 6 — &o. (292) 

81 V 
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168. Similar Bolations apply to the equations of right triangles, 

tan a = sin b tan A 

cot B = cos e tan A 

the last being solved under the form 

tan (90® — 5) = cos c tan ^ 

We may also compute, in the same manner, the auxiliaries <p and ^ in (122) and 
(134), so frequently employed in the solutions of oblique triangles. 

159. In a right spherical triar^Uy given e and A^ to find a, when A i» nearly 90^. 
We have 

sin a =: sin A sin c (293) 

from which we deduce 

tan J (c — a) = tan* (46® — i A) tan J (c + a) (294) 

From this we may find e — a, which is supposed very small, by successive approxi- 
mations. For a first approximation, let a = c in the second member, and find thence 
the value of c — a and of a ; for a second approximation substitute in the second 
member the value of a just found ; and so on until two successive values agree as 
nearly as may be desired. 

Example. 

Given A = 89®, c = 87® ; find a. 

Here 46® — } -4 = 0® 30', and for the first approximation J (c + a) =s 87®. 

log tan J (<:+ a) 1-28060 
log tan* (45® — i A) 
ar CO log sin 1" 

J (c — a) =r 299"-74 log i (c -^ a) 

a = 87® — 9' 69"-48 = 86® 60' 0"-62 



6-88172 
5-31443 

2-47675 



i{e+a) 

log tan J (c + a) 
tan* (45® - j A) 
^ sin 1" 

log J (^ — ^) 
iic^a) 



e — a 
a 



2d Appbox. 



86® 66' 0" 
1-26868 

1-19615 

2-46483 
291"-63 
9' 43" -26 
86® 60' 16"-74 



8d Approx. 



86® 65' 8" 
1-26899 

1-19615 



2-46514 
291"-83 
9' 43"-66 
86® 60' 16" -34 



4th Appbox. 

86® 55' 8"-17 
1-26900 

1-19616 



2-46515 
291"-84 
9' 43"-68 
86® 50' 16"-82 



The direct solution of (293) gives a =a 86® 60' 16", but cannot give the fractions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of its particular utility, as for the purpose 
of introducing the method of approximation to which it leads, and which is often 
employed. 

The process here explained may obviously be applied to any equation -^f the form 



sin z :x m sin y 



when mis nearly equal to unity. 
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160. In a spherieal oblique triangle, given two sides and the included auflef to find tk» 
9ther angles and side by series. 

If a, b and C are the data, to find e, we liaye 

cos c = COS a cos b -\- sin a sin b cos O 

Subfltitating half arcs, 

sin* J c =s sin* J a cos* J & + cos* J a sin* J b 

— 2 sin J a cos } b cos } a sin ^ 6 cos O 

which is of the form PL Trig. (507), and may be developed by (508) by substituting 
Bin } e for e, sin } a cos } 6 for a, and cos } a sin J 6 for b ; so that (508) becomes 

logBmie = logco8}a8inJ6-if[;-^oosC+(^y^^+ &o.] (296) 

To find A and B^ we haye, 

* ^ ' cos } (a 4* ^) 



-, , A T>x sin i (a — b\ , , ^ 

tan } (-4 — -5) = . : ; — r-i( cot } C 
^ ^ ' sin J (a + o) ' 



whence 



Comparing these equations with PI. Trig. (493), and deyeloping by (495), n = 0, 

• 

1 i/j I D\ xn tan} 6 . • /tan J4\* Bin2C . ,„„. 

};r-}(^+-B) = }C-J^sinCr+(^^j^J _^_-&o. (296) 

1 -i i A T>v , ^ . tan i 6 . ^ , /tanjftx* sin 2 (7 . « .^^-. 

If we deyelop by (496), we find 

1 , r ^ • T>v , ^ . /coi^a\ . ^ /cot J a\ sin 2 (7 , „. ,«««* 

} r-H^+ 5) i C+ (^ ) sm a- {^-^^) -—. + «;c. (298) 

1 1 y .1 T>x , r, /tania\ . ^ /tan A a \* sin 2 (7 „ x«*v/»». 

j,_j(^_5) } a- (— J-j ) sm (7- (^) -^ &o. (299) 

from which a selection will be made in any particular case, according to the oon- 

yergency of the series. The terms of the series are in arc, and must be reduced to 

seconds, by dividing by sin 1". 
This solution may be applied to the case where two angles and the included side 

are the data, by means of the polar triangle. 

161. To express the area of a spherical triangle in series, 

Oompanug (229) with PI. Trig. (500), and developing by (502), we find 

^iTss tan^atan}6sin C— } tan* ^ a tan* } 6 sin 2(7+ &o. (800) 
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]G2 Leoendre^s Theobem. If the tides of a spherical triangle are ven/ snail co'i' 
par^'d with the radius of the sphere^ and a plane triangle be formed whose sides are eqv^ 
to those of the spherical triangle^ then each angle of the plane triangle is equal to the corri" 
spondtng angle of the spherical triangle minus one-third of the spherical excess. 

Let a, b and c be the sides of the spherical triangle expressed in arc, the radius 
of the sphere being unity ; and let A', B and C* be the angles of the plane triangU 
whose sides are a, b and c. Then we haye, in the spherical triangle, 

A cos a — cos b cos c 

cos A =s . — -—, 

sin 6 sin c 

Sub3titute in the second member of this, the values of cos a, &o., in series, by 
PL Trig. (406) and (406), neglecting only powers aboye the fourth, yiz. 

cos a = 1 — J ^* + yi ^* 

cos 6 = 1 — } 6* + jJj 6* sin 6 = 6 — i 6« 

cos c = l — Jc'+jijc* sincsssc — \^ 



we find 



cos A 



_ J (*• + c* — a*) + ^ (a* _ 6* — c* — 6 i« c*) 



6c[l-i(i«+c-)] 

Multiplying the numerator and denominator by 1 + i (6* + c*), and neglecting 
terms of a higher order than the fourth, as before, we haye 

cos A =B -I 1 1 

2be ^ 24. be 

which, by PI. Trig. (225) and (289), becomes 

cos ^ = cos -4' — i be sin* A' 

Let A = A' -{• Xy then since x is small, we may put cos x ss 1, so that, by 

PI. Trig. (38), 

cos A =s cos A' — X sin A* 
whence 

X =s ^l) c sin A 

But i be sin A =: area of the plane triangle ss yery nearly area of the spherical 
triangle = JT, whence 

a; = }jr A' ^A — iK 

The same reasoning applies to each of the other angles, so that 

B^B — iK C'=^C—iK 

which proves the theorem. 

IG3. Thid theorem is applied in geodetical surveying, and is found to be suffi- 
ciently accurate for triangles whose sides are considerably greater than 1°. It is to 
be remembered that the sides are to be expressed in arc ; and if they are given in 
feet (for example), they must be reduced to arc by dividing by the radius in feet, 
or, which is equivalent, the area must be divided by the square of this radius. If 
then r = radius of the earth in units of any kind, a, b and e the sides of the tri- 
angle in units of the same kind, and k the area of the plane triangle, we shall have 
K in seconds, by the equation 

k 



JTzs 



r^ sin r 



Example. 

Tn a triangle upon the earth's surface, given b =s 183496*2 feet, e =3 156122 I feet, 
and A = 48° 4' 82''*85 ; to find the remaining parts. 
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We hare i;=:|6e8in^&ndtlie memn Talae of r sbb 20888780 feet HenM 

log 6 5-26368 

logc 519346 

log sin ^ 9*87159 

mreolog2r*8inr 0-37856 

K s 5''-04 log K 070224 

It 18 erident tliat great accuracy in the Talae of r and of the other data is not 
required in compnting K, We now haye \Kr=t I'' -68, ^' sa 48<^ 4' 80^*67, and bj 
BolTing the plane triangle with the data A\ h and e, we find 

a s 140580-0 feet B =: 76o 12' 22"-19 C « 55« 43' 7''13 

Adding } ^ to each of these angles, the angles of the spherical triangle are 
B =s 760 12' 23" -87 C = SS^ 43' 8"-81. 

For farther details respecting geodetical triangles, and for the methods of soMng 
spheroidal triangles, special works apon geodesy must be consulted, such as 
Legendre's Analyse det Triangles tracis sitr la surface tCune spMroide ; Puissant's TVaiti 
de GSoddsie ; Puissant's Nouvel essai de trigononUtrie sphSroidique ; Fischer's Lehrbueh 
der hoheren Geodeuie; various papers by Gauss, Bessel, &c. 

164. To solve a spherical triangle when two of its sides are nearly 90^. 

If a and 6 are nearly 90°, e and C are nearly equal, and it will be expedient to 
eompute the small quantity C — e by an approximate method. We have, by (25), 

8in» J c = 8in« J (a + 6) sin* J C7+ sin* J (a — 6) cos* J C 
and by PL Trig. 

sin*} C7= [sin* J (a + 6) + cos* } (« + *)] sin* J C 

the difference of which equations is 
Bin } ((7+ c) sin } (C— c) = cos* } (a + 6) sin* J C— sin* J (a — 6)oos*} 

Let 

a* =B 90O — a 6' = 90«> — i 

a' and h' being very small : also, since C and e are nearly equal, put 

Chen the aboYe equation becomes 

sinC8inJ(C7— c) = sin* J (a' + i') sin* } C7 — sin* J (a' — 6') cos* } (7 
Dividing by sin (7= 2 sin } Ccos } C7, and substituting the arcs J ((7 — c), 
J {a' + h% } (a' — h')y for their sines, we find 

(7 - c = Bin 1" [ i^^y tan } C - {^^^ cot } c] (801) . 

which is the required approximate formula for the case when a', h' and are given 
to find e. 

If a', h' and e are given, to find C, we may exchange C for e in the second member, 
whence 

C- e = rin 1" [(^^y tan } e - (^^)* cot J «] (802) 



t3 
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CHAPTER VIIL 



MISCELLANEOUS PBOBLEMS OF SPHEBICAL TBIGONOMETBT. 



1G5. In a giom spherical triangle, to find the perpendicular from one of the anglea upon 
Ike opfonle eide. 

Fig. 25. Denoting the perpendicular upon the side e (Fig. 25) 

o by p, we have 

Binj9 s=s sin 5 sin ^ (803* 

If the three sides or the three angles are given, we 
find by (48), or (51), and (303), 

"^ sin c sin C ^ ' 

In which n and iV are given by (47) and (50). 

If we admit more than three parts of the triangle into the expression of p, we 
have, by (55), (56), and (303), 

2sinJ^sin*^ . 2 cos} a cos ^6 ^ ,^^^^ 

^^P = /^, xn — sin a = J_ , ^ ^ cos -S^ (305) 




cos i O 



sin }e 



166. To find the radius of the circle described about a given spherical triangle. 



Fig. 20. 




The radius here understood is the arc ^ =b OB =s 
Cj Fig. 26, drawn from the pole of the small circle 
ABC to either of the angles. Let 

OAB^ OBA = x 
then C^OCA^ OCB^ 0A0+ OBG 

— A-~x+ B — x 
x^i(A + B—C)=z8'-0 

putting S^i(A + B+Cf). 
The triangle A OB being isosceles, the perpex4ioular 



P bisects the side e, therefore if ^ &s iS, we have 



or, by (70), 



tanig = ^^"^" « *^^*' 

cos X COS [S — C) 

2 sin j^ a sin } 6 sin } c 



tan R ass 



n 



(306) 



(8071 



By applying the principles of Art. 37, this will give the corresponding formulsa of 
PL Trig. (285). 
167. From (69) and (70) we find 

cos {8 — 0) =s — cos iS^ cot } a cot } 5 

by which (306) is reduced to 

. _ tan i a tan * h tan * e ^_-_, 

taniSs 2 2-5 i— 'f08N 

— cos 5 
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Also, by the last equation of (56), (306) becomes 

sin i e 



taniZss 



cos ^ a cos i b sin O 
168. Substituting in (806) for tan } c by (39), 

— cos S 



(809j 



tan i2 — ^ Coos (S—A) oos (8— B) oos {S^ o) 



or, by (60), 



tan R = 



— cos S 



(310) 



169. Let the sides of the triangle ABC, Fig. 27, be pro- 
duced to meet in A', B\ and C ; and denote the radii of 
the circles circumscribed about A' B (7, BA C7, C'A B by 
R\ R', R" respectively. Then if 2 S' denote the sum of 
the angles of A' B C, (A, B and C being the angles of 
ABC), 

2S'^2t — B—C + A 

S' — A'=zn"-i{A + B+C)=:jr'^S 

so that (806) applied to A' BC gives 



Fig. 27 




tan iZ' = _^!^?±?_ « i!^?J^ 
cos (-S" — A') — cos 8 



and in like manner 



tani2"=s 



tan R" =s 



tan } b 

— cos 8 

tan i e 

— oos 8 



(811) 



Substituting for tan } a, &o., by (39), or for cos 8 by (69), 



2 sin j^ a cos ^ b cos } e 



2 cos j^ g sin } 6 cos i e 



tan R 
taniZ" 
tan R'" 




COS 


(S- 


■A) 




COS 


y 

{S- 


B) 


g^ 


COS 


y 

{S- 


■ C) 


wCUA JU> 




y 





2 cos ^ a cos j^ 6 sin } e 



. (812) 



170. Combining (310) with (812), we find the relation 

cot R cot R cot R" cot R" s=s N* (818) 

If this be multiplied successively by the squares of (810) and (812), we obtain 

tan R cot R cot R" cot R" =r oos* 8 
cot R tan R cot R" cot iZ'" = cos* {8 — -4) 
cot iZ cot R tan iZ" cot R" r= cos* (iSf — B) 
cot iZ cot iZ' cot R" tan iZ'" = cos* {8-^0 



(81 
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171. Again, from (810) and (812) we find 

— tan i2 + tan i2' + tan R" + tan i2"' 
cobS^ cos (S-'-A) + COS (S — B)+ oos (5— O) 

2 COB ^ ^ 008 ^ (jg4- C?)4- 2oo8 ^^ cos } (B—C) 



4 cos } ^ COB } B COB } O 

If 



whenoe 

— tan JZ + tan i2' + tan i2" 4- tan B'" -. 
We shall find in a similar manner 
tan i2 - tan i2' + tan J2- + tan iZ- « i^?!iA^l^^?±? 

A D I A D/ A »// I A »//# 4 sin i -4 cos ^ ^ sin ^ C7 
tan B + tan iZ' — tan B" + tan B'" s= 2 _J 2 — 

iv 
tan 5 + tan fi' + ten JT' - tan JT" = l5^Bl±?!BlA22!±? 
It is also easily shown that 



(816; 



(816) 



tan* B + tan* B' + tan* B" + tan* B" = 



2 4-2 cos ^ cos J? cos (7 



iVT* 



- (817) 



172. To find the radius of the circle inscribed in a given spherical triangle. 



Fig. 28. 




In Fig. 28, being the pole of the required circle, 
draw OF, OP" and OF" to the points of contact, and join 
OA, OB. We have F' ^ OF" and the triangles 
, AOF' nn^AO F" right-angled at F' and F" ; hence 



sin 0^P" = 



sin OF' _ sin OF" 
sin ^ sin ^ 



ss sinO-iP"' 



therefore A F' z= A F", (for we cannot have 

OAF'zssir — OA F")y and the pole of the inscribed circle is consequently found 

by the same construction as in piano, namely, by bisecting the angles of the triangle. 

If then we put « =5 ^ (a 4- ^ 4- ^)' ^^^ ^ = radius of the inscribed circle, we 

have 

AF"-\^BF+ CF = ^P'"4-a = «, AF" r^t^a 

and the right triangle A F" gives 

tan r := sin (« — a) tan \ A (818) 

corresponding with the formula of PI. Trig. (288). 
Substituting, in (818), the value of tan } A, 



//®^ (' — ^) ^^^ (' — *) ^^^ (' — ON 

ij \ sin « / 



er 



tan r := 



n 



sin s 



Substituting, in (818), the value of sin (s — a) given by (58), 

N 



tan r 



2 cos \ A cos \ B cos } 



(819) 



(820) 



Also, by (51), we have J\r =s } sin j? sin C sin a, which reduces (820) to 

Bin ^ J? sin ^ C7 . 
tan r = — - — ;— r= — Bin a 
<os } .4 



(821) 
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173 Let the radii of the circles inscribed in the three triangles A'Bd JffAC^ 

CAB of Fig. 27, be r", r" and r"'. Then if <" denote the half sum of the sides of 

SBC, we haye 

2*^ = 2r — 6 — c+o 

10 that (818) applied to the three triangles, giyes 

tan r' =s sin < tan } ii 
tan r^ =s sin< tan } B 
tan r"" a= sin < tan } (7 

Babstitating in these the yalnes of tan } A, &c., or of sin <, 



tanr' ss 



n 



N 



tanr" =- 



sin (« — a) 2 cos } ^ sin } j? sin } C 

n JV 



sin (< — h) 2 sin } ^ cos } ^ sin ^ C7 
sin(< — e) 2sin}^sin}j9 cos \ O 



Also, by (821), 



. cos ^ j9 cos ^ C7 . 

tan r' =s — , . "^ — sin a 

cos } ^ 

., cos ^ (7 cos i ^ . , 

tan r" as r-^r^ — sin h 

cos } ^ 

cos h A cos * i? . 
tan r"' s 2 —^^ — gin « 

cos i C/ 
174. The product of (819) and (823) gives 



n' 



tan r tan r' tan r" tan r"' as -s = n* 



whence, as in Art. 170, 

cot r tan r' tan r'' tan r"' ss sin* < 
tan r cot r' tan r" tan r"' ss sin* (» — a) 
tan r tan r* cot r" tan r"' r= sin* (« — 6) 
tan r tan r' tan r" cot r"' ss sin* (« — c) 

175. We find from (319) and (323), as in Art. 171, 



— cot r + cot r' + cot r" + cot r' 



,, 4 sin } a sin } £ sin } « 



n 



cot 



. . „ X #« 4 cos * a cos } 6 sin } c 
r + cot r' + cot r" — cot r"' s i * 2- 



cot* r + col* r' + cot* r" + cot* ; 



m 



2 — 2 cos a COS h cos 



n" 



82 



1 



(B22) 



^ (823) 






> (824) 



(825) 



(326) 



. „ * . 3» 4 Sin J a COS J 6 cos * e 

ootr — ootr'+ ootr"+ cot r"' as ^ ^ ?— 

' ' ft 

^ „ , ^ „, 4 cos } a sin } 6 cos } 
cot r + cot r' — cot r" + cot r"' » i ^ 2- }- 
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176. From (809) and (321), we find 

tan r j.,^.,,,.,^ 

■= s= 4 BUii Asm^ B BUk i C cos } a cos i b cos } e 

tan xC 

From (307) and the first of (327), 

— cot r 4- cot r' + cot r" + cot r"' s=a 2 tan J2 

From (815) and (320), 

— tan i2 4- tan R* + tan E" + tan R'" == 2 cot r 



(828) 



(829) 



(830) 



and other similar relations are found by comparing (312) with (327), and (31G) 
with (323). 

177. The following relations are also worth remarking. 

If ;? is the perpendicular from C upon e, 

2 sin } a sin } 5 

tan S sin » i^ = = — 

cos ^ e 



cot r sin^ =5 



2 cos i A cos } B 
Bin i C 



V (881) 



178. The pole of the circle inscribed in a spherical triangle ie also the pole of the eireU 
circumscribed about the polar triangle ; and the radii of these circles are complements of each 
other. 

The arcs bisecting the angles of a given triangle will eyidently bisect the sides 
of the polar triangle, and will be perpendicular to those sides respectiyely; the 
common intersection of these arcs is therefore at once the pole of the circle in- 
scribed in the first and circumscribed about the second. 

Again, if we join the angular points of the polar triangle with this common pole, 
the arcs thus drawn, being produced to meet the sides of the first triangle, are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of these arcs = 90®, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property is also obvious from the analytical expressions of the two 
radii. By means of it, we might have deduced all the formul» for the inscribed 
from those for the circumscribed circle, or vice versa. 

179. To find the arc joining the poles of the circles inscribed in, and circumscribed about 
a given spherical triangle,* 

Let be the pole of the circumscribed circle, 
Fig. 29, and (y that of the inscribed circle. Put 
00' = D; then 

oosjD rss cob AO qob AO^ •\' Bm AO Bm AO' cob OAO 

By Art. 166, we have CAB ss 8 — 0, whence 

OAa = 5— c— } ^ = } (jB— c) 



Fig. 29. 




We have also 



COS AO' ss cos O'P cos AP = cos r cos (< — a) 

sin O'P sin r 



tin AO' = 



sin O'AP ~" sin } il 



* Hymer's Spherical Trigonometry 



lOSCELLlXBiKS nU)RLS3i9^ 



»i 






mMumr 

lij (319X (WX aiid (44). 



i^sinr 



I 



Tm 



iSsmr/ 



byFL 



(179). 



/giiit4-^'^Pi^^i^^'^i ^\^ 



-(■ 

= (cotr + Uni?)* 

eos*2>=s ©08'(J2 — r) + ©08'J28m*r 
8in»2> = 8in»(J2 — r) — ©08»J2Mn*r 



) 



(m) 



U iht inscribed circle is inscribed in A'BC, Fig. 27, and its ndiu mk9*^ wt 
kaye, by a similar process, 

sin'/y = sin* ( fi + r') — cos* fi sin* f' (««) 

180. To find the equilaieral spherical triangle inscribed in « yivea cirth* 
If JB = radius of the given circle, and A = one of the angles of the equilateral 
triangle, we haye, by (310), and PL Trig. Art 76, 

, . ^ — cos I w4 3 cos * ^1 — 4 COS* 4 A 

tan jB = = — = 

COS* J A COS* i A 



whence 



COS 



*"^~ J V4 4-tan*J? ) 



(884) 



181. To find the equilateral spherical triangle circumscribed about a ^fiven drcU^ 

It rsB radius of the given circle, and a = one of the sides of the triangle, we And 



^^^'"J( 44-cot*r ) 



(885) 



182. Oiven the base and area of a spherical triangle^ to find the locus <(f the Mf IM. 

■fig' 90. ^ Let a a=s the given base, and JT a area of ABO^ Fig. 80. 

Produce AB and ^C7 to meet in A\ Let be the poU 
of the circle described about A'BO. The radiui of thii 
circle is given by the first equation of (811), whioh, by 
lo (224) becomes 




tanJ?' 



tan } a 
sin } K 



(886) 



The second member of this equation, being constant for 
all the triangles of the same base a, and the fame area A", 
shows that R'ib also constant, and consequently, that thf 
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point A is always found upon the circumference of the same small circle A'BO, 
But A and A' being the extremities of the same diameter of the sphere, A is als* 
fjund upon a small circle, equal and parallel to the circle A'BC, 
The perpendicular distance {p') of from the base BC, is found by the equatdoD 

cos R' 

ooap* ass T— 

cos } a 

and the pole of the locus of ii is in the same perpendicular, at a distance from 
BC = jr — p' sssp^ whence 

cos R „-_. 

cosi» = — r-rr:: (387) 

•^ cos J a ^ ' 

The equations (836) and (387) determine the radius and position of the pole of the 
required locus, which may therefore be constructed. 

This elegant proposition is due to LexeU, 

183. To find the angle between the chords of two eidea of a epherieal triangU, 

ng.81. 




In Fig. 81. being the center of the circumscribed circle, the angle between the 
ehords of the sides AC and BCia half the spherical angle A OB, If, then, 

Ci ^ angle between the chords of a and 6 
wehaye 

cos Ci ^ cos AOP = sin OAP cos AP 
or, by Art. 166, cos C, = sin (5 — C) cos } e (888) 

By (72) this becomes 

cos Ci = sin } a sin ^ 5 4- cos } a cos ^ b cos C (889) 

184. The preceding problem is employed for geodetical triangles, in which C, 
differs yery little from C, in which case it is expedient to compute the small differ* 
ence C — C, s= z. We easily reduce (339) to the following : 

30S Ct = cos J (a — b) cos* J C — cos i{a+b) sin* } C 

= cos*} C — 2 sin* J (a — 6) cos*} C— sin*} (7+ 2 sin* J (a + 6) sin*} (7 
Subtracting cos C := cos* } C — sin* } C, we have, 

sin } (C+ C.) sin} ((7— C^) = sin* J (a+ 6) sin*} C— sin*} (a— 6)cc8*}(7 

or approximately, taking 

sin } (C+ C») = sin C = 2 sin } Ccos } C 
and sin } (C — C7.) = } z sin V 

X being expressed in seconds, 

« = B5-p^*i (* -^ *)**^i ^- ST' sin*} (a — 6) cot } C '840) 



Miscellaneous problems. 
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l^'^ .y • great circle (DE, Fig. 32) bisect the bate of a tpkerital triangU mt ri^ki 
miffletf any great drde (FG), perpendicular to it, divides the sides (AC, BC) Mtowy- 
wunts whose sines are proportional ; that is, 

sinFA : sin/'C *= 8in GBi sin GO (841) 

i^t P be the pole of ED, {DP = 90*»), aifd 
PGF any great circle drawn through P, and 
therefore perpendicular to DE, Then, since 

PjB + P-4 = 2 P2> = 180<» 

we haye, by (3), 

sinPsinP^ = sinPsinP^sssinPsinPfi 
^ sin G sin GB 

sin P sin FC = sin G sin GC J^ b 

whence, by diyision, the theorem (341). The arc FG is analogous to the parallel to 
the base in plane triangles. 

186. If two arcs of great circles, (AB, CD, Fig. 33), terminated by any circle^ intersect, 
the products of the tangents of the semi-segments are equal to one another; that is, 

tan J ^^ tan } ^^ = tan } CE tan J ED (842) 

Let P be the pole of the circle DACB, Join PE ^' ^ 

and draw the perpendiculars PF, PG, bisecting the 
arcs AB and CD, Then we have 

cos FE cos PE cos PE ___ cos GE 

008 FB COS PB oosPD "" cos GD 

cos FE — cos FB _ cos GE — cos g /> 
cos FE + cos FB "" cos GE + cos GD 

which, by PI. Trig. (110), gives (342). 

187. If three arcs be dravm from the angles of a sphericaX triangle through the same 
point, to meet the opposite sides, the products of the sines of the alternate segments of the sides 
will he equal. 

Thus, in Fig. 84, we shall have 

sin^P'sin 04' sin PC" = sin CP* sin P^' sin -4 C" (348) 

For we easily find 

sin AB' sin AP sin APB 




BinCB 


~ sin CP 


sin CPB' 


sin CA' 


sin CP 
— sin BP 


sin CPA' 


sin BA' 


sin BPA' 


sin PC" 


sin BP 


sin BPC 




BinAC fiin AP Bin APC 

Multiplying these equations together, the product of the second members is unity, 
whence (343). 

Thn same property is easily extended to the segments of the angles. 

188. It follows, that when three arcs are drawn from the three angles, so as to 
satisfy the condition (343), they must intersect in the same point. This occurs in 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
sides are bisected ; when the three arcs are drawn from the angles to the points of 

W * 
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contact of the inscribed circle ; and when the three arcs are the three perpendicnlaiti 

upon the sides. 
The first three of these oases are obvious. To proye the last, if A\ B and C\ 

Fig. 84, are right angles, we have 

cos AB cos CA' cos BC cos^^ ^ cos CA ^ cos BC 

cos CB ' cos BA' ' ccs^t/' " cos CB ' eos BA ' cos AC "" 

whence cos AB cos CA' cos BC s= cos CB cos BA' oob AC 

and in the same manner we find 

tan AB tan CA' tan BC = tan CB tan BA' itLnAC* 

The product of these two equations giye^ the condition (343), and therefore the per- 
pendiculars intersect in the same point. 

189. To find the are drawn from any angle of a tpherieal triangle to a given point M 
the opposite tide. 

In the triangle FA A", Fig. 85, let FA' be drawn; we haye 




Q 



cos PA' sin A A" » cos PA' sin {A A' + A' A'^ 

= cos P A' cos A' A" sin ^ -4' + cos P A' cos A A' sin A' A'' 
But in the triangles PA A', PA' A" we have, by (4), 

cos PA' cos AA'z= cos PA — sin PA' sin A A' cos PA' A 
cos PA' COB A'A" s= cos PA" + sin PA' sin -4'^" cos FA' A 
which substituted above give 

cos PA' sin A A" = cos PA sin ^'^" + cos PA" sin ^-4' (844) 

which determines PA', the sides PA and P^" and the segments of the side A A" 
being given. 

190. Let three arcs PA, PA', PA", Fig. 35, passing through the same point P, 
be intersected by two others A A" and B B" whose intersection is Q; we have seve- 
ral symmetrical relations among the parts of the figure which find their applieatioii 
in astronomy. 

Let the points A, A', A" be given in position by their distances from Q, and pnt 

-4^ = * A B ^^ PB ^y 

A'Q^<t' A'B = /8' PB ^y' 

A"Q =s *" A'B' = fH* PB' s= y" 

By PI. Trig. (171), we have 

sin A sin («t' — «") + gin *' sin (*"— «) + sin *" sin (*— *') ss 
and in Fig. 35, 

. sin y8 sin jB . sin y" sin B' 

sin a tss — --— — gin B =s ^^ . 

sin q sin y 



MISCELLANEOUS PROBLEMS. 



wbatioe 
Uil •tmilu'ly 



vhlBh, Bubatituted above, giva 
AgaiD, if n 





»v 


mny- 


BinS" 


m. 


B« 


Bin >" 


Sin J- 



e ezpreaa (344) ir 
wMcli, added to (345), gives 



-Bin(«" — «) + ^j^Biii(« — «■) sO (845 

the notatioD of tbia article, it becomes 

- >') Bin (."-«) + COB 10'+ y") Bin (*-«')=.0 (846) 



,ioK-.) + ' 



Bln(^'+>.") 



.(— .')_0{M7) 



Jftl. If P is the pole of A Q, we have 

Uta (S45) and (S47) botb give 

tan /i sin (.■ — ■") + tan ^ ain {«'■ — ..) + tan ^" sin (. — .') = (848) 

ly2. To find tht mcUnalion o/iuii) ai^'acent /aces of a r^ular palphtdran, and the radii 
i>fthe iiucribed and circiimscribed ipherei. 

Let C and E, Fig, 36, be the ceotres of tno adjacent faces whose common edge is 
AS; the centre of the iQBa*ibed and circumscribed' spheres. Drav OD bi- 
secting AB at right angles; draw CD, ED, which will alan evidently be per- 
pendicular to X li ; and pat 

T = inclination of (he faces ^ CDE Kg. » 

K = radius of the circumscribed sphere = OA es OB ^ 

T = raaius of the inscribed sphere ^00^ OS 

a = one of the edges = AB 

:r of faces that form a solid angle / 



mber of sides of 
a sphere to be di 






I about the centre 
with any radius, and cad tbe triangle formed upon its sar 
face by the planea COD, CO A, AOD; this triangle Is 
right-angled at d and gives 

008 erf™ °°"°^ 

But CDS c if = cos COD, and 

OOD = W — aDO=m^ — \I 



end =3 J angle of tbe ploneB OA Caud OAS 
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therefore 



sin } / 



COB — 

m 

Bin — 
n 



Then from the triangles CD, AODf &o,, we find 

r ss -rr tan ^ / oot — 
2 n 



(849) 



(860) 



r sa JB ooB a c sa R cot aed cot cad sss JB cot — cot — 

n tn 

a tr 

JZ sss --- tan ^ /tan — 

2 '^ TO 



(861) 



199. To find the iurfaee and volume of a regular polyhedron. 

Let /as number of faces of the polyhedron ; S c=s the surface, and Fsss the 
Tolume ; then the area of each face (the notation of the preceding article being 
continued) is equal to 



i AB X OD X n =^ a* ' ^ cot ^ 

4 « 



whence 



4 n 



and since F=s 5 X i ^» 



24 



Vz=s a* '^ tan Ji cot* ~ 



n 



(862) 



(868) 



194. To find the turf ace and volume of a paraUelopiped, given the edget anii their melu 
nations to each other, 

Kg. 87. Let OP, Fig. 37, be a parallelepiped, 

whose edges A sss a^ OB rs b, C sss e^ 
and their inclinations BOC:=iA,AOO = iB, 
AOB ss: y, are given. 
p The area of any face, as B O, is found by 
the formula be sin a, and therefore foi 
the whole surface, we have 

8 ssz 2, {b c wJi a-\- a cBvn. ^■\- ab Biny) (354) 
To find the volume, let C D ho the alti* 
tude, then 

F=:base-4jBx CD^^absmyX CD 
Suppose a sphere to be described about 0, whose intersections with the planeB 
BOO, AOCy AOB and DOC are B'C = *, A'C =: ^, A'B' = >, and C'D^, The 
triangle A'C'D* is right-angled at i^, whence 

CD z=^c sin C'D^ = c sin |8 sin C'A'Bf 

orby(46),ifcr = }(* + ,8 + ^), 

y/ [sin 9 sin (»• — a) sin (0- — /S) sin (r — ).)] 




(7Z>« 



irhence 



sin^ 



F= 2 a&ey/[Bin »• sin (o- — «t) sin (o- — /8) sin (r — >-)] 



(866) 



THE END. 
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